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Chapter 1

Chapter 1: From Physics to Electric Circuits

Overview

Prerequisites:

Knowledge of university physics: electricity and magnetism

Objectives of Section 1.1:

Show that the electric voltage and the electric potential may be treated as two
equivalent quantities

Define the electric voltage—work per unit charge—in the form of a line integral and
show its independence on the integration path for conservative fields

Relate voltage to the potential energy of the electric field

Introduce three-dimensional potential distributions and realize the guiding function
of metal wires

Formulate and understand major conditions of electrostatics of conductors
Visualize surface charge distributions in the electrostatic case

Objectives of Section 1.2:

Introduce electric current density as a function of the applied electric field
Visualize steady-state current flow in a single conductor along with the associated
electric potential/voltage distribution

Visualize electric and magnetic-field distributions for a two-wire DC transmission
line

Obtain initial exposure to the Poynting vector

Realize that electric power is transferred via Poynting vector even in DC circuits
Indicate a path toward circuit problems where the field effects become important

Objectives of Section 1.3:

Review basic hydraulic (fluid mechanics) analogies for DC circuit elements
Present major hydraulic analogies for dynamic circuit elements in AC circuits
Briefly discuss hydraulic analogies for semiconductor components

Application Examples:

Human body subject to applied voltage
Human body in an external electric field

© Springer International Publishing Switzerland 2016 I-1
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Keywords:

Electricity, Electric field intensity, Electric field, Electric field magnitude, Lines of force, Electric
potential, Electric voltage, Line integral, Contour integral, Conservative field, Potential energy of the
electric field, Voltage drop, Voltage difference, Ground reference, Neutral conductor, Common
conductor, Voltage versus ground, Equipotential lines, Volumetric charge density, Surface charge
density, Gauss’ theorem, Equipotential surface, Self-capacitance, Electrostatic discharge, Effect of
electrostatic discharge on integrated circuits, Boundary element method, Electric current density,
Material conductivity, Transmission line, Direct current (DC), Electric load, Ideal wire, Kirchhoff’s
voltage law (KVL), Magnetic field, Magnetic-field intensity, Ampere’s law, Cross (vector) product,
Poynting vector, Poynting theorem, Wireless communications, Wireless power transfer, Fluid
mechanics analogy of an electric circuit, Hydraulic analogy of an electric circuit, Voltage source
(hydraulic analogy), Resistance (hydraulic analogy), Current source (hydraulic analogy), Capacitance
(hydraulic analogy), Inductance (hydraulic analogy), Electric transformer (hydraulic analogy), NMOS
transistor (hydraulic analogy), Bipolar junction transistor (hydraulic analogy)
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Chapter 1 Section 1.1: Electrostatics of Conductors

Section 1.1 Electrostatics of Conductors

This introductory chapter is optional in the sense that the reader does not need its content
as a prerequisite for the subsequent chapters. The aim of this chapter is to illustrate why
electric circuits trace their origin to electromagnetic fields. The chapter highlights several
field concepts which form the theoretical foundation of electric circuits. At the same time
it makes clear why, for the majority of electric circuits, the electric and magnetic fields are
often ignored without affecting the final results. When this is the case, the electric circuits
and components follow useful and simple hydraulic analogies discussed below.

1.1.1 Charges, Coulomb Force, and Electric Field

Electric Charges

The smallest electric charge is known as the elemental charge of an electron,
g =—1.60218 x 107'°C (coulombs). In electrical engineering, we deal with much
larger charges, which, for this reason, are assumed to be infinitely divisible. There are no
positive movable charges in metal conductors. Therefore, when we talk about positive
charges, itis implied that we have a lack of electrons at a certain location, e.g., at the surface.
Oppositely, the negative charge is the excess of electrons at a certain location.

Definition of the Electric Field

Electrostatics plays a key role in explaining the operations of electric capacitors and all
semiconductor devices. The word electricity is derived from the Greek word for amber.
Probably Thales of Miletus was the first who discovered, about 600 B.C., that amber,
when rubbed, attracts light objects. An electrostatic force acting on a charge ¢ is known as
the Coulomb force. This Coulomb force is a vector; it is measured in newtons (or N)

F=gqE |N] (1.1)

Equation (1.1) is the definition of the electric field intensity vector, E, often called the
electric field. This electric field is created by other (remote or nearby) charges. In the
general case, the electric field exists both in free space and within material objects,

whether conductors or dielectrics. The electric field E is measured in volts (V) per

meter (V/m). The field magnitude, E = /E)zc + Ei + Eg = ‘E

Eq. (1.1),

I NxIm 17
V= 1cC 1¢C

, has the same units. From

(1.2)
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Fig. 1.1. Electric field emanating from a voltage supply with open-circuit output terminals.

Electric Field of a Laboratory Power Source

As an example, we consider an electric field generated by a laboratory voltage source
turned on. Figure 1.1 shows the realistic electric field distribution modeled numerically.
The power supply has two output terminals shaped as two metal cylinders. The plastic
cover is ignored. Nothing is connected to the terminals yet. Still, the power supply
already performs a “charge separation”: the plus (+) terminal is charged positively
(total charge is +(Q), whereas the minus (—) terminal is charged negatively (total charge
is —Q). Those charges are schematically shown in Fig. 1.1. As a result, an electric field is
created. The electric field in Fig. 1.1 is directed along particular lines, which we call lines
of force. This electric field surrounds the power supply terminals. Every line of force
starts at the positive terminal and ends at the negative terminal. The strength of the
electric field everywhere in space is linearly proportional to the supply voltage as studied
next. However, the field shape always remains exactly the same.

1.1.2 Electric Potential and Electric Voltage

The electric potential ¢ measured in volts (V) and electric voltage V measured in volts
(V) are two identical quantities once they refer to the same observation point A and to the
same reference point A'. Both terms may be used; the electric potential is frequently
denoted by V. The potential is more common in physics. Work is done against the electric
forces when a charge is moved in an electric field. The electric potential or electric
voltage V , , between points 4 (#1) and 4’ (#2) is work in joules per coulomb (per unit
charge) to bring a positive charge from reference point A4’ (#2) to observation point 4 (#1),
i.e., against the electric field—see Fig. 1.1. The work per unit charge over a short straight

vector distance d7 is

14
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15 - S o
—F-dl=—FE-dl=—Edlcos@ (1.3)
q

where 6 is the angle between E and d LE = ‘E

,anddl = ‘d?‘ The total work or V', . is

the sum of all such small contributions conventionally written in the form of an integral

A A
Vo= Ed?:JE-d? (1.4)
A

/

A

The integral in Eq. (1.4) is a line integral, also called a contour integral. In the general
case, it is evaluated along a curve connecting points 4 and A’. In the particular case of
Fig. 1.1, this curve is just a straight line.

Exercise 1.1: Assume for simplicity that the electric field along the line of force from 4 to
A’ in Fig. 1.1 is strictly uniform and has the magnitude of 50 V/m. The line length is
0.02 m. Find voltage (or potential) V', .

A 0.02m

A%
Answer: V= —J 50 x cosw xdl =50—x0.02 m=1 V.
m

E.-dl= —J
A

0

’

The electrostatic field (and any slowly varying electric field) is called a conservative
field. There are two equivalent definitions of a conservative field:

1. Electric voltage or electric potential V',  is path independent; it only depends on the
position of A and 4’, but not on the shape of the curve between 4 and A'.
2. The line integral in Eq. (1.4) over any closed contour is zero.

The equivalence of these definitions is proved by treating two different integration
contours between A and A as two parts of one closed contour. The independence of the
integration path suggests that the voltage is equal to the potential energy of a unit charge
in the electric field. Strictly speaking, it is the change in the potential energy.

1.1.3 Electric Voltage Versus Ground

The voltage between two arbitrary points V',  (e.g., between two terminals of a resistor) is
a convenient measure when analyzing electric circuits with discrete circuit components.
In this case, it is called the voltage drop (or voltage difference) across a circuit element. At
the same time, it is equally convenient to define the “global” or absolute voltage between
an arbitrary point in space A and some fixed point A’, which is assigned the voltage value
zero. This fixed point (or the set of points) is called the ground reference. In general, the
ground reference may be chosen arbitrarily. In physics of localized conductors, it is

I-5
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customary to choose the ground at infinity. In electrical engineering, the ground reference is
either the physical (earth) ground or some neutral (common) conductor assigned to zero
volts. Thus, the absolute voltage versus ground denoted by V (7) is still defined by Eq. (1.4)
where point 4 is now characterized by the position vector 7. By definition, it becomes zero
when 7 approaches ground, i.e., 4. The equivalent representation of Eq. (1.4) for
conservative fields may be shown to be

E(7) = —gradV (7) = =V V(7) (1.5)

Thus, the electrostatic field is expressed as the gradient of the electric potential or of
the (absolute) electric voltage everywhere in space. In other words, it means the
electric field does not have closed loops, but starts and ends at the charges. Equation

(1.5) is of significant value since it replaces a complicated vector E by the single scalar
voltage V.

Exercise 1.2: Electric voltage/potential with respect to ground is given in Cartesian
coordinates by V(7) = —y [V]. Determine the electric field everywhere in space.

Answer: E, = 1V/m, E, =E.=0.

As an example, we choose the x-axis in Fig. 1.1 as the ground reference. The positive
supply terminal is chosen to have a voltage equal to +0.5 V versus ground, and the
negative terminal is assigned a voltage equal to —0.5 V versus ground. Those values will
uniquely determine charges +Q in Fig. 1.1. The function V' (7) is now plotted using the
lines of equal potential, or equipotential lines. The result is shown in Fig. 1.2. It will be
proved next that the surface of any metal (or other) conductor in electrostatics is an
equipotential surface. All points on this surface have the same value of the electric
potential: +0.5 V for the plus terminal and —0.5 V for the minus terminal in Fig. 1.2.
Using Eq. (1.5) it can be verified that the equipotential lines and the lines of force are
always perpendicular to each other; you can see this in Fig. 1.2.
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lines of force

+Q

voltage power
supply

Fig. 1.2. Electric field and electric potential (electric voltage) of a 1-V voltage supply. Equipo-
tential lines are thin solid curves, while the lines of force are the thicker curves.

V.

Exercise 1.3: In Fig. 1.2, determine voltage differences: Vy, V .

VAB: VAC: VB/C'

Answer: V=1V, V, ,  =—1V, Vyp=0V, Vyc=05V, Vy.=-05V.

1.1.4 Equipotential Conductors

Consider a conductor, which is characterized by a sufficient number of free charges. The
conductor is subject to an applied electric voltage, or to an applied electric field, or to
those effects combined. The charge density in the conductor is the difference between the
concentration of ions (positive charges) and electrons (negative charges) multiplied by
the charge of an electron. The charge density can be either volumetric, measured in C/m’,
or surface, measured in C/m%. The following is true when dealing with electrostatics:

1. The electric field everywhere within the conductor is zero, E=0. Otherwise, the
Coulomb force given by Eq. (1.1) will act on free charges and cause permanent
charge motion (current flow), which is impossible.

2. The volumetric charge density everywhere within the conductor is zero. If this were
not true, then according to Gauss’ theorem, there would be a nonzero electric field
within the conductor, which is impossible based on statement #1.

3. The surface charge density is not zero. In fact, the surface charge is distributed so as
to assure that statement #1 is satisfied.

4. For the electric field given by Eq. (1.5), the tangential component of the electric

field E, is continuous across an interface. Since £, = 0 inside the conductor, E;
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must be zero over the entire surface of the conductor too. This is seen in Figs. 1.1
and 1.2 where the lines of force are perpendicular to the conductor surface.

5. Since E, = 0 on the conductor surface, any line integral between two points on this
surface is zero. Consequently the potential or voltage remains the same for any point
on this surface. The conductor surface is thus an equipotential surface.

These statements have an immediate practical application. Consider two conductors
(wires) attached to the power supply terminals as seen in Fig. 1.3.

+Q>Q
015
plus (+) terminal 05V[—" 05V
0.5V
+ + +
voltage power
supply 1V 1V 1V
05V - - -
minus (-) terminal | -0.5v 0.5V
05V
-Q<Q

Fig. 1.3. Voltage source from Fig. 1.2 with two wires connected. There is still no current flow.

Everywhere along the upper wire, the voltage is +0.5 V with respect to ground.
Furthermore, along the lower wire, the voltage is —0.5 V with respect to ground.
Everywhere in space the voltage difference between the two wires is therefore 1 V. The

wires may be extremely long. The charge j:Ql required to maintain the corresponding
voltage difference of 1 V increases when the combined area of the metal conductors
increases. The conducting wires thus “guide” the electric field to a remote point. Without
the attached wires, the field would be spread out in space as seen in Figs. 1.1 and 1.2.

Exercise 1.4: In Fig. 1.3, two wires happen to be very close to each other at a certain
location; they are separated by 1 mm. What is approximately the electric field strength at
this location?

Answer: On the order of 1000 V/m, the wire isolation has little influence.

Exercise 1.5: In Fig. 1.3, a human body is in contact with the upper wire. What is the
body’s voltage versus ground?

Answer: Since the human body is still a conductor, its voltage is +0.5 V.
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1.1.5 Use of Coulomb’s Law to Solve Electrostatic Problems

The theory of electrostatics solely relies upon the distribution of surface charges, since no
other charges exist. An important case is a conductor subject to voltage V applied from
one terminal of the voltage source; the connection position does not matter. The other
terminal is usually located very far away, ideally at infinity; it is customarily assigned a
value of 0 V. As a result, the conductor acquires an extra positive charge Q if V'is positive.
The quantities of interest are the value of Q itself and the resulting surface charge
distribution. The ratio Q/V is the self-capacitance of the conductor. Consider a compli-
cated conductor—a human body. The idea of the solution is simple and elegant.
The entire body surface is divided into many small elements with a constant
charge density each. We assign an unknown charge g, to every such element with number
i(i=1,...,N) and center position 7;. Charge g; is very similar to the point charge.
It follows from Coulomb's law that it generates the electric potential in space given by

. qi
V = 1.6

Here, &) = 8.85419 x 10712 F /mis the electric permittivity of air. The net voltage of the
Jjth element is the sum of all such voltage contributions, i.e.,

N
V(?j)zz%zl V, j=1,..N (1.7)

= 471'80’]’_]- -7

Equation (1.7) forms a system of N equations for N unknown charges. The diagonal terms
need a special treatment. By solving this algebraic system of equations using linear
algebra, we obtain the unknown charges; their sum is the net charge Q. Figure 1.4
shows the surface charge distribution found this way for two human subjects. Emphasize
that the charge (and the strongest electric field) concentrates at the sharpest parts of the
body: elbows, hands, feet, and the head. The total excess body charge Q in both cases is
approximately 50 x 1072 C. This is a very small charge; the same charge is stored in a
50 pF capacitor at 1 V. The method of this example is widely used in electrostatic
simulations including modeling electrostatic discharge and its effect on integrated
circuits.
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a) surface charge density b)
x10 Cim”

6

5

4

w

N

Fig. 1.4. Surface charge distribution over the human body based on an applied voltage of 1 V. Both
subjects are ECE graduate students.

A human beneath the power line is subject to an electric field. A similar solution applies
given that the body surface is still the equipotential surface. Figure 1.5 shows the surface
charge distribution for two human subjects in a vertical electric field of 1 V/m. The negative
charges concentrate close to the head, whereas the positive charges concentrate in the lower
body. Figure 1.5 also shows the electric potential distribution around the body. Dense
equipotential lines mean a high local electric field. The local field may exceed the external
field by a factor of 10 or more. All results are linearly scaled with the applied electric field.

surface charge
density

2
x10 C/m

Fig. 1.5. Human body subject to an applied electric field: surface charge and potential distribution.
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Chapter 1 Section 1.2: Steady-State Current Flow and Magnetostatics

Section 1.2 Steady-State Current Flow and Magnetostatics

1.2.1 Electric Current
An electric current in a material is the directed motion of free positive charges. Conse-
quently, the electrons, which are often the only free charges in the conductor, move in the

opposite direction. The electric current density j everywhere in the material is a vector, and
it is measured in amperes per meter square, i.e., A/m>. The fotal current I through a
conductor with the uniform current density is the product of the current density magnitude
and the conductor cross section A; / is measured in amperes. Circuits with lumped
components deal with the total currents only. The current density (and the total current)
is directly proportional to the applied electric field,

i(7) =6 E(7) (1.8a)

at any point of interest 7. Here, o is the material conductivity with units of siemens/m, i.e.,
S/m. Note that 1 S=1/Q. If there is no electric field, there is no electric current in the
material and vice versa. In metals, the conductivity o is very high. Therefore, even a
vanishingly small electric field inside a metal conductor creates a /arge electric current.

Exercise 1.6: An AWG #00 (American Wire Gauge) aluminum wire has the conductivity
of 4.0 x 10" S/m and the diameter of 9.266 mm. Determine the total current in the wire
when the electric field inside the wire is 0.01 V/m. This value is more than 10,000 times
less than the field between the terminals of a 5-V laboratory supply separated by 2 cm.

Answer: 27 A.

For steady-state current flow, an electrostatic potential exists; it is given by Eq. (1.5).
Therefore, the current density can be expressed as the gradient of the potential,

J(7) = =6V (F) (1.8b)

1.2.2 Difference Between Current Flow Model and Electrostatics

In electrostatics, there are no charges and there is no electric field within conductors; only the
surface charges exist. The steady-state current problem is quite different. The volumetric
uncompensated charge density still does not exist within the conductor, but the electric field
does. Along with this, the surface charge density is always present, similar to electrostatics.
Physically, the difference arises from the different boundary conditions. The conductor
surface is divided into two distinct parts: the surface of electrodes, S., where the voltage
(or current) is applied, and the rest of conductor surface, S., which is in contact with air. The
following is true for the steady-state current flow:
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1. Everywhere on the surface S, the current density component perpendicular to the
surface is zero, i.e., ] 1 = 0, where # is the unit normal vector to the surface, and
dot denotes the scalar product of two vectors. In other words, no current can flow
from the conductor into air.

2. On the surface of electrodes S., the voltage is given: for example, +0.5 V on the left
electrode and —0.5 V on the right electrode. Alternatively, the inflowing current,
J - /i, may be given.

How Does the Conductor “Guide” the Electric Field?

We consider the current flow in a conducting cylinder with two circular electrodes shown
in Fig. 1.6b. The electrostatic counterpart of the problem is given by the same coaxial
electrode pair in air, see Fig. 1.6a. The electrodes have the radius a; they are separated by
25a. The electrode voltages are £0.5 V. The exact value of the cylinder conductivity does
not matter; the same results will be obtained. The electrostatic problem and the steady-
state current problem are both solved as described in the previous section. Results of both
solutions are given in Fig. 1.6 where the equipotential lines and the electric field vectors
are plotted. Some general observations from this figure are worthy of note:

1. The current-carrying conductor “guides” the electric field as shown in Fig. 1.6a
which, otherwise, would be spread out in space; see Fig. 1.6b.

2. In the long conductor, the electric field and the electric current are both directed
along the conductor axis; they are uniform across any conductor cross section,
which is simultaneously an equipotential surface. In other words, current flow in the
long conductor is one dimensional, like water flow in a pipe. This is also true if the
conductor is bent or has a noncircular cross section

3. The voltage decreases linearly along the conductor from the most positive to the
most negative value. The voltage drop per unit length is constant; it is only a
function of the applied voltage.

It is seen from Fig. 1.6b that within in a current-carrying conductor of length /:
V

where E is the magnitude of the electric field (its direction is along the conductor axis), and
Vis the voltage across the conductor (1 V in the present case). Equation (1.9) is a simplified
version of Eq. (1.4) for uniform fields. In many textbooks, it is used to derive Ohm’s law.
Note that the electric field in Fig. 1.6b is not continuous across the conductor-air
interface. A component of the electric field perpendicular to the conductor boundary
suddenly appears. This component is due to the surface charges on the conductor—air
interface (not shown in the figure).
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b) 5
05V -0.5V
[ E E
[ = S
r = = = B B B B =B B
Lot 04V |03V |02V |01V |0V 0.1V| -0.2V| -0.3V|-04V
L — = = = = = = = =
L = Vi
S, S, S,
-5
-15 10 5 0 5 10 15
x/a

Fig. 1.6. (a) Two electrodes subject to £0.5 V in free space; (b) the same electrodes but with a
conducting cylinder between them. Equipotential lines and electric field vectors are shown.

Exercise 1.7: A common AWG #22 copper wire is used in the laboratory to form a coil
with the radius of 0.1 m and 100 turns. This coil is subject to an applied voltage of 0.5 V.
Determine the total current in the wire if its diameter is 0.64516 mm; the copper conduc-
tivity is 5.8 x 107 S/m. Hint: find the electric field in the wire first.

Answer: 0.1509 A.

1.2.3 Physical Model of an Electric Circuit
Thus far, we have considered the current flow in only one wire. However, a simple
electric circuit uses two wires and it includes at least three elements:

1. Avoltage power supply, which in steady-state (direct current or DC) case generates
a constant voltage between its terminals.

2. An electric load that consumes electric power. The load may be modeled as a
resistant material of a much smaller conductivity.

3. Two wires, which extend from the source to the load. Those wires form a transmis-
sion line. In laboratory settings, both wires may be arbitrarily bent.
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Figure 1.7 shows a physical model of the simple circuit. We study its electric part first.
In Fig. 1.7a, the highest electric field magnitude is observed exactly between the two
conducting wires, at the line connecting its centers. At the same time, the electric field in
the wires is usually very small. Still, sufficient current flows there due to the high material
conductivity; see Eq. (1.8a). However, the electric field in the load cylinder is not small.
This is indicated by denser equipotential surfaces. In Fig. 1.7a, the equipotential surfaces
are all separated by 0.05 V. There is a net voltage drop of 0.3 V along each wire and the
voltage drop of 0.4 V across the load, resulting in a total potential drop of 1 V. This
equality is KVL (Kirchhoff's voltage law). 1deally, when the conductivity of the wires is
infinitely high, the entire source voltage appears across the load cylinder. The field in the
wires becomes vanishingly small, but enough current still flows. The wire of infinite
conductivity, or the ideal wire, is a useful abstraction.

Exercise 1.8: If the voltage drop along each wire in Fig. 1.7a were 0.01 V, what would be
the value of the voltage across the load?

Answer: 0.98 V.

Exercise 1.9: In contrast to Fig. 1.7b, the field within the wire in Fig. 1.6b is not small,
regardless of its conductivity. Why is it so?

Answer: There is no load in Fig. 1.6b; the entire voltage drop is purposely forced to occur
across the wire.

1.2.4 Magnetostatics and Ampere’s Law
We next study the magnetic part of the circuit in Fig. 1.7b. The same electric current
I flows in the entire circuit. The current in one of the conductors in Fig. 1.7b creates the

magnetic field (magnetic-field intensity) H with units of A/m around the conductor.
If the conductors are considered to be sufficiently long, the magnitude (absolute value)

of the field H (7) anywhere in space, except within the conductor, is given by

1

~ 2al7

H(7) (1.10)
Equation (1.10) is a particular form of Ampere’s law for an infinite straight wire of the

total current 7. The vector H forms concentric circles around the wire; its direction follows
the right-hand rule. When two wires are present, as in Fig. 1.7b, the resulting combined
magnetic field is the vector sum of two solutions given by Eq. (1.10) for two conductors
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a) Electric field and equipotential surfaces
for direct current flow

%V lines of force (E)

equipotential
surfaces

surfaces

b) Electric/magnetic fields and
direct current flow

lines of force (E)

Poynting vector

electric
current |

lines of
magnetic
field (H)

lines of magnetic field (H)

Fig. 1.7. Accurate physical model of an electric circuit.
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having the opposite current directions, respectively. The lines of the combined magnetic
field are shown in Fig. 1.7b. They are always perpendicular to the lines of force for the
electric field. The magnetic-field magnitude in Fig. 1.7b also has its maximum exactly
between the two conducting wires, at the line connecting its centers.

Exercise 1.10: Determine the magnetic-field magnitude in the middle between two
parallel long wires carrying current of =1 A each and separated by 2 cm.

Answer: H(7) = 31.8 A/m.

Another useful form of Ampere’s law is the magnetic field of an infinite “current
sheet,” i.e., when current flows in a thin conducting sheet in one direction. The sheet may
be thought of as an infinite number of parallel thin wires carrying the same current. If
J [A/m] is the current density per unit of sheet width, then the resulting constant field is

1
Hzij:const (1.11)

1.2.5 Origin of Electric Power Transfer

We know from physics classes that electric power P delivered to the load is given by the
product P = VI where Vis the voltage across the load and / is the current through it. How
exactly is this power transferred to the load? To answer this question, we assume a
transmission line in the form of two parallel sheets of width # and spacing / shown in
Fig. 1.8. Each sheet carries current density with the magnitude j per unit of sheet length.

0 electric field (E)
+ / Poynting vector (S
\Y

magnetic field (H
Fig. 1.8. Transmission line in the form of two current sheets.
When the material conductivity is infinite, the voltage between the two sheets is the
load voltage V. For //W << 1, Eq. (1.9) yields the electric field within the transmission

line, E = V' /1. The magnetic field is found using Eq. (1.11). The result is H = j since both
sheets contribute to the field within the line. Next, we define a vector
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S=ExH (1.12)

where the symbol x stands for the cross product or vector product. The vector S is called
the Poynting vector; it is shown in Fig. 1.8. The units for the Poynting vector are given by
power per unit area, i.e., IV/m x 1 A/m =1 W/m?. Thus, the Poynting vector char-
acterizes the directional energy flux density in space. Its magnitude in Fig. 1.8 is given by
S=EH =Vj/l=VI/(IW) where I = jW is the net current in every conductor.
Multiplying the Poynting vector by the area 4 = /W where the fields are concentrated,
we obtain the remarkable result,

AS=VI=P (1.13)

In other words, the power is transferred by the fields. This result is perhaps less important
for wired circuits where the fields are directly linked to charges and currents. However, it
is important for the transition from wired to wireless circuits. At a sufficiently high
frequency, significant electric and magnetic fields will be radiated by an antenna into
empty space. These fields will carry power flux density given by Eq. (1.12).

Exercise 1.11: Two conductors extending from the source to the load are parallel
1-cm-wide perfectly conducting sheets separated by 1 mm. The (vertical) electric field
between the plates is 100 V/m; the (horizontal) magnetic field is 100 A/m. Determine
electric power delivered to the load. Assume no field fringing.

Answer: P = 0.1W.

I-17



Chapter 1 From Physics to Electric Circuits

Section 1.3 Hydraulic and Fluid Mechanics Analogies

1.3.1 Hydraulic Analogies in the DC Steady State

In DC and low-frequency alternating circuits, the electric and magnetic fields outside
conductors may be ignored without affecting the final results. When this is the case, the
electric circuits follow rather precisely useful fluid mechanics (or hydraulic) analogies.
Major hydraulic analogies are depicted in Fig 1.9. Let us consider a water pump
connected to a filter in Fig. 1.9a—Ileft. The water pump creates a constant pressure
difference p between its terminals, which forces water to move through the filter.
Although the constant pressure (torque) pump is less common than a water pump of
constant flux, we can use it as an analogy since it exactly corresponds to the voltage
source, which maintains constant voltage difference V in Fig. 1.9a—right. The filter can
be thought of as an electric resistance: it opposes the water flow, and a certain pressure
difference, or voltage, is required to overcome this resistance. Electric current corre-
sponds to fluid velocity times the tube cross section which constitutes the total water flux.
For the entirely closed pumping system in Fig. 1.9a, the water pressure inside the system
can have an arbitrary reference level po. This level may be quite different from the
ambient atmospheric pressure. Similarly, an isolated electric circuit may have an arbitrary
voltage V, versus ground, due to static charge accumulation.

The condition ¥y = 0 will be achieved by grounding the circuit. Figure 1.9b—d also
specifies hydraulic analogies for the separate circuit elements. We consider steady-state
flow of incompressible fluid. Emphasize that the DC voltage source in Fig. 1.9c is
analogous to a constant-torque water pump, which creates a constant pressure difference

a) P*Po
Water pump
(pressure drop) resistance

b < (load)

Po

b) resistance

o—A\\N—o0

c) constant torque pump
voltage source

o R

d) constant speed pump
current source

o—(>)—o = =

Fig. 1.9. Hydraulic analogies in the DC steady state.
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between its terminals, whereas a DC electric current source in Fig. 1.9d is similar to a
constant-speed water pump, which creates constant fluid flux.

1.3.2 Analogies for Alternating-Current (AC) Circuits
This case illustrated in Fig. 1.10 corresponds to alternating flow of incompressible fluid in a
piping system. The AC voltage source corresponds to a harmonically (sinusoidally)
oscillating piston in Fig. 1.10a, with a constant-torque amplitude. A capacitance in
Fig. 1.10b is represented by a flexible membrane. The capacitance value, C, corresponds
to the inverse stiffness, 1/k, of the membrane, also called the compliance. Whenk — oo and
C — 0 (a rigid membrane), the capacitance value tends to zero. The membrane becomes a
solid wall, which blocks the alternating fluid flow entirely. In another limiting case (k — 0
or C — 00), the membrane has no effect on the fluid flow. Intermediate cases correspond to
a partial blocking. A massive wheel with a rotational inertia in Fig. 1.10c represents an
inductance. The inductance value, L, corresponds to the mechanical mass m of the wheel.
Whenm — ocorl — 0, the wheel does not respond to fluid oscillations and blocks the
alternating fluid flow entirely. In the opposite case (m — 0 or L — c0), the wheel has no
effect on the fluid flow. Intermediate cases correspond to a partial blocking. An electric

a) ¢——>  oscillating piston
N
N
AC voltage source i
R —t L —
b) flexible membrane
capacitance 7
’
o——l I—o P G— :«—:)/ R —t
A
N
c) massive wheel
~ ’ of mass m
inductance 'Q
o—mM—0o0 [e— [

electric transformer

% '
primary H secondary

e) electric transformer

IE

Fig. 1.10. Hydraulic analogies for alternating-current (AC) circuit elements.
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transformer shown in Fig. 1.10d operates with alternating currents. One mechanical
analogy is a gear transmission or gearbox. In terms of angular speed w [rad/s] and
developed torque T [N -m], one has 7, = (D,/D;)T, and w, = (D/D;)w;, where
D, , are pitch diameters of gear wheels. Here, torque is the voltage and speed is the
current. D ; are similar to the number of turns, N », of the primary and secondary coils of
the transformer, respectively. This analogy ignores the field effect—magnetic coupling
between the coils. Therefore, it will fail in the DC case. A more realistic transformer
analogy is shown in Fig. 1.10e. The model with four pistons transforms power from one
circuit to another in the AC case only. It is drawn for a 1:1 transformer. When a
transformer with a turn ratio of 2:1 is required, the area of output pistons is doubled.
This doubles the output current, but the output voltage (the force) will be halved.

1.3.3 Analogies for Semiconductor Circuit Components

Semiconductor circuit components are similar to fluid valves, which are either externally
controlled or are controlled by the fluid-flow pressure itself. Figure 1.11a shows a hydraulic
analogy for a diode. This picture highlights its major function: a one-way valve. Fig. 1.11b
illustrates the operation of an n-channel metal-oxide-semiconductor field-effect transistor,
or NMOS transistor. This transistor is a valve controlled by a third voltage terminal. For
another bipolar junction transistor or BJT in Fig. 1.11c, not only the control voltage but
also the control current is important. In other words, to keep the valve open, we must also
supply a small amount of current (fluid) at the control terminal.

a) higher pressure lower pressure
semiconductor diode
m— — ~ —
o— Do
+ -
=
b) control pressure

NMOS transistor
flexible membrane
control voltage =

— || =
— — —
- - B

c) . ) . control pressure/current
junction transistor
control voltage/current
— Y i—=)
— —

=

B S

Fig. 1.11. Analogies for semiconductor circuit components.
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Summary

Summary

Electrostatics

Electric voltage/electric potential
equipotential line V = 1V

—
A e
j’l:f/ \\contour 3
[ N \

{ ~ \
/ . .

‘\ wmw'z\\\. ™ _
S B

equipotential line V=0V

contour 1

V,¢ =1 V=Workof I Jis necessary to bring the 1 C of
charge from point A’ to point 4 against the field;
4

V= —J E - di for any contour 1, 2, or 3;

A/
E(7) = —gradV (7) = —V V(F) for potential V' (7)
everywhere in space including materials;
V' = [E in uniform fields (most important).

Coulomb force on charge q

F =gE [N]

+ :>|+:>:>:E> - The force is directed along the field for positive charges and
w4 = against the field for negative charges
E = e—> ? g & g &
+ o —y -
Gauss law Total flux of the electric field through closed surface S times

the permittivity is the total charge enclosed by S.
2= JE* - 71 dS (9 =8.854x107'% F/m)
s

equipotentail line

|
| line of force
/

Within conductor(s) with applied voltage:
— Electric field is exactly zero;
— Volumetric charge density (C/m?) is exactly zero.
On surface(s) of conductor(s) with applied voltage:
— Every point has the same voltage (conductor surface is
equipotential surface);
— Surface charge density (C/m?) exists;
— Emanating electric field is perpendicular to the surface
(tangential field is zero: E, = 0)
Outside conductor(s):
— Equipotential lines and lines of force are perpendicular
to each other

W + —

— Metal wires “guide” the electric field/voltage to a remote
point

— Given the same voltage, charges on wires increase when
their length increases.

Electrical induction in electrostatics

Charged metal conductor
® induced charge

-

— —
Conducting object with
zero total charge

induced charge

Charged metal conductor

— Conductors 1 and 2 are subject to applied voltages V7, V>;

— Conductor 3 has zero net charge;

— Conductor 3 acquires certain voltage V3;

— Surface charges in conductor 3 are separated as shown in
the figure.

(continued)
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Steady-state current flow

Associated electric field — Current density (A/m?) and total current / exist if and
[ ANSSY squpcins only if there is an electric field within the material;
D T Wu J(7) = o E(7);
i — There is little field in the conductor wires of a high
Xy W M conductivity;
X g B — The field is high in air gap between two wires;
el @ — The field is equally high within the load;

— Both wires carry total surface charges +£0 defined by
supply voltage, wire separation, and wire length

Simple formulas for wire con- I =AEc
ductors
A I = nr’Ec

— > E=Vi-V2)/l
Y

Non-uniform current flow Compare:

current flow in a short conducting cylinder In the steady-state current-flow model:

— Electric field within the conductor is not zero;

— The conductor surface is not the equipotential surface
In the electrostatic model:

— Electric field within the conductor is zero;

— The conductor surface is the equipotential surface.

equipotential lines

Current conservation law -
, j-ndS=0
\j .
S There are no sources and sinks of electric current within a
-,

conductor except the surface electrodes

Magnetostatics

Ampere’s law in a general form | Line integral of the magnetic field over a closed contour is
\ the total current enclosed by this contour

o~
5 .%%_ c =2 = = oo . 2
Q‘-‘@ JH-dl—Jj-ndS—Iem,jls measured in A/m
= H—
- s s
Particular forms of Ampere’s Wire: H(7) = 5, r = |7| (particular form)
law i
| Sheet of current: H = % = const, j is in A/m
Hﬂ 1} i L \/
e ﬂ 3 o =
S
H
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Problems
1.1 Electrostatics of

Conductors

1.1.2 Electric Potential and Electric
Voltage

1.1.3 Electric Voltage Versus Ground
1.1.4 Equipotential Conductors

Problem 1.1. Determine voltage (or potential)
V5 and Vg, (show units) given that the electric
field between points 4 and B is uniform and has
the value of 5 V/m. Point A has coordinates
(0, 0); point B has coordinates (1, 1).

oB

%
ﬁﬂs

A
O

Problem 1.2. Determine voltages Vg, Vgp,
and Vpc given that the electric field shown in
the figure that follows is uniform and has the
value of (A) 10 V/m, (B) 50 V/m, and
(C) 500 V/m.

R
RN EN
T
LTI

Problem 1.3. Assume that the electric field
along a line of force A4’ has the value 1x/V/
m where 0 < / < 1 mis the distance along the
line. Find voltage (or potential) V', ,

Problem 1.4. The electric potential versus
ground is given in Cartesian coordinates by V
(F)=—x+y—z [V]. Determine the
corresponding electric field everywhere in space.

Problems

Problem 1.5. The figure below shows the
electric potential distribution across the semi-
conductor pn-junction of a Si diode. What
kinetic energy should the positive charge
(a hole) have in order to climb the potential
hill from anode to cathode given that the hill
“height” (or the built-in voltage of the
pn-junction) is V; = 0.7 V? The hole charge
is the opposite of the electron charge. Express
your result in joules.

:

cathode

anode

Problem 1.6. Is the electric field shown in the
figure that follows conservative? Justify your
answetr.

2cmA E
1700 13 1
1cmlﬂﬂﬂﬂﬂ
0 0.0 tcu
L4 0l 0 0 v |
D

Problem 1.7. List all conditions for voltage and
electric field used in electrostatic problems.

Problem 1.8. The figure below shows a 345 kV
power tower used in MA, USA—front view. It
also depicts electric potential/voltage and elec-
tric field distributions in space:

A. Determine which figure corresponds to
the electric potential and which to the
magnitude of the electric field.

B. Provide a detailed justification of your
answer.
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. steel bar )

[

i 7
: symmetry plane J
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b) Vpeu=281.7 kV |

grounded pole 284m

L -
1:‘)15
3.15m

281.7 kV conductors

)V, =281.7 KV

Problem 1.9. Figure that follows shows some
isolated conductors. Determine the following
voltage differences: Vg, Vic, Vep.

Problem 1.10. In your circuit, two wires
connected to a 10-V voltage supply happen to
be very close to each other at a certain location;
they are separated by 2 mm.
A. What is the voltage between the wires at
this location?
B. What is approximately the electric field
strength at this location?

Problem 1.11. Is the figure that follows cor-
rect? Black curves indicate metal conductors.
Why yes or why not?

2V

1V

1.2 Steady-state Current

Flow and Magnetostatics
1.2.1 Electric Current

1.2.2 Difference Between Current Flow
Model and Electrostatics

1.2.3 Physical Model of an Electric
Circuit

Problem 1.12. List the conditions for voltage
and electric field used in the steady-state elec-
tric current problems.

Problem 1.13. Figure that follows shows the
lines of force and equipotential lines for a DC
current flow in a conductor due to two elec-
trodes. List all mistakes of this drawing.

lines of force

1V

equipotential
lines

Problem 1.14. An AWG #10 (American Wire
Gauge) aluminum wire has the conductivity of
4.0x107 S/m and the diameter of 2.58826 mm.
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Determine the total current in the wire when the
electric field inside the wire is (A) 0.001 V/m;
(B) 0.005 V/m.

Problem 1.15. A copper wire (AWG #24) in
the form of a coil with the radius of 0.1 m and
1000 turns is subject to applied voltage of 5 V.
Determine the total current in the wire if its
diameter is 0.51054 mm; the copper conductiv-
ity is 5.8 x 107 S/m.

Problem 1.16. The figure below shows a
conducting cylinder of radius R = 1 cm, length
L = 5 cm, and conductivitys; = 1.0 S/min air.
Two electrodes are attached on both cylinder
sides; the electrode radius is exactly the cylinder
radius. Electrode voltages are exactly +1 V:

9=V,=1V z 9=V,=-1V

electrode #1 R electrode #2

-

A. Determine and sketch to scale the elec-
tric potential everywhere inside the cyl-
inder and on its surface.

B. Determine and sketch to scale the elec-
tric field everywhere inside the cylinder.

C. Attempt to sketch the electric potential
distribution outside the cylinder.

D. Repeat tasks A and B when the voltage
electrodes are replaced by current elec-
trodes with the applied electric current
density of +1 A/m?.

-

L

1.2.4 Magnetostatics/Ampere’s Law
1.2.5 Origin of Electric Power Transfer
Problem 1.17. A DC magnetic field of
1000 A/m is measured between two parallel
wires of an electric circuit separated by 0.5 m.
What is the circuit current?

Problems

Problem 1.18. Two conductors running from the
source to the load are two parallel 0.5-cm-wide
thin plates of infinite conductivity. The (vertical)
electric field between the plates is 100 V/m; the
(horizontal) magnetic field between the plates is
100 A/m. The load power is 0.1 W. Assuming no
field fringing, determine (A) plate separation,
(B) load voltage, and (C) load current.

Problem 1.19. Repeat the previous problem
when the electric field between the plate elec-
trodes increases by a factor of two, but the
magnetic field decreases by a factor of two.

1.3 Hydraulic and fluid

mechanics analogies

Problem 1.20. For the hydraulic setup shown
in the figure, draw its electrical counterpart
(an electric circuit) using the circuit symbols.

constant
speed pump

filter

Problem 1.21. For the hydraulic setup shown
in the figure, present its electrical counterpart
(an electric circuit). Note a connection to a large
reservoir with atmospheric pressure.

constant
torque pump

reservoir at atmospheric pressure
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Chapter 2

Chapter 2: Major Circuit Elements

Overview

Prerequisites:
- Knowledge of university physics: electricity and magnetism (optional)
- Knowledge of vector calculus (optional)

Objectives of Section 2.1:

- Realize the difference between circuit elements and circuit components

- Review (derive) Ohm’s law

- Become familiar with the v-i characteristic of the resistance including limiting cases
- Realize the importance of ohmic losses in long cables

- Become familiar with discrete fixed resistors and with resistive sensing elements

Objectives of Section 2.2:

- Realize the meaning of a passive nonlinear circuit element and its v-i characteristic

- Define two resistance types (static and dynamic) for a nonlinear passive circuit
element

- Present two examples of nonlinear elements: ideal diode and a threshold switch

Objectives of Section 2.3:

- Introduce the concept of independent voltage and current sources and become
familiar with their v-i characteristics

- Introduce the concept of practical voltage/current sources including their
v-i characteristics

- Obtain initial exposure to the operation principles of voltage sources including
specific examples

Objectives of Section 2.4:

- Become familiar with the concept of a dependent source

- Become familiar with four major types of dependent sources

- Obtain initial exposure to transfer characteristics of dependent sources
- Become familiar with ideal time-varying and AC sources

© Springer International Publishing Switzerland 2016 11-29
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Chapter 2 Major Circuit Elements

Objectives of Section 2.5:

- Formalize the meaning of voltmeter and ammeter from the viewpoint of open and
short circuits

- Obtain a clear understanding of the circuit ground and its role in the circuit

- Review different ground types

Application Examples:

- Power loss in transmission lines and cables

- Resistive sensing elements

- DC voltage generator with permanent magnets
- Chemical battery

Keywords:

Circuit elements, Circuit components, v-i characteristic, Resistance, Polarity, Voltage difference,
Voltage drop, Voltage polarity, Passive reference configuration, Ohm’s law, Linear passive circuit
element, Conductance, Siemens, mho, Short circuit, Open circuit, Ohmic conductor, Mobility of
charge carriers, Material conductivity, Material resistivity, Electric circuit, American Wire Gauge
(AWG), Resistor, Fixed resistors, Surface Mound Devices (SMD) (resistance value, geometry
size), Variable resistor, Potentiometer, Resistive sensors, Photoresistor, Photocell, Negative
temperature coefficient (NTC), Thermistor equation, Thermistor constant, Thermocouple,
Peltier-Seebeck effect, Strain gauge, Strain sensitivity, Gauge factor, Strain gauge equation,
Potentiometric position sensor, Nonlinear passive circuit elements, Non-ohmic circuit elements,
Radiation resistance, Ideal diode, Shockley equation, Static resistance, Dynamic resistance,
Small-signal resistance, Differential resistance, Incremental resistance, (DC) Operating point,
Quiescent point, Electronic switch, Solid-state switch, Switch threshold voltage, Two-terminal
switch, Three-terminal switch, Unidirectional switch, Bidirectional switch, Independent ideal
voltage source, Active reference configuration, Nonlinear passive circuit elements, Non-ohmic
circuit elements, Radiation resistance, Static resistance, Ideal diode, Shockley equation, Dynamic
resistance, Small-signal resistance, Differential resistance, Incremental resistance, (DC) Operating
point, Quiescent point, Electronic switch, Solid-state switch, Switch threshold voltage, Two-
terminal switch, Three-terminal switch, Unidirectional switch, Bidirectional switch, Independent
ideal voltage source, Active reference configuration, Practical voltage source, Maximum available
source current, Maximum available source power, Open-circuit source voltage, Short-circuit
circuit current, Internal source resistance, Independent ideal current source, Practical current
source, Charge separation principle, Faraday’s law of induction, Lorentz force, Instantaneous
generator voltage, Average generator voltage, Battery voltage, Battery capacity, Battery energy
storage, Dependent sources, Voltage-controlled voltage source, Current-controlled voltage source,
Voltage-controlled current source, Current-controlled current source, Open-circuit voltage gain,
Transresistance, Transconductance, Short-circuit current gain, Voltage amplifier, Current
amplifier, Transresistance amplifier, Transconductance amplifier, Transfer characteristic, AC
voltage source, Ideal voltmeter, Ideal ammeter, Earth ground, Chassis ground, Common
(neutral) terminal (ground), Forward current, Return current, Absolute voltages in a circuit
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Section 2.1 Resistance: Linear Passive Circuit Element

2.1.1 Circuit Elements Versus Circuit Components

Circuit Elements

Similar to mechanical mass, spring, and damper used in analytical dynamics, circuit
elements are simple hypothetic ideal models. Every circuit element is characterized by its
unique voltage/current dependence called the v-i characteristic. Most of the v-i charac-
teristics reflect general physical laws. A list of the circuit elements includes:

Resistance

Capacitance

Inductance

Ideal electric transformer

Voltage source (independent and dependent)
Current source (independent and dependent)
Ideal switch

Ideal (Shockley) diode

Logic gates (NOT, AND, OR).

A SN ol

Circuit elements may be linear (resistance) or nonlinear (ideal diode), passive (resis-
tance) or active (voltage source), static (resistance) or dynamic (capacitance/inductance),
or both. Although all circuit elements studied here are static ones, the extension to the
case of time-varying voltage and current is often trivial.

Circuit Components

Circuit components are numerous hardware counterparts of the circuit elements. Exam-
ples of the circuit components include resistor, capacitor, inductor, battery, etc. The circuit
components may be modeled as combinations of the ideal circuit elements with one
dominant desired element (e.g., resistance) and several parasitic ones (e.g., parasitic
inductance and capacitance of a physical resistor). Another example is a battery, which
is modeled as an ideal voltage source in series with a (small) resistance. In practice, we
attempt to model any existing or newly discovered circuit component as a combination of
the well-known circuit elements. The same is valid for more complicated structures
targeted by electrical, mechanical, and biomedical engineers. An example is a human
body, the response of which is modeled as a combination of resistance and capacitance.

2.1.2 Resistance

Symbols and Terminals

Figure 2.1 shows the circuit symbol for resistance with current direction and voltage
polarity: positive voltage applied to the left terminal and a negative voltage applied to the
right terminal cause a current to flow from left to right, as depicted in Fig. 2.1b. As a
circuit element, the resistance is fully symmetric: terminals 1 and 2 in Fig. 2.1 may be
interchanged without affecting its operation. Thus, the resistance does not have a polarity.
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Fig. 2.1. Resistance symbol along with the voltage and current.

Voltage Across the Resistance

The voltage difference (or voltage drop or simply voltage) across the resistance, ¥, in
Fig. 2.1 is a signed quantity. The voltage is measured in volts (V), named in honor of
Italian physicist Alessandro Volta (1745—1827), who invented the first battery. Plus and
minus signs across the resistance indicate the voltage polarity. Specifically, a plus sign
denotes a (presumably) higher absolute voltage level versus ground than the minus sign;
see Fig. 2.1b. For example, let us assume that the value V'in Fig. 2.1a is positive and equal
to 1 V. This means that the electric field spends positive work equal to

IVx1C= 1] (2.1)

when moving the charge of 1 C through the resistance from left to right in Fig. 2.1a.
Similarly, the positive work of one joule is to be spent by an external force to move one
coulomb of charge across a potential difference of one volt against the electric field. In
power electronics, quantities of 1 kV (1000 V), even 1 MV (10° V) for voltage, are
customary. In sensors and cellular phone circuits, for example, voltages are usually much
lower. Values of 1 mV (107> V) or even 1 pV (10~°V) may be recorded. Voltage applied
to the resistance causes electric current flow.

Current Through Resistance: Passive Reference Configuration

The net current / flowing through the resistance is shown in Fig. 2.1a by an arrow.
The current is measured in amperes (A), named in honor of French physicist and mathe-
matician André-Marie Ampere (1775-1836). For example, the value of / in Fig. 2.1a is
1 A. This means that one coulomb of charges passes through the resistance in one second:

1A x Is = 1C (2.2)

The electric current flow through the resistance (and any other circuit element) is a
directed quantity; the arrow shows its direction. A useful fluid mechanics analogy for
the resistance is water (electric current) that flows down the “voltage” hill in Fig. 2.1b.
The relation between voltage polarity and current direction depicted in Fig. 2.1b is
known as the passive reference configuration. It is commonly used for all passive circuit
elements such as resistances, diodes, capacitances, and inductances. Physically, the passive
reference configuration means that the resistance consumes electric power, but does not
create it. In power electronics, currents of several A, even kA (1000 A), are customary.
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In digital and communication circuits, however, currents are usually low; therefore, units
of 1 pA (107 °A) or 1 mA (10 >A) are commonly used.

Ohm’s Law: Resistance and Conductance
According to Ohm s law, the voltage V across the resistance and the current / through the
resistance are related by a simple linear expression

V =RI (2.3)

with the proportionality constant R known as the resistance. This expression was first
established by German mathematician and physicist Georg Simon Ohm (1789-1854) in
1827 but was coldly received by the scientific community at that time. It took nearly
14 years before the Royal Society of London finally recognized his work and his
discovery is now known as Ohm’s law. The unit of resistance R carries his name ohm
and the Greek symbol Q. The unit follows from Eq. (2.3) as volt over ampere:

1V

1 Q=—
1 A

(2.4)

The resistance is the linear passive circuit element. Resistance values vary typically
between 1 Q and 100 MQ. The reciprocal of the resistance is the conductance, G:

G=2 (25)

The unit of conductance, Q ', is called siemens (S) in honor of Ernst Werner von Siemens
(1816-1892), a German inventor and the founder of what is today Europe’s largest
electrical engineering company (Siemens AG). An older American equivalent of that unit
is mho (¢5) or ohm spelled backwards! Conductance is useful in the circuit analysis.

Exercise 2.1: A voltage of 20 V is applied to a 1-MQ resistance. Determine the current
through the resistance.

Answer: 20 pA.

Exercise 2.2: A voltage of 20 V is applied to a 1-mS conductance. Determine current
through the conductance.

Answer: 20 mA.
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2.1.3 v-i Characteristic of the Resistance: Open and Short Circuits

Figure 2.2 plots the linear dependence given by Eq. (2.3) for two distinct resistances. The
corresponding plot is known as the v-i characteristic (or the v-i dependence). We use
small letters v-i to maintain consistency with the following study of time-varying circuits.
The v-i characteristic is the “business card” of the circuit element—every circuit element
has its own v-i characteristic. Once the v-i characteristic is known, the circuit element is
characterized completely. The following is true with reference to Fig. 2.2a:

. The slope of the v-i dependence for the resistance is equal to 1/R or G.

. Smaller resistance leads to a stepper v-i dependence (large currents).

. Larger resistance leads to a flatter v-i dependence (small currents).

. The negative part of the v-i dependence simply means simultaneous switching
voltage polarity and current direction, respectively, in Fig. 2.1.

AW N —

a) smaller b) short
' resistance ! icircuit

/4 larger

>/ resistance open

0 circuit
> — >

. v v

/

Fig. 2.2. v-i Characteristics for resistances and for the short and open circuits, respectively.

Y

Open and Short Circuits
Two limiting cases of the resistance v-i characteristics are the short circuit and the open
circuit, as seen in Fig. 2.3.

R—0 -
short circuit

o—\\N—o0 = o—o0
R—x open circuit

o—MA—o0 = o—  —o

Fig. 2.3. Transformation of resistance to a short and an open circuit, respectively.

When R — 0, the resistance becomes a short circuit, or an ideal wire. There is no
voltage drop V across the wire, but any current / can flow through it. Therefore, the v-i
characteristic of the short circuit is the straight vertical line in Fig. 2.2b. When R — oo,
the resistance becomes an open circuit, or an ideal vacuum gap. There is no current
I through the gap at any value of the applied voltage V. Therefore, the v-i characteristic of
the open circuit is the straight horizontal line in Fig. 2.2b.
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Exercise 2.3: Every vertical division in Fig. 2.2ais 0.1 A; every horizontal divisionis 1 V.
Find resistances for two v-i dependencies in the figure.

Answer: R =4 Q and R = 25 Q, respectively.

Exercise 2.4: An ideal switch is open when V' < 0 and is closed when V' > 0. Plot the v-i
characteristic given that only a positive current / > 0 can flow.

Answer: Horizontal line / = 0 when V' < 0 and vertical line ' = 0 when / > 0.

2.1.4 Power Delivered to the Resistance
Voltage Vacross the resistance is work in joules necessary to pass 1 C of charge through
the resistance. Since there are exactly / coulombs passing through the resistance in one
second, the power P delivered to the resistance must be the product of work per unit
charge and the number of charges passing through the element in one second: P = V1.
The power P has indeed the units of watts (1V x 1A =1J/1s =1W). When the v-i
characteristic of the resistance is examined, the power is equal to the area of the shaded
rectangles in Fig. 2.4. Using Ohm’s law, Eq. (2.3) gives us three equivalent definitions of

the absorbed power by a resistance:

P = VI Basic definition, valid for any passive circuit element

V2 . .
P = R Power for resistance in terms

of voltage

P = RI*> Power for resistance in terms of current

smaller
resistance

/

larger
resistance

0

/

(2.6)

(2.7)
(2.8)

Fig. 2.4. v-i Characteristics for the resistances and power rectangles. P, , are absorbed powers.
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Despite their obvious nature, all three equations are useful in practice. In particular,
Eq. (2.7) indicates that a small resistance absorbs more power than the large resistance at
the same applied voltage; this is seen in Fig. 2.4. Imagine for a moment that we know the
voltage across the resistance, but do not know the current. This happens if a number of
circuit elements are connected in parallel to a known voltage source. Then Eq. (2.7) is
used to find the power. However, if the current is known, but the voltage is not (a number
of elements connected in series to a current source), then Eq. (2.8) is employed.

Example 2.1: A voltage of 10 V is applied to a 2.5-Q resistance. Determine the absorbed
electric power in three possible ways as stated by Egs. (2.6) through (2.8).

Solution: To apply two of the three equations, current through the resistance is needed.
From Ohm’s law, / = V/R = 4 A. The electric power delivered to the resistance can
thus be determined in three ways:
P =VI=40W Basic power definition, passive reference configuration

V2 : :
P=—=40W Power for resistance in terms of voltage

P =RI> =40W Power for resistance in terms of current

2.1.5 Finding Resistance of Ohmic Conductors

An ohmic conductor satisfies Ohm’s law given by Eq. (2.3). Finding its resistance is
equivalent to the derivation of Ohm’s law under certain assumptions. Let us consider a
conducting circular cylinder subject to an applied voltage V'in Fig. 2.5. The cylinder has
length / and a cross-sectional area 4.

equipotential
surfaces
electric field
E + vi4 -
——p
fan &
I Al = — & Zl):> = |
e | = | = (e = = —
'_;'II — — g — — X
! .
+ \Y, -

Fig. 2.5. Finding the resistance of a conducting cylinder.

Finding Total Current
The net electric current in a metal or other conductor is defined as the net flux of positive

charge carriers directed along the conductor axis x:
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I =Agnvo (2.9)

Here, ng is the volumetric charge density of free charges g with concentration n in
coulombs per cubic meter, C/m?, and v is the magnitude of the average charge velocity in
m/s. In the one-dimensional model of the current flow, the average velocity vector is
directed along the x-axis seen in Fig. 2.5. Since the electrons have been historically
assigned a negative charge, the electric current direction is opposite to the direction of
electron motion in a conductor. The electron carries an elemental charge of —¢g =
—1.60218 x 10"’ C. Because 4 and ng are constants for a given conductor, the electric
current is simply associated with the charge’s mean velocity o.

Finding Average Carrier Velocity

In order to find v, we use the following method. The total voltage drop ¥ applied to a
sufficiently long, conducting cylinder is uniformly distributed along its length following
the equally spaced equipotential surfaces; this is schematically shown in Fig. 2.5. This
fact has been proved in Chapter 1. Such a voltage distribution corresponds to a constant
uniform electric field within the cylinder, which is also directed along the cylinder axis.
The magnitude of the field, £, with the units of V/m, is given by

E=V]I (2.10)

The electric field creates a Coulomb force acting on an individual positive charge g. The
Coulomb force is directed along the field; its magnitude F is given by

F =gE (2.11)

The key is a linear relation between the charge velocity v and force F or, which is the same,
a linear relation between the charge velocity v and the applied electric field E, i.e.,

v=ukE (2.12)

where u is the so-called mobility of charge carriers, with the units of m*/(V-s).
Carrier mobility plays an important role in semiconductor physics. With the help
of Egs. (2.10) and (2.12), the expression for the total current Eq. (2.9) is transformed to

[ [ [
V= I=|-—|I=RI = R=— 2.13
(Aqny) (Aa) A Ao ( )

This is the expression for the resistance of a cylindrical conductor. Material conductivity
o is measured in S/m. Its reciprocal is the material resistivity p = 1 /o measured in ¢ -m.
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Example 2.2: Estimate resistance R of a small doped Si disk with the length / of 5 pm, cross
section of A=10"* cm? uniform electron, concentration (carrier concentration) of
n=10"7 cm~3, and carrier mobility of 4, = 1450 cm?/(V-s).

Solution: Resistance calculations are usually simple when the one-dimensional model of a
conducting cylinder or a disk is used. However, one must be careful with the units. Units of
cm are customary in semiconductor physics. Therefore, one should first convert all different
units of length to meters (or to centimeters). After that, we use the definition of the resistance
given by Eq. (2.13) and obtain (units of meters are used):

i 5%x10°°

R = ==
Agnu, 1078 x 1.602 x 107" x 10% x 0.145

=0215 Q (2.14)

Table 2.1 lists conductivities of common materials. What is the major factor that
determines the conductivity of a particular conducting material? According to
Eq. (2.13), there are two such parameters: charge concentration and charge mobility.

Table 2.1. DC conductivities of conductors, semiconductors, and insulators (25 °C, multiple

sources).
Material Class o (S/m) Material Class o (S/m)
Silver Conductor 6.1 x 107 Seawater Semiconductor 4
Copper Conductor 5.8 x 107 Human/ani- Semiconductor 0.1-2.0
mal tissues
Gold Conductor 4.1 x 10’ Germanium Semiconductor 2
Aluminum Conductor 4.0x107 Fresh water Semiconductor 0.01
Brass Conductor 2.6 x 107 Wet soil Semiconductor 0.01-0.001
Tungsten Conductor 1.8 x 10’ Dry soil Semiconductor |0.001-0.0001
Zinc Conductor 1.7 x 107 Intrinsic sili- Semiconductor 44x107*
con (Si)
Nickel Conductor 1.5 x 107 Gallium arse- Semiconductor 10°°
nide (GaAs)
Iron Conductor 1.0 x 107 Glass Insulator 10712
Tin Conductor 0.9 x 107 Porcelain Insulator 10714
Lead Conductor 0.5 x 107 Hard rubber Insulator 1071
Graphite Conductor [0.003 x 10’ | Fused quartz Insulator 107"
Carbon Conductor |0.003 x 107 Teflon Insulator 1073
Magnetite Conductor |0.002 x 107
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It is mostly the different concentration of free charge carriers #n that makes the resistance
of two materials quite different. For example, n = 8.46 x 10**m™3 in copper (a good
conductor), whereas it may be n = 10'®m~3 in a moderately doped silicon crystal (doped
semiconductor). However, it is also the difference in mobility p that represents the
“friction” experienced by the “gas” of free charges with density » that is moving through

the solid or liquid conductor under the applied voltage (electric field).

Exercise 2.5: Using Table 2.1 in chapter’s summary, determine the total resistance of an
aluminum wire having a length of 100 m and a cross-sectional area of 1 mm?.

Answer: 2.5 Q.

2.1.6 Application Example: Power Loss in Transmission Wires and Cables

All metal wires and cables are ohmic conductors. Electric power absorbed by an ohmic
conductor is transformed into heat. This is known as electric power loss. We can apply
Egs. (2.6)~(2.8) and Eq. (2.13) in order to determine the loss of electric power in
transmission lines and/or cables. This question has significant practical importance.
Figure 2.6 outlines the corresponding electric circuit. The electric circuit is a closed
path for electric current. Resistance R characterizes the load. Only Ohm’s law is used
to analyze this circuit, along with the current continuity. No other circuit laws are
necessary. We also consider a voltage source in Fig. 2.6. The voltage sources will be
studied next.

source transmission line (TL) 5 load
!
— — +
| |
| RV
[ [ ﬂ -
& & -
!
< » b
20 km

Fig. 2.6. A long transmission power line carrying a steady-state current / to the load resistance.

According to Eq. (2.13), the wire resistance is inversely proportional to its diameter.
In the USA, the American Wire Gauge (AWGQG) system was developed to classify the wire
diameters of conductors. You probably have heard an electrician refer to a gauge
12 household wiring. This implies a wire diameter of about 2 mm, or 0.08”. Table 2.2
reports common AWG numbers and maximum current strengths.
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Table 2.2. American Wire Gauge (AWG) wire parameters. The maximum current is given for
solid copper (Source: Handbook of Electronic Tables and Formulas for American Wire Gauge).

Resistance per Maximum current
Diameter Diameter 1000 ft in (A)
AWG # (inches) (mm) or 304.8 m (Q2) for power transmission

24 0.0201 0.51054 25.67 0.577

22 0.0254 0.64516 16.14 0.92

20 0.0320 0.81280 10.15 1.50

18 0.0403 1.02362 6.385 2.30

16 0.0508 1.29032 4.016 3.70

14 0.0640 1.62814 2.525 5.90

12 0.0808 2.05232 1.588 9.30

10 0.1019 2.58826 0.999 15.0

Gauges 10 through 1 are not shown

0 (1 aught) 0.3249 8.252 0.09827 150
00 (2 aught) 0.3648 9.266 0.07793 190
000 (3 aught) 0.4096 10.404 0.06180 239
0000 (4 aught) 0.4600 11.684 0.04901 302

Example 2.3: An AWG 0 aluminum transmission grid cable schematically shown in
Fig. 2.6 has a wire diameter of 8.25 mm and a cross-sectional area of 53.5 mm’.
The conductivity of aluminum is 4.0 x 107 S/m. The total cable length (two cables must
run to a load) is 40 km. The system delivers I MW of DC power to the load. Determine the
power loss in the cable when load voltage Vand load current [ are given by:

1. V=40kVand/ =25 A
2. V=20kVand/ =50 A
3.V=10kVand/ =100 A
Why is high-voltage power transmission important in power electronics?

Solution: We find the total cable resistance from Eq. (2.13):

L L 40 x 10°

A o064 40x10" x53.5x%x107°

(2.15)

The same load current / flows through the load modeled by a resistor Ry and through the
cables in Fig. 2.6. Therefore, power loss in the cables may be found using Eq. (2.8).
Knowing the load voltage (or the voltage across the cable) is not necessary. The power
loss in the cables is thus given by P = RI?. For the three different cases corresponding to
the same load power, we obtain
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Example 2.3 (cont.):

1. P = RI*> = 11.7kW or 1.17 % of the load power
2. P = RI> = 46.8kW or 4.68 % of the load power (2.16)
3. P = RI> = 187kW or 18.7 % of the load power

Clearly, the high-voltage power transmission allows us to reduce the power loss in long
cables very significantly while transmitting the same power to the load. Therefore, the
high-voltage transmission lines passing through the country have typical voltages between
100 kV and 800 kV.

In circuit analysis in the laboratory, we usually consider ideal or perfectly conducting
wires whose resistance is zero. This is justified since the wire lengths for most practical
circuit applications are so short that the voltage drop is negligibly small.

2.1.7 Physical Component: Resistor

Fixed Resistors

Resistance is constructed intentionally, as a separate circuit component. This component
is called the resistor. A common axial leaded carbon film 0.25-W resistor deployed on a
solderless protoboard is seen in Fig. 2.7a. Those carbon film resistors are typically
manufactured by coating a homogeneous layer of pure carbon on high-grade ceramic
rods. After a helical groove is cut into the resistive layer, tinned connecting leads of
electrolytic copper are welded to the end-caps. The resistors are then coated with layers of
tan-colored lacquer. The common Surface Mount Device (SMD) thin-film resistor is
shown in Fig. 2.7b. Manufacturing process variations result in deviations from the normal
resistor values; they are known as tolerances and reported to the end user through an extra
color ring (for leaded axial resistors) or an extra digit (for SMD resistors). Typical power
ratings for the axial resistors are 1/6 W, /4 W, 2 W, 1 W, 2 W, and 3 W. When the power
delivered to the resistor considerably exceeds the particular rating, the resistor may burn
out, releasing a prominent “carbon” smell. The axial resistors have color codes shown in
Fig. 2.7c. To find the value of the resistor depicted in Fig. 2.7a, we first encounter the
tolerance code, which will typically be gold, implying a 5 % tolerance value. Starting
from the opposite end, we identify the first band, and write down the number associated
with that color; in Fig. 2.7a it is 9 (white). Then, we read the next band (brown) and
record that number; it is 1. After this we read the multiplier black, which is 0. The resistor
value in Fig. 2.7a is consequently R = 91 x 10° =91 Q.

The surface mount resistors, also known as SMD resistors, do not have color codes.
The SMD resistors are labeled numerically as 102 = 10 X 10> = 1 kQ, 271 =27x
10" = 270 Q, etc. Along with this, the SMD resistors, similar to other SMD compo-
nents, do have codes corresponding to their geometry size. Each size is described as a
four-digit number. The first two digits indicate length, and the last two digits indicate
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a) axias leaded resistor b) SMD thin-film resistor
Electrode )
Resistance Protection
Film |Im
(thin film)

Wrap around
electrode

c) Color codes for axial resistors
Black | Brown | Red | Orange | Yellow | Green | Blue | Violet | Gray | White
0 1 2 6 7

Fig. 2.7. (a) A leaded axial resistor, (b) a thin-film resistor, and (¢) color codes for leaded resistors.

width (in 0.01”, or 10 mils units). Some popular SMD resistor sizes are 0603
(0.06” x 0.03”, or 60 x 30 mils, or 1.6 x 0.8 mm), 0805 (0.08” x 0.05”), and 1206
(0.12" % 0.06").

Variable Resistors (Potentiometers)

The simplest variable resistor is a potentiometer. A picture is shown in Fig. 2.8a along
with its equivalent electric schematic in Fig. 2.8b. The potentiometer is used either as a
voltage divider, discussed later in the text, or as a variable resistor. By rotating the
potentiometer shaft, it is possible to obtain any resistance value up to the maximum
potentiometer value. The adjustable resistance is obtained between terminals 1 and 2 or
2 and 3 of the potentiometer, respectively. You should remember that the potentiometer
is a nonpolar device. This means that it can be placed into the circuit in any orientation.
With this knowledge the joking engineer telling you that “all resistors in your circuit are
backwards” should not cause any fear.

a) b) 4

25 kQ

o =D

3

Fig. 2.8. A rotary 25-kQ potentiometer rated at 0.25 W and its equivalent circuit schematic.

2.1.8 Application Example: Resistive Sensors

There are a variety of sensor types—resistive sensors—which use electric resistance
variation to measure a mechanical or a thermal quantity. Some of them are shown in
Fig. 2.9. As a first example, we consider a temperature sensor based on a thermistor
(aresistor), with a resistance that varies when ambient temperature changes; see Fig. 2.9a.
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The word thermistor is a contraction of the words “thermal” and “resistor.” As a second
example of a resistance subject to ambient conditions, we will consider a photoresistor
(photocell) shown in Fig. 2.9b. The final example is a strain gauge shown in Fig. 2.9c.

a) b)

Fig. 2.9. Sensing elements which change their resistances when ambient conditions change.

Thermistor

The thermistor changes its resistance as temperature increases or decreases. General-
purpose thermistors are made out of metal oxides or other semiconductors. Successful
semiconductor thermistors were developed almost simultaneously with the first transis-
tors (1950s). For a metal-oxide thermistor, its resistance decreases with increasing
temperature. Increasing the temperature increases the number of free carriers (electrons)
and thus increases the sample conductivity (decreases its resistance). Shown in Fig. 2.9a
is a very inexpensive NTC—negative temperature coefficient—leaded thermistor.
According to the manufacturer’s datasheet, it reduces its resistance from approximately
50 k€ at room temperature (about 25 °C) by 4.7 % for every degree Celsius (or Kelvin)
and reaches about 30 kQ at body temperature according to the thermistor equation:

Ry = Ry exp [B(TLI—TL)} (2.17)

where T}, T, are two absolute temperatures always given in degrees K. Temperature 75
corresponds to a room temperature of 25 °C so that R,=R,s-c, temperature 7; is the
observation temperature, and B is the thermistor constant, which is equal to 4200 K in the
present case. Equation (2.17) is a nontrivial result of the solid-state physics theory. We
emphasize that Eq. (2.17) is more accurate than the temperature coefficient of the
thermistor—the above referenced value of —4.7 %. Typical applications include temper-
ature measurement, control, compensation, power supply fan control, and printed circuit
board (PCB) temperature monitoring. Inexpensive thermistors operate from —30 °C to
approximately +130 °C. At higher temperatures, thermocouples should be used.

Thermocouple
Figure 2.9 does not show one more important temperature sensor—the thermocouple—
which is used to measure large temperatures and large temperature differences. It operates
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based on a completely different principle. The thermocouple does not significantly
change its resistance when temperature changes. Instead, it generates an electric current
and the associated voltage, when the junction of the two metals is heated or cooled,
known as the Peltier-Seebeck effect; this voltage can be correlated to temperature.
Therefore, the thermocouple, strictly speaking, is not a resistive sensor.

Photoresistor (Photocell)

An idea similar to the thermistor design applies. Quanta of light incident upon the
photocell body create new free charge carriers—new electron-hole pairs in a semicon-
ductor. If the concentration of free charges increases, the resistance of the sample
decreases according to Eq. (2.13). The resistance is inversely proportional to the concen-
tration. The photocell in Fig. 2.9b is characterized by very large nonlinear variations of
the resistance in response to ambient light.

Strain Gauge

The strain gauge measures mechanical strain. The operation is based on Eq. (2.13), which
defines the resistance through material conductivity o, the length of the resistor /, and its
cross section 4. When the resistor, which may be a trace on the base of a metal alloy, is
stretched, its length / increases and its cross section 4 decreases. Hence, the resistance
R increases due to both of these effects simultaneously; changes in the resistance may be
made visible for small strains. Shown in Fig. 2.9¢ is an inexpensive uniaxial strain gauge
with a nominal resistance of 350 Q; typical resistances are 120, 350, 600, 700, and 1000 €.
The gauge changes its resistance R in proportion to the strain sensitivity Sg of the wire’s
resistance, also called the gauge factor (GF). For a strain gauge, the relative resistance
variation, AR/R, is estimated based on known values of the strain sensitivity, Sg, and
strain, €. The strain gauge equation has the form

AR/R = Sge (2.18)

The dimensionless strain sensitivity Sg varies around 2. The strain (a relative elongation)
is a dimensionless quantity. It is measured in micro-strains, ue, where one ue is 10,
Typical strain values under study are on the order of 1000 ue. Using Eq. (2.18) this yields
a relative resistance variation as small as 0.2 %. Because of this, the circuits for the strain
measurements should be designed and built with great care. Temperature compensation
efforts are also required. Since the relative resistance changes are very small, the strain
gauge is a linear device: the strain is directly proportional to resistance variations.

Potentiometric Position Sensor

Another general resistive sensor is a potentiometric (or potentiometer) position sensor. Its
operation becomes apparent when we rotate the potentiometer dial in Fig. 2.8a. A change
in the resistance is directly proportional to the rotation angle. The resistance variation can
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be converted to voltage variation and then measured. Similar potentiometer sensors for
measuring linear motion also exist.

Sensitivity of Resistive Sensors

One major difference between different resistive sensing elements is a very different
degree of the relative resistance variations. For the photocell, the resistance variation is up
to 100 times. For the thermistor, the resistance variation can be as much as 50 %. For the
strain gauge, the resistance variations do not exceed 0.5 %.

Circuit Symbols

There are several similar but not identical standards for circuit symbols related to
resistance: International standard IEC 60617, American ANSI standard Y32 (IEEE Std
315), etc. Figure 2.10 shows popular circuit symbols for variable resistances.

a)generic variable b) potentiometer c) thermistor d) photoresistor e) strain gauge

Fig. 2.10. Circuit symbols for variable resistances: (a) generic variable resistance,
(b) potentiometer, (c¢) thermistor, (d) photoresistor, and (e) strain gauge.
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Section 2.2 Nonlinear Passive Circuit Elements

2.2.1 Resistance as a Model for the Load

It might appear at first glance that the resistance causes mainly power loss and heating.
However, the concept of heating elements in household appliances or power losses in
long cables covers only a small subset of applications. Important resistance applications
are related to the resistive sensors studied previously. Resistances are widely used in the
circuits to provide different voltage values, i.e., bias circuit components such as diodes
and transistors. Last but not least, resistances model an arbitrary power-absorbing device,
the load, which can be mechanical, acoustical, microwave, optical, etc. From a circuit
point of view it does not matter how the electric power supplied to a load is eventually
transformed. The circuit delivers certain power to the load, but cares little about whether
the power is converted into heat to warm a heating pan, light to illuminate our house,
mechanical power to drive a motor, or electromagnetic radiation generated by a cell
phone. Circuit analysis is concerned with the power delivered to a power-absorbing
device, the load, leaving its utilization and conversion to other engineering disciplines.
Therefore, many practical loads can be replaced by a simple load resistance Ry . Such a
resistance is often called the equivalent resistance, Ry = Req. It is also valid for AC
circuits. For AC circuits it is convenient to use 7ms (root mean square) voltages, which are
equivalent to DC voltages and thus provide us with the same power value delivered to the
load. Figure 2.11 shows two examples of the load replacement with the equivalent
resistance: a light source radiating visible light and an antenna radiating microwaves.

monopole
antenna a
ground plane

— R,
N
a coaxial cable
b
b
b)
a o———————— a

a)

0 =

b o——F—— b

Fig. 2.11. (a) Radiating monopole antenna is modeled as a resistance. (b) Light source is
approximately modeled as a resistance.

Example 2.4: A small commercial monopole antenna shown in Fig. 2.11a is rated at Req
= 50 Q in the ISM band of 902-928 MHz. When an rms voltage of 10 V is applied to the
antenna, what is the total amount of power radiated by the antenna?
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Example 2.4 (cont.):

Solution: We use Eq. (2.7) and obtain P = mes /Req =2 W. All of this power is radiated
in the form of an outgoing electromagnetic wave. There is no heat loss. The resistance Rq
is called the radiation resistance in such a case. The above analysis is valid only in a
certain frequency range.

A load that exactly follows Ohm’s law Eq. (2.3) is called the linear load. While the
transmitting antenna in Fig. 2.11a is a linear load, an incandescent light bulb in Fig. 2.11
is not. Most of the loads deviate from the linear Ohm’s law.

2.2.2 Nonlinear Passive Circuit Elements

Nonlinear passive circuit elements do not satisfy Ohm’s law with the constant resistance
R over a wide range of voltages. Therefore, they are also called non-ohmic circuit elements.
The non-ohmic elements may be described by a similar expression:

14
V=RV)<=RV)=—= 2.19

(V)1 & RV) = o (2.19)

but with a variable resistance R(V). For passive elements, R(7) > 0. The resistance R(V)

is known as the static or DC resistance. Figure 2.12 depicts the v-i characteristics for

three distinct passive circuit elements.

ohmic conductor incandescent light bulb ideal (Shockley) diode

a) | b) [ c) I
|

- |

Fig. 2.12. Three v-i characteristics: (a) linear—resistance; (b) nonlinear—incandescent light bulb;
and (c¢) nonlinear—ideal or Shockley diode.

The first element is an ohmic element (ohmic conductor) with a constant resistance R.
The corresponding v-i characteristics is a straight line—the circuit element is linear. The
second element corresponds to an incandescent light bulb. Its resistance R increases when
the applied voltage ¥ increases (the conductivity of the radiating filament of wire decreases
with increasing absorbed power and wire temperature). Hence, the v-i characteristic bends
down and deviates from the straight line—see Fig. 2.12b. This element only approximately
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follows Ohm’s law. It is therefore the nonlinear circuit element. The third element in
Fig. 2.12 corresponds to an ideal (Shockley) diode. The diode does not conduct at negative
applied voltages. At positive voltages, its v-i characteristic is very sharp (exponential).
The diode is also the nonlinear circuit element. Strictly speaking, the v-i characteristic of the
incandescent light bulb does not belong to the list of circuit elements due to its limited
applicability. However, the ideal diode is an important nonlinear circuit element. The
nonlinear elements are generally polar (non-symmetric) as Fig. 2.12¢ shows.

2.2.3 Static Resistance of a Nonlinear Element

Once the v-i characteristic is known, we can find the static resistance R(}) of the nonlinear
circuit element at any given voltage V. For example, the v-i characteristic of the ideal
diode shown in Fig. 2.12c¢ is described by the exponential Shockley equation:

o) 1] o0

In Eq. (2.20), the constant I [A] is the diode saturation current. The saturation current is
very small. The constant V't [V] is called the thermal voltage.

Example 2.5: Give a general expression for the diode resistance R(V) using Eq. (2.20)
and find its terminal values at ' — Oand V' — oo, respectively. Then, calculate static diode
resistance R and diode current I, when the voltage across the diode is V,=0.55 V.
Assume that /g = 1 x 107" A and V1 = 25.7mV.

Solution: Using Eq. (2.20) we obtain

- {GXP(VLT) - 1} (2.21)

When V' — 0, we can use a Taylor series expansion for the exponent. Keeping only the first
nontrivial term, one has exp(¥/V1) ~ 1 + V/V1. Therefore,

v
R(V) — I—T when ¥V — 0 (or V/Vy << 1) (2.22)
S

This value is very large, in excess of 1 GQ. The diode is thus the open circuit with a good
degree of accuracy.

On the other hand, at large V, the exponential factor in Eq. (2.21) greatly increases.
Therefore,

R(V) — 0 when V — oo (2.23)
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Example 2.5 (cont.):

The diode becomes virtually a short circuit as indicated by the almost vertical slope in
Fig. 2.12c. Finally, we obtain the particular values for /o = 0.55V:

Ry =275 Q, Ip=2.00 mA (2.24)

2.2.4 Dynamic (Small-Signal) Resistance of a Nonlinear Element

Equally, and perhaps even more important, is the concept of a dynamic (or small-signal)
resistance, 7, of the nonlinear circuit element. Other equivalent names include differential
resistance or incremental resistance. Quite often the voltage across the element and the
current through it are given by

V=Vo+o, I=Ig+i (2.25)

where V; and [, are the DC (constant-value) voltage and current related to each other
through the static resistance, Vo = Roly. These values are set with the help of an external
DC circuit. On the other hand, quite small components v and i describe a very weak time-
varying (AC or pulse) signal. Though weak, this signal contains the major information to
be processed. A receiver circuit in your cell phone is an example. Now, how are v and
i related to each other? The answer is still given by Ohm’s law but written in terms of the
dynamic resistance, i.e.,

v=ri, ¥r=—— (2.26)
v=V,, I=I

This derivative is to be evaluated at the operating point Vy, Iy (also called the quiescent
point or Q-point). Figure 2.13 provides a graphical proof of Eq. (2.26) using the example
of an ideal diode. The zoomed-in version of Fig. 2.12¢ has been used. The dynamic
(small-signal) resistance is thus the inverse slope of the v-i characteristic at the operating
point. The exact mathematical proof is performed using a Taylor series expansion.

Exercise 2.6: Determine the small-signal resistance r for the ohmic circuit element with
V' =RI, R = const.

Answer: » = R for any operating point.

The dynamic diode resistance plays a decisive role in the design of amplifiers based
on junction transistors. The ideal-diode circuit element becomes a part of the transistor
circuit model. The dynamic resistance is also critical for amplifiers which use other
transistor types. From the mathematical point of view, finding the static and dynamic
resistance is simply finding the function and its first derivative at the operating point.
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Fig. 2.13. Finding dynamic resistance for an ideal diode.

Example 2.6: Give a general expression for the dynamic diode resistance » using
Eq. (2.20) at an arbitrary operating point with current /,. Then, calculate the dynamic
diode resistance » when the voltage across the diode is ¥y =0.55 V. Assume that /g = 1
x107'2 A and V7 = 25.7 mV.

Solution: Using Eq. (2.20) we obtain

Ve Ve
~ gt 297
I+1s T, G2,

I
= Vﬂn{l +—] = H(I) =
Is

since the saturation current /s may be neglected. At V,=0.55 V we obtain /, =2.00 mA—
see Eq. (2.24). Therefore,

r=12.8 Q when Vo =055V, (2.28)

2.2.5 Electronic Switch

In an electronic switch (or a solid-state switch), an electric quantity (voltage or current)
acts as a stimulus—it opens and closes the switch. The electronic switch is inherently a
nonlinear device. Figure 2.14 shows a two-terminal switch and its (idealized) v-i charac-
teristic. The voltage across the switch Vis generated by the main circuit. When this voltage
reaches a certain switch threshold voltage Vv, the switch becomes closed, it can conduct
any current. Further, the voltage across the switch does not change. Switches of this type
usually involve pn-junction diodes. For example, the diode v-i characteristic from
Fig. 2.12¢ may approximate the step function in Fig. 2.14b. The unidirectional switch
shown in Fig. 2.14 can pass the current only in one direction. Bidirectional switches can
pass current in both directions.

I1-50



Chapter 2 Section 2.2: Nonlinear Passive Circuit Elements

a) Rest of the circuit b) 4

a

7 ﬂ I Open when V<V 1,
+ /

2N

\ Vi \
bO ﬂ I Closed when V=V 1,

Rest of the circuit

Fig. 2.14. (a) Two-terminal unidirectional threshold switch and (b) its ideal v-i characteristic.

Figure 2.15 shows another, three-terminal electronic switch. The voltage V controlling
the switch operation is now generated by a separate (control) circuit. It is still referenced
to the common circuit ground. When the control voltage reaches a certain switch
threshold voltage V1, or exceeds it, the switch closes. The switches of this type involve
transistors, either junction or field effect. A distinct feature of the switch in Fig. 2.15 is
that the control voltage may have arbitrary values, including V' > V. Therefore, its v-i
characteristic involves all states to the right of the vertical line in Fig. 2.14.

Rest of the circuit
ao

ﬂ ' / Open when V<V,
BN

Vo——+ (/
I \
ﬂ Closed when V>V,

Fig. 2.15. Three-terminal unidirectional threshold switch (pull-down switch).

ov =

The switch shown in Fig. 2.15 and its pull-up counterpart are the “heart” of any digital
circuit, which is essentially a nonlinear switching circuit. Chapter 15 provides an
introduction to digital switching circuits.

Exercise 2.7: Based on conditions of example 2.5, determine when a diode switch closes.
This condition approximately corresponds to the diode current of 10 mA.

Answer: The diode voltage should be equal to 0.594 V or approximately 0.6 V.
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Section 2.3 Independent Sources

2.3.1 Independent Ideal Voltage Source

An independent ideal voltage source is an important circuit element. Figure 2.16a shows
the corresponding circuit symbol for the DC (steady-state) source. As a circuit element,
the voltage source is not symmetric: terminals 1 and 2 (commonly labeled as plus and
minus or red and black) may not be interchanged without affecting its operation. In other
words, the voltage source is a polar device. The voltage source generates a positive
voltage difference (or voltage drop or simply voltage) across its terminals, Vg > 0, the
polarity of which is shown in Fig. 2.16. The term independent means that voltage V5 does
not vary because of different parameters of an electric circuit (not shown in the figure),
which is implied to be connected to the voltage source.

a) Vv b) +
o = ok k
(=N -

Fig. 2.16. Symbol for an ideal voltage source along with the voltage and current behavior.

Current Through the Voltage Source: Active Reference Configuration

The current / flowing through the voltage source is shown in Fig. 2.16 by an arrow. The
relation between voltage polarity and current direction depicted in Fig. 2.16 is known as
the active reference configuration. It is commonly used for all active circuit elements such
as voltage and current sources, either dependent or independent. A useful fluid mechanics
analogy for the voltage source is water (electric current) that is pushed up the “voltage”
hill in Fig. 2.16b by external means. Alternatively, one may think of a water pump that is
characterized by a constant pressure drop. The active reference configuration means that
the voltage source supplies electric power to the circuit. This configuration is the opposite
of the passive reference configuration for the resistance.

v-i Characteristic of the Voltage Source

Figure 2.17a plots the v-i characteristic of the ideal voltage source. The term ideal
literally means that the v-i characteristic is a straight vertical line: the ideal voltage source
is capable of supplying any current to any circuit while keeping the same voltage Vg
across its terminals. In reality, it is not the case since the high currents mean high powers.
Therefore, a laboratory power supply—the physical counterpart of the ideal voltage
source—will be eventually overloaded as shown in Fig. 2.17b. Figure 2.17¢ shows a
common way of drawing the v-i characteristic for the voltage source with the axes
interchanged. For the purposes of consistency, the x-axis will always be used as the
voltage axis throughout the text.
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a) I b) | 4 overload c) v
[ )
| | v \
0 | 0 | 0 overload \
AR Ve |V |

Fig. 2.17. v-1 Characteristics for (a) ideal voltage source used in the circuit analysis and (b) its
physical counterpart—a regulated laboratory power supply. (¢) Typical way of drawing the v-i
characteristic for the voltage source with the axes interchanged.

Symbols for Independent Voltage Source

Multiple symbols may be used in a circuit diagram to designate the independent ideal
voltage source—see Fig. 2.18. All these symbols are equivalent from the circuit point of
view, as long as we imply the ideal source. However, their physical counterparts are quite
different. The general symbol in Fig. 2.18a implies either an AC to DC converter (the
laboratory power source) or a battery. The symbol in Fig. 2.18b relates to a battery and
Fig. 2.18c—d depicts battery banks.

a) sv b) L c) L d) L

o—@—o = O—||—O = o—||||—o = o—||||||—o
Fig. 2.18. (a) Generic DC voltage source, (b) single battery, and (c¢) and (d) battery banks. All
symbols in the circuit diagram are equivalent.

Example 2.7: Solve an electric circuit shown in Fig. 2.19—determine circuit current / and
voltage across the resistance V.

Solution: We use the graphical solution—plot the v-i characteristic of the 2 k€2 resistance
and the v-i characteristic of the voltage source on the same graph to scale—see Fig. 2.19b.
The intersection point is the desired solution: ¥ =3 V, [ = 1.5 mA. Indeed, this simple
solution implicitly uses circuit laws (KVL and KCL) studied next.

I1-53



Chapter 2 Major Circuit Elements

a) b) I, mA

3v=V

[

Vg V, volts

Fig. 2.19. Electric circuit solution in graphical form.

2.3.2 Circuit Model of a Practical Voltage Source

Any practical voltage source is modeled as a combination of an ideal voltage source Vg
and an ideal resistance R in series—see Fig. 2.20a. The resistance R reflects the non-ideality
of the practical source: it limits the maximum available source current and the maximum
available source power by (similar to the current-limiting resistor):

]max = VS/Ra Pmax = VS[max = V%/R (229)

Voltage Vs is called the open-circuit voltage of the source for an obvious reason.
Similarly, current /.., is called the short-circuit current of the source. Once both
quantities are measured in laboratory, resistance R (called the internal source resistance)
may be found using Eq. (2.29).

a) b) \
practical voltage source '
= :
MW\ ° i
R + \
v. @ v '

Vg \Y
o)

Fig. 2.20. Circuit model of a practical voltage source and its v-i characteristic.

Exercise 2.8: The open-circuit voltage of a voltage source is 9 V; the short-circuit current
is 2 A. Determine the internal source resistance.

Answer: 4.5 Q.
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The v-i characteristic of the practical voltage source is the plot of source current / versus
voltage V available from the source in Fig. 2.20a. This voltage is generally less than Vg
since any nonzero current / causes a voltage drop of R/ across resistance R. One has

Ve —V
V=Vs—RI=1=

(2.30)

This v-i characteristic is plotted in Fig. 2.20b by a solid line. The deviation from the
straight vertical line characterizes the degree of non-ideality. Emphasize that any labora-
tory power supply is indeed a practical voltage source. However, using a special circuit,
its input is regulated so that the output voltage does depend on the output current, at least
over a reasonable range of currents. Therefore, instead of Fig. 2.20b we arrive at a more
reliable voltage source from Fig. 2.17b.

Exercise 2.9: Determine internal source resistance for the source illustrated in Fig. 2.20b
given that every horizontal division is 3 V and every vertical division is 1 A.

Answer: 0.6 Q.

2.3.3 Independent Ideal Current Source

An independent ideal current source is dual of the ideal voltage source. Figure 2.21a shows
the corresponding circuit symbol for the DC (constant-current) source. As a circuit
element, the constant-current source is directional: terminals 1 and 2 indicate the direction
ofthe current flow. The current source generates a positive constant current, /s > 0, which
flows from terminal 2 to terminal 1 in Fig. 2.21. The term independent means that current /g
does not vary because of different parameters of an electric circuit (not shown in the figure),
which is implied to be connected to the current source.

@ D

Fig. 2.21. Symbol for the ideal current source along with voltage and current designations.

Voltage Across the Current Source: Active Reference Configuration

Once the current source is connected to a circuit, a voltage ' will be created across it. The
voltage polarity is indicated in Fig. 2.21a. The relation between voltage polarity and
current direction shown in Fig. 2.21 is again the active reference configuration, similar to
the voltage source. A useful fluid mechanics analogy for the electric current source is a
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water pump that creates a constant water supply (e.g., 0.5 ft*/s). Indeed, this water pump
will be characterized by a certain pressure difference across its terminals, which is the
analogy of voltage V'in Fig. 2.21.

v-i Characteristic of the Current Source

Figure 2.22a plots the v-i characteristic of an ideal current source. Compared to the ideal
voltage source, the graph is rotated by 90 degrees. The term ideal again means that the v-i
characteristic is the straight horizontal line: the ideal current source is capable of creating
any voltage across its terminals while keeping the same current /5 flowing into the circuit.
In reality, it is not the case since high voltages mean high powers. Therefore, a laboratory
current power supply—the physical counterpart of the ideal current source—will even-
tually be overloaded as shown in Fig. 2.17b. The current laboratory supplies are rarely
used (one common use relates to transistor testing); they are less common than the
voltages supplies. However, the current sources are widely used in transistor circuits,
both integrated and discrete. There, the current sources are created using dedicated
transistors. Furthermore, photovoltaic sources are essentially current sources.

a) b)

overload

Fig. 2.22. v-i Characteristics of (a) an ideal current source and (b) its physical counterpart.

Symbols for Independent Current Source

A few equivalent symbols may be used in a circuit diagram to designate the independent
ideal current source; see Fig. 2.23. All these symbols are equivalent as long as we imply the
ideal source. The symbol in Fig. 2.23a is used in North America, the symbol in Fig. 2.23b is
European, and the symbol in Fig. 2.23 may be also found in older texts.

a) b) c)
()—{:}—() = ()—{ }—() :()—{ }—()
& & &

1 mA 1 mA 1 mA

Fig. 2.23. Equivalent symbols of the current source in the circuit diagram.
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Example 2.8: Solve an electric circuit shown in Fig. 2.24—determine voltage Vacross the
source and the resistance.

Solution: Similar to the voltage source, we use a graphical solution—plot the v-i charac-
teristic of the 2-kQ resistance and the v-i characteristic of the current source on the same
graph to scale; see Fig. 2.24b. The intersection point gives us the desired solution:
V' =3 V. Note that the solutions for this example and the solution for Example 2.7
coincide. This means that, under certain conditions, we can interchange both sources
without affecting the circuit performance. Indeed, the graphical solution implicitly uses
the circuit laws (KVL and KCL) studied in detail next.

a) b) I, mA

V, volts

4 2 0 2 4

Fig. 2.24. Electric circuit solution in the graphical form.

2.3.4 Circuit Model of a Practical Current Source

Any practical current source is modeled as a combination of the ideal current source /g
and the ideal resistance R in parallel—see Fig. 2.25a. The resistance R reflects the
non-ideality of the practical source: it limits the maximum available source voltage and
the maximum available source power by

Vinax = RIs,  Pmax = Vinaxl's = RI§ (2.31)

Voltage V' ax 1S again called the open-circuit voltage of the source. Similarly, current /g is
called the short-circuit current of the source. Once both the quantities are measured,
resistance R (called the internal source resistance) may be found using Eq. (2.31).

Exercise 2.10: The open-circuit voltage of a current source is 9 V; the short-circuit current
is 2 A. Determine the internal source resistance.

Answer: 4.5 Q.
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a) b) |
practical current source

= | Qrazzzrimnsnnriva-d
+

@D V

Fig. 2.25. Circuit model of a practical current source and its v-i characteristic.

The v-i characteristic of the practical current source is the plot of current
I available from the source versus voltage V across the source in Fig. 2.25b. This current
is generally less than /g since a portion of Ig flows through the internal resistance R, i.e.,

V
I=1I5— 7 (2.32)
This v-i characteristic is plotted in Fig. 2.25b by a solid line. The deviation from the

straight horizontal line characterizes the degree of non-ideality.

Exercise 2.11: Determine the internal source resistance for the source illustrated in
Fig. 2.25b given that every horizontal division is 3 V and every vertical division is 1 A.

Answer: 15 Q.

2.3.5 Operation of the Voltage Source

Operation of a voltage power supply of any kind (an electric generator, a chemical
battery, a photovoltaic cell, etc.) might be illustrated based on the charge separation
principle very schematically depicted in Fig. 2.26. We need to deliver electric power to a
load modeled by an equivalent resistance Ry . First, we consider in Fig. 2.26 a charged
capacitor with a charge Q connected to a load resistor Ry at an initial time moment. The
capacitor voltage V'is related to charge by V' = Q/C where C is the (constant) capaci-
tance. The capacitor starts to discharge and generates a certain load current /;. At small
observation times, the change in Q is small, so is the change in V. Therefore, the capacitor
initially operates as a voltage power supply with voltage V. However, when time pro-
gresses, the capacitor discharges and the voltage V eventually decreases.
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Charge separati?n mechanism

HS] i

(=N} + - (=N
+ -
+ -
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+ Vv -

= R,
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Fig. 2.26. Power source schematically represented as a capacitor continuously charged by a charge
separation mechanism—the charge pump.

How could we keep V' constant, i.e., continuously charge the capacitor? A charge
separation mechanism should be introduced between the hypothetic capacitor plates to
continuously compensate for the charge leakage. That mechanism may have the forms:

1. For an electromechanical generator, this is the Lorentz force that acts on individual
electrons in a conductor and pushes them to one conductor terminal while creating
the opposite charge density on the opposite conductor terminal. The macroscopic
effect of the Lorentz force is the Faraday s law of induction.

2. For a battery, these are chemical reactions at the electrodes which cause a charge
separation, i.e., positive metal ions dissolve in the electrolyte and leave excess
electrons in the metal electrode on the left in Fig. 2.26.

3. For the photovoltaic cell, this is a built-in potential of the semiconductor
pn-junction that separates light-generated negative carriers (electrons) and positive
carriers (holes) as shown in Fig. 2.26.

Indeed, the capacitor analogy in Fig. 2.26 is only an illustrative approach, especially for
electromechanical power generation. Below, we will consider a few specific examples.

2.3.6 Application Example: DC Voltage Generator with Permanent

Magnets
A realistic electromechanical voltage source—a basic DC generator with permanent mag-
nets—is shown in Fig. 2.27. This generator setup makes use of the Lorentz force:

f=q(3x B) (2.33)

The Lorentz force acts on charge ¢ moving with a velocity # in an external magnetic field

with the vector flux B measured in tesla (T). The force itself is measured in newtons. The
cross symbol in Eq. (2.33) denotes the vector product of two vectors evaluated according
to the right-hand rule. Shown in Fig. 2.27a are two permanent magnets (stator of the

generator) responsible for creating the magnetic flux B emanating from the north pole
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(N) and terminating at the south pole (S). The armature (rotor) rotates clockwise in
Fig. 2.27b with the armature velocity o.

Fig. 2.27. Charge separation in a DC electromechanical generator.

When the flux density Bis applied, every positive charge +¢ in the armature segment
/ will experience a Lorentz force with the magnitude /' = +qvB which will move this
charge toward the right terminal of the armature in Fig. 2.27b. Similarly, every negative
charge —¢q in the armature would experience the equal but oppositely directed Lorentz
force f = —qvB which will move this charge toward the left terminal. Hence, a charge
separation occurs along the armature which will give rise to an induced voltage V. Total
work W of the Lorentz force on a charge ¢ along the entire armature path in Fig. 2.27b is
given by W = 2If. This work divided by the amount of charge determines the equivalent
voltage that will be developed on the generator terminals, i.e., the instantaneous gener-
ator voltage V.= W /q = 2IvB. If the armature rotates at an angular speed w (rad/s), the
charge velocity perpendicular to the field is given by v = d/2w cos 6 (m/s). Plugging in
this expression and averaging over angles 6 from 0 to z/2, we obtain the average
generator voltage in the form

V = ldB(cos0) = (2/n)4Bw [V] (2.34)

where A4 is the armature area. If the rotor has N turns, the result is multiplied by N. The
same expression for the voltage is obtained using the Faraday'’s law of induction. A
regulator circuit is necessary to obtain a flat DC voltage without ripples. Any brushed DC
motor operates as a generator when its shaft is rotated with a certain speed. The generated
open-circuit voltage may be observed in laboratory with the oscilloscope.

Exercise 2.12: Determine average open-circuit generator voltage in Fig. 2.27 given
A=0.1 m? B=02 T, ®=20rad/s (191 rpm), and the armature with 20 turns.

Answer: 5.1 V.
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2.3.7 Application Example: Chemical Battery

A chemical reaction in a battery induces a continuous charge separation. The “charge
pump” so constructed, once connected to a load, is able to create a continuous electric
current into a load and a voltage difference across it. You are probably aware of the quest
to improve the venerable battery. Extensive coverage in the media and in technical
journals frequently reports on new chemical compounds and control circuits. They target
smaller, more powerful rechargeable batteries for such diverse devices as portable
computers, cell phones, sensors, and automobiles. Specifically, it is the automotive sector
which implements hybrid vehicle technology where powerful electro motors in conjunc-
tion with high-performance batteries are supplementing, even completely replacing,
conventional combustion engines. For a standard chemical battery, the two important
parameters are battery voltage and battery capacity. The capacity, O, is a new quantity
that is needed because of a battery’s inability to provide constant current and power for an
infinite time duration. How a battery behaves over time is illustrated in Fig. 2.28 where
we monitor the power and current as a function of time. A key time constant is the
so-called discharge time, which is critically dependent on the attached load.

a) 4 b) N
PB’ W IB’ A

iﬂ #2 ’ ﬁ #2 ‘

T, T, T, T,

Fig. 2.28. Generic plots of delivered power, Pg, and electric current, /g, for two different loads
labeled #1 and #2. The discharge times T} and T, correspond to the loads #1 and #2, respectively.

When a load of resistance R; is connected to the battery, and the battery’s internal
resistance R is negligibly small compared to that resistance, the circuit current, /g, and the
power delivered by the battery, Pg, are determined based on Ohm’s law:

vV
Ig = ?B, Pg = Vplp (2.35)
The total energy, Eg, stored in the battery and then delivered to the circuit is a fixed
constant. Its value depends on the battery type and size. The total energy in joules is given
by the time integral of delivered power over time, i.e.,
Eg = JPB(l/)dl/ (236)
0
We can assume that the total energy is a finite constant; it follows from Eq. (2.36) that the
delivered power must drop to zero at a finite time 7. This is schematically shown in
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Fig. 2.28 for two different load resistances, #1 and #2, which require two different circuit
currents. Even though the two power curves in Fig. 2.28a are different, the area under
those curves, denoting the total energy stored in the battery, remains the same to a
sufficient degree of accuracy. The battery’s terminal voltage Vg also remains approxi-
mately constant over the entire operation cycle and even afterwards. It is the battery’s
current /g that finally sharply decreases with time and causes a drop in power, as seen in
Fig. 2.28b. Let us consider the simplest case where the current is a constant for# < 7" and
at t= T drops to zero and stays zero for > 7. From Eq. (2.36), it follows that

00 T
Ep = JPB(t/)dt/ = J VB[BdZ, = [TIB] Vg (237)
0 0
The expression in the square brackets is the definition of the battery capacity, Q:
E
O=Tlg="2 (2.38)
Vs

Since the battery terminal voltage is always known, its capacity determines the total
energy stored in the battery. The capacity is measured in A-h (Ah) or for small batteries in
mA-h (mAh). The capacity rating that manufacturers print on a battery is based on the
product of 20 h multiplied by the maximum constant current that a fresh battery can
supply for 20 h at 20°C while keeping the required terminal voltage. The physical size
of batteries in the USA is regulated by the American National Standards Institute
(ANSI) and the International Electrotechnical Commission (IEC). Table 2.3 lists the
corresponding parameters of some common batteries.

Example 2.9: A 12-V battery rated at a capacity of Q=100 A-h may deliver 5 A over a
20-h period, 2.5 A over a 40-h period, or 10 A over a 10-h period. Find the total energy
delivered by the battery provided that its internal resistance is negligibly small.

Solution: The total energy delivered by the battery is equal to
Eg=VgQ0=12-100 V-A-h=1200 W-h =4.32MIJ] (2.39)

It remains constant for each case. This example shows that the electric energy can be
measured either in joules or in Wh or more often in kWh. Clearly, 1 Wh=3600 J.

Circuit Model of a Battery

As a practical voltage source, a battery always has a small, but finite internal resistance,
R. Battery’s equivalent circuit therefore includes the ideal voltage source and the internal
resistance in series—see Fig. 2.29. Even though the values of R are small, the internal
resistance has critical implications affecting both the battery’s efficiency and its ability to
provide a high instantaneous power output. In general, it is difficult to directly measure
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~ s
= 9V

Fig. 2.29. Circuit model of a battery: the ideal voltage source in series with an internal resistor.

the internal resistance of batteries, you would need a calibrated load resistor and sophis-
ticated measurement equipment to precisely measure voltages and currents.

Exercise 2.13: A 12-V battery has an internal resistance of 10 Q. What are the maximum
current and the maximum power that the battery can output?

Answer: [, = 1.2 A, P =144 W

Many battery types have been developed for a wide range of applications. They differ
both in battery energy storage per kg of weight, or unit volume, and in power delivery per
kg of weight, or per unit volume. In particular, modern heavy-duty, deep-cycle batteries
may sport the following properties:

Energy storage : 150 W - h/1, (2.40)
Power density : 2 kW/1. (2.41)

You can compare Eqs. (2.40) and (2.41) with the last row of Table 2.3 and establish the
approximate density of the battery device.

Table 2.3. Characteristics of batteries (from multiple datasheets).

Voltage
Battery size/type Rechargeable (cell) Capacity (A-h) Resistance (R)
AAA No 1.5 1.3 100-300m< for
AA No 1.5 2.9 alkaline battery
C No 1.5 8.4 per cell
D No 1.5 20.5
9V No 9.0 0.6 ~400 mQ
Lithium batteries Yes 3.6-3.7 0.7-1.5 ~300 mQ
Lead acid starter bat- Yes 12.6 ~600A for 30 s at 32 °F <100 mQ
tery (automotive, deep before voltage drops to
cycle) 720V
Deep-cycle marine, Yes Variable: ~ 30 W-h per kg of weight, ~200 mQ
electric vehicles or ~ 108 kJ per kg of weight
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Section 2.4 Dependent Sources and Time-Varying Sources

2.4.1 Dependent Versus Independent Sources

If the strength of the source (voltage or current) does not vary because of variation of the
circuit parameters, the source is an independent source. The voltage and current sources
considered previously are the independent sources. However, if the strength of the source
is controlled by some dedicated circuit parameters, the sources are called dependent
sources. Figure 2.30 shows circuit symbols (diamonds) for the dependent voltage and
current sources. The ideal dependent sources are the important circuit elements, along
with the independent sources. We explain the notations in Fig. 2.30 as follows.

1. The ideal independent and dependent sources may generate not only the steady-
state (DC) voltages and currents, but also arbitrary time-varying voltages and
currents. To underscore this fact, we will use the lowercase notations for voltages
and currents, respectively.

2. The dependent sources generate (or output) voltage or current in response to some
input voltage or current—the stimulus. To underscore this fact, we will use the
subscript oyt for the generated voltage or current strengths. This is in contrast to the
subscript g, which always denotes the independent sources.

3. The stimulus voltage and the stimulus current (not yet shown in Fig. 2.30) will be
denoted by v;, and i, respectively.

voltage sources current sources

3347

Fig. 2.30. Circuit symbols for ideal independent and dependent sources, respectively. Lowercase
notations for voltages and currents are used to underscore possible time variations.

2.4.2 Definition of Dependent Sources

The stimulus voltage v;, is the voltage across a certain resistance. Likewise, the stimulus
current i, is the current through a certain resistance. Figure 2.31 shows four major types
of dependent sources where the stimulus and the response are combined into one block—
the shaded rectangle. Such a combination reflects the physical reality since this block
usually corresponds to a single circuit component—a transistor or an amplifier. Empha-
size that the resistances in Fig. 2.31 may be reduced to an open circuit for dependent
voltage sources or to a short circuit for dependent current sources, respectively, if
required. Also note that another circuit element may be present in place of the resistance,
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for example, the ideal diode. The bottom (ground) nodes in every circuit in Fig. 2.31 may
be interconnected to emphasize the same voltage reference.

a) voltage-controlled voltage source b) voltage-controlled current source

+ +
Vin Vout=AVin Vin in
c) current-controlled voltage source d) current-controlled current source

Vo, =Rij, in

Fig. 2.31. Four major types of dependent sources.

Voltage-Controlled Voltage Source
This dependent source is shown in Fig. 2.31a. The source voltage or the output voltage
follows the input voltage according to a linear law

Vout = Avin (2.42)

where the dimensionless constant 4 is called the open-circuit voltage gain of the
dependent source. However, units of V/V or V/mV are often used. For example, the
expressions 4 =5 V/mV and 4 = 5000 are equivalent. Equation (2.42) is valid
irrespective of the circuits connected to the dependent source to the right and to the left
in Fig. 2.31a. In this sense, the voltage-controlled voltage source is the ideal circuit
element. Such a source is a voltage amplifier.

Voltage-Controlled Current Source
This dependent source is shown in Fig. 2.31b. The source current or the output current
follows the input voltage according to a linear law:

iout = GUin (243)

where the constant G with units of A/V = Q™! = S is called the transconductance of
the dependent source, similar to the name conductance. For example, the expressions

I1-65



Chapter 2 Major Circuit Elements

G=05 A/mV and G =500 S are equivalent. Emphasize that the transconductance
has nothing in common with the conductance (inverse resistance) of a passive resistor.
Equation (2.43) is also valid irrespective of the circuits connected to the dependent source
to the right and to the left in Fig. 2.31b. In this sense, the voltage-controlled current source
is again the ideal circuit element. Such a source is a transconductance amplifier.

Current-Controlled Voltage Source
This dependent source is shown in Fig. 2.31c. The source voltage or the output voltage
follows the input current through the resistance in Fig. 2.31¢ according to a linear law:

Vout = Riin (2.44)

where the constant R with units of V/A = Qis called the transresistance of the dependent
source, similar to the name resistance. For example, the expressions R = 5V/mA and
R = 5000 Q are equivalent. Emphasize that the transresistance has nothing in common
with the resistance of a passive resistor. Equation (2.44) is again valid irrespective of the
circuits connected to the dependent source to the right and to the left in Fig. 2.31c¢. In this
sense, the current-controlled voltage source is also an ideal circuit element. Such a source
is a transresistance amplifier.

Current-Controlled Current Source
The last dependent source is shown in Fig. 2.31d. The source current or the output current
follows the input current according to a linear law:

lout = Ay (245)

where the dimensionless constant A4 is called the short-circuit current gain of the
dependent source. However, units of A/A or A/mA are often used. For example, the
expressions 4 = 0.5 A/mA and 4 = 500 are equivalent. We repeat that Eq. (2.45) is
valid irrespective of the circuits connected to the dependent source to the right and to the
left in Fig. 2.31d—the voltage-controlled voltage source is the ideal circuit element. Such
a source is a current amplifier.

2.4.3 Transfer Characteristics

The dependent sources do not possess the v-i characteristic. Instead, a transfer charac-
teristic of the source is used, which relates the output voltage or current to the input
voltage or current. For example, the transfer characteristic of the voltage-controlled
voltage source follows Eq. (2.42). It is a straight line in the v;,, voy plane (the xy-
plane), with the slope equal to 4. Other linear transfer characteristics are obtained
similarly.
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Example 2.10: Solve a circuit shown in Fig. 2.32a—determine current i through the 1-kQ
resistance. The independent voltage source is given by vs = 0.5 + 2 cos2¢ [V]; the open-
circuit voltage gain of the dependent voltage source is 5 V/V.

Solution: The input voltage is simply the independent-source voltage, v;, = vs. The output
voltage is vy, = Svy, = Svs. The output current follows Ohm’s law:

= VouT
1 kQ

Note that all circuit parameters now become time dependent. However, this does not
change the solution compared to the steady-state case.

b)
+
Vou. 1K= []i ‘s Vin Vou. 1K= []i

Fig. 2.32. Two circuits with the dependent voltage-controlled voltage source.

=254 10cos2t [mA] (2.46)

Exercise 2.14: Solve an electric circuit shown in Fig. 2.32b—determine current i through
the 1-kQ resistance. The independent current source is given by is = 0.5 + 2 cos 2¢ [mA];
the open-circuit voltage gain of the dependent source is 5 V/V. The leftmost resistance in
Fig. 2.32b (often called the input resistance) is 1 kQ.

Answer: i = 2.5 + 10 cos 27 [mA] (the same answer as in Example 2.10).

2.4.4 Time-Varying Sources

Figure 2.33 shows a number of commonly used symbols for the voltage source—the ideal
circuit element—which differentiate its time-related behavior. Figure 2.33a shows the
steady-state ideal DC voltage source. Figure 2.33b indicates an arbitrary (either steady-
state or variable) ideal voltage source. Figure 2.33c—d indicates a time-harmonic ideal 4C
(alternating current) voltage source described by a cosine function in the form

vs(t) = Vmcos (wt + @) [V] (2.47)

where V,, is the AC source amplitude with the units of volts, w is the AC source angular
frequency, and ¢ is the phase in degrees or radians. The AC current sources do not have
special symbols—the symbols from Fig. 2.30 are used. The same is valid for the
dependent AC sources, both voltage and current.
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a) b) c) d)

Fig. 2.33. Symbols for independent voltage source which imply (a) the DC source (capital Vs), (b)
an arbitrary source (lowercase vg), and (¢) and (d) AC time-harmonic sources (lowercase vg).

AC Source Polarity

Since the voltage in Eq. (2.47) is alternating, the polarity of the AC voltage source is also
variable. This circumstance is reflected in Fig. 2.33d where the source polarity is not
shown at all. However, for reference purposes, and when the multiple sources of the same
frequency are present in the circuit, it is always useful to designate the source polarity.
Reversing the AC source polarity means changing the phase in Eq. (2.47) by £180°.
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Section 2.5 Ideal Voltmeter and Ammeter: Circuit Ground

2.5.1 Ideal Voltmeter and Ammeter

The ubiquitous voltmeter and ammeter are devices designed to measure voltages and
currents. Both devices are usually assembled in one unit known as a digital multimeter
(DMM). From the circuit point of view, the ideal voltmeter is an open circuit which
conducts zero current as shown in Fig. 2.34. An ideal ammeter is a short circuit which
conducts any current with zero resistance—see the same figure. In reality, the voltmeter
will conduct a small leakage current, and the ammeter will exhibit a small resistance.

a b a open circuit b
o—@—o — o— —O0
a

b a short circuit b

O e O — oO——o0
Fig. 2.34. Circuit equivalencies for ideal voltmeter and ammeter.

These features guarantee that the connection of the measurement device will not
change the circuit operation. Figure 2.35 shows the proper connection of the voltmeter and
ammeter to measure current through circuit element 4 and voltage across this element.

| = | =
o) II
(v
%

Fig. 2.35. Correct connection of voltmeter and ammeter for voltage and current measurements.

The ammeter is always connected in series with element X. In other words, to connect
the ammeter we must break the circuit either before or after element X. Since the ammeter
has no resistance, it acts just like an ideal wire and thus does not perturb the electric
circuit. On the other hand, the voltmeter is always connected in parallel with element X.
The circuit current / in Fig. 2.35 cannot flow through the voltmeter, which acts as an open
circuit. As required, it will flow through element X. We conclude that an ideal voltmeter
does not perturb the circuit either. Generally, voltage measurements are simpler to
perform than current measurements.

Wrong Connections of Ammeter and Voltmeter

The ammeter connected in parallel will short out the element A: the current will flow
through the ammeter. If the element 4 were a load, there would no longer be a load
resistance in the circuit. And with no attached load, the power supply will deliver the
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largest possible current, which will likely burn out the ammeter fuses or destroy other
circuit elements. The voltmeter is an open circuit. Connecting it in series is equivalent to
physically breaking the circuit. The circuit will no longer properly function.

2.5.2 Circuit Ground: Fluid Mechanics Analogy
Consider first a fluid mechanics analogy of an ungrounded electric circuit shown in
Fig. 2.36a.

a) p+py
Water pump —
(pressure drop) velocity filter resistance
o (+ (load)

—

Po Vo
b) p
Water pump locit
(pressure drop) velocity filter resistance
b _l_ = V( (load)
0

Fig. 2.36. A large reservoir at atmospheric pressure attached to a pumping system serves as an
analogy to the ground connection in an electric circuit.

A water pump creates a constant pressure difference p between its terminals, which
forces water to move through the filter. The pressure water pump is less common than a
water pump of a constant flux; however, it exactly corresponds to the voltage power
supply of the electric circuit. For entirely closed (isolated) pumping systems, such as
those shown in Fig. 2.36a, the water pressure inside the system can in principle have an
arbitrary pressure deviation p, from the ambient atmospheric pressure. A large pg is in
practice undesirable since if the system breaks, then a large pressure difference with
regard to atmospheric pressure will cause high-speed water leakage. Similarly, an isolated
electric circuit may have an arbitrary voltage ¥V, versus ground voltage, due to static
charge accumulation. We could make the reference level equal to atmospheric pressure
(make po equal to zero) if we connect tubing to a large water reservoir at atmospheric
pressure as shown in Fig. 2.36b. There is indeed no water flow through such a connection;
but the pressure level is normalized. A similar situation takes place for the electric ground
shown in Fig. 2.36b. By connecting a point in the circuit to a ground, we normalize the
circuit voltage to the earth’s voltage level, which we define to be 0 V, and eliminate any
static charges. There is no current flow through the ground connection, except, maybe, for
the first time moment. Therefore, this connection is only a voltage reference point. A
similar analogy holds for a current source (pump of a constant flux).
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2.5.3 Types of Electric Ground

Figure 2.37 shows three different types of electric ground connections. The first one is the
earth ground. A true earth ground, as defined by the National Electrical Code (USA),
physically consists of a conductive pipe or rod driven into the earth to a minimum depth
of 8 feet. Obviously, it is not always possible to physically connect the circuit directly to
the earth. Some examples include a cell phone, an automobile, or an airplane.

Earth ground Chassis ground Common (neutral)
ground

Lo Lo

Fig. 2.37. Different ground types: earth ground, chassis ground, and common (neutral) ground.

The second ground type is the chassis ground. 1t is the physical metal frame or structure
of an automobile, an airplane, a desktop computer, a cell phone, or other electrical devices;
the term case is very similar in meaning. The chassis ground primarily involves a connec-
tion to the metal case. It is implied that the case should eventually discharge due to contact
with other objects or with earth. The term ground plane for planar printed circuits, which is
usually the copper bottom of a printed circuit board, is equivalent to chassis ground. The
third ground type in Fig. 2.37 is the common terminal or common ground. The word
common is typical for many circuits including the amplifier circuits considered next, when a
dual-polarity power supply is used. Here two identical batteries are connected in series, plus
to minus. The common terminal of the dual power supply so designed serves as the
reference ground; even a metal case is not necessarily required. The AC analog of the
common ground is the neutral terminal of your wall plug. Frequently, different ground
types may be interconnected. For example, the neutral terminal of the wall plug should be
connected to earth ground at a certain location. The chassis ground of a large truck may be
connected to the physical ground by a little flexible strip nearly touching the asphalt.

2.5.4 Ground and Return Current

We have already seen that electric current in a circuit always flows in closed loops. This
is a simple and yet a very critical property of an electric circuit. The steady-state current
that flows to a load is sometimes called forward current, whereas the current that returns
to the power supply is the return current. Can the chassis ground itself be used as a part
of this loop for the return current? The answer is yes, and Fig. 2.38a depicts this
situation as an example. Here a 9 V battery is powering an incandescent light bulb.
For the chassis ground in Fig. 2.38a, the circuit is correctly drawn, but putting two wires
into the soil, as shown in Fig. 2.38b, will fail owing to the high resistance of the earth.
The use of the ground to establish a path for the return current is quite common for the
chassis ground (automotive electronics) and also for the common ground. However, it
should not be attempted for the earth ground connection. Emphasize that, in many
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circuit diagrams, the difference between the chassis ground, the common ground, and
the true earth ground is often ignored. Namely, the symbol of the earth ground used in
the circuit often implies either the chassis ground or the common ground, i.e., the
(physically grounded or not) current return path.

= physical ground (soil) = open circuit

Fig. 2.38. (a) The return current path for the chassis ground is metal; it can be replaced by a wire.
(b) There is no current return path, since soil (dry or wet) is a very poor conductor. The circuit is
therefore open and not functioning.

2.5.5 Absolute Voltage and Voltage Drop Across a Circuit Element
The electric ground serves as a voltage reference point in a circuit. It allows us to use two
types of voltages in the circuit:

1. The absolute voltage at a certain circuit node
2. The voltage drop or simply the voltage across a circuit element

Figure 2.39 shows the concept. Voltages ¥, 1, . 4 are absolute voltages measured versus
ground at nodes a, b, ¢, d in Fig. 2.39. Voltages Va 5 ¢ give the voltage drop across the
circuit elements A, B, and C. Indeed, the ideal wires remain the equipotential surfaces
(have the same absolute voltage). Taking into account the polarity of the voltages Va ¢
shown in Fig. 2.39, one has for the node voltages

Va=0V, Vo=V, +VAa=10V,V =V, = V=5V, Vy=V.—Vc=0V (2.48)

Note that both voltage types—absolute voltage and voltage across a circuit element—are
often denoted by the same letter V' (in the DC case) and may be easily misplaced. Both of
them are widely used in electric circuit analyses. The hint is that the voltage across a circuit
element always has the polarity labeled with + sign, whereas the absolute voltage often
has not.
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V,=10 V

Fig. 2.39. Absolute voltages measured versus ground in a grounded electric circuit and voltages
across individual circuit elements. Note that there is no voltage drop across ideal wires.

Exercise 2.14: Determine the absolute voltages at nodes 1 through 6 in the circuit shown
in Fig. 2.40.

Answer: Clearly, /1 = 0V since node 1 is directly connected to ground. Then,

Vo=Vi+Va=6V, V3=V,+Vg=12V, V4=V;3—Vc=9 V,
Vs=V4—Vp=3 V,Vg=V5;—VEg=0YV

+ V=3V -
3 0 4
+ +
Vg=6V|B D| vp=6V
3 Ix
+ +
V=6 V|A E| Vg=3V

Fig. 2.40. Voltages across circuit elements in a grounded electric circuit.
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Summary

Major Circuit Elements

Passive circuit elements

Name and symbol

v—i Characteristic

Physical counterpart (component)

Resistance T Resistor
+ v - smaller STTSRrsSTE™
.Q resistance ‘_;: - si-a v - —>
: 0 ' * v .
E [ v _ _ _
/ rirs?istraﬂce V= RI’ Of = gnj; R = Ao
P=VI=RI*=V?*/R
Short circuit: It Short wire of almost zero
Zero resistance resistance
R0 short circuit 5';"”1
NN s e ik Ammeter
Ideal ammeter =
short circuit 0 v
= i
Open circuit: ! Air gap of almost infinite
Infinite resistance resistance
Rt open circuit
St e open Voltmeter
Ideal voltmeter oo 4.
open circuit v
O—@—G = —0 o—

Ideal diode ! Electronic diode
TV Transistor junctions
o—{—o Solar cell

S
0 _ ry _
[l v 1=1Islex(f) — 1]
Static resistance: Ry = Vo /I1(V)
Dynamic resist.: » =dV /dl|,,
Threshold switch | Diode
- T | Transistor
(L.\ 1 Open circuit when V' < Vi,
v 0 Short circuit when V = Vi,
i Vi v
po '

(continued)
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Summary
Active circuit elements
Name and symbol v—i Characteristic Physical counterpart (component)
Independent voltage T | Practical voltage source
source T ‘7 |
Vs AMA—
—@— AR - RO \
= o Vv N Vv
- | =
I
Independent current [ 1 Practical current source
source ls
N l=>
o @ el ® L = .
= 0 s R V v
. I -
Y ||
Voltage-controlled Vo / Transistor
voltage source yd Amplifier
o o /A
v, Vour = Avjy
Vou=AViy A—open-circuit voltage gain
[V/V, V/mV] (dimensionless)
o—t —0
Current-controlled Vou Transistor
voltage source f Amplifier
) == /'/ R - Vour = Riy
Iﬂ @ - i R—transresistance [V/A, V/mA]
= talite (units of resistance, Q)
o—t —o0
Voltage-controlled I Transistor
current source /J Amplifier
/ :
. I e Lout = GUin
Vi / A G—transconductance [A/V]
Lalliic / (units of conductance, Q")
o] ,//
Current-controlled o Transistor
current source - Amplifier
= i l lour = Aiin
H . i A—short-circuit current gain
> S [A/A, A/mA] (dimensionless)
O— } +—0
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Problems
2.1 Resistance: Linear
Passive Circuit Element

2.1.2 Resistance

2.1.3 v-i Characteristic of the Resistance:
Open and Short Circuits

2.1.4 Power Delivered to the Resistance
2.1.5 Finding Resistance of Ohmic

Conductors
Problem 2.1. Plot v-i characteristics of the
following resistances: (A) 8 kQ, (B) 2 kQ,
(©) 1 kQ, and (D) 500 Q. Clearly label each
characteristic.

I, mA

V, volts

4 2 0 2 4

Problem 2.2. Plot v-i characteristics of the
following resistances: (A) 1.667 Q. (B) Open
circuit on the same graph.

R=1.667 Q open circuit
o—A\NN—0 o— —o
I,A
5
0
V, volts
-5
-5 0 5

Problem 2.3. Plot v-i characteristics of the
following resistances: (A) 2.5 Q. (B) Short cir-
cuit on the same graph.

Major Circuit Elements

R=2.5Q short circuit
o— A M\MAN—0 o———o0
I,A
5
0
V, volts
-5
-5 0 5

Problem 2.4. Given v-i characteristics of a
resistance determine the corresponding con-
ductance. Show units.

a) I, mA

6

3

V, volts

V, volts

4 2 0 2 4

Problem 2.5. An incandescent energy-saving
light bulb (“soft white”) from General Electric is
rated to have the wattage of 57 W when the
applied AC voltage is 120 V rms (root mean
square). This means that the corresponding DC
voltage providing the same power to the load is
exactly 120 V. When the bulb is modeled as a
resistance, what is the equivalent resistance value?

120V
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Problem 2.6. The power absorbed by a resistor
from the ECE laboratory kit is 0.2 W. Plot the
v-i characteristics of the corresponding resis-
tance to scale given that the DC voltage across
the resistor was 10 V.

I, mA

0 >
V, volts

4 2 0 2 4

Problem 2.7. The number of free electrons in
copper per unit volume is n = 8.46 x 1021
The charge of the electron is —1.60218 x IOPI ?
C. A copper wire of cross section 0.25 mm? is
used to conduct 1A of electric current.
A. Sketch the wire, the current direction,
and the direction of electron motion.
B. How many coulombs per one second is
transported through the conductor?
C. How fast do the electrons really move?
In other words, what is the average elec-
tron velocity?

Problem 2.8. Repeat the above problem when
the conductor’s cross section is increased to
5 mm>.

Problem 2.9. A copper wire having a length of
1000 ft and a diameter of 2.58826 mm is used
to conduct an electric current of 5 A.
A. What is wire’s total resistance? Compare
your answer to the corresponding result
of Table 2.2.
B. What is the power loss in the wire?

Problem 2.10
A. A copper wire having a length of 100 m
and a cross section of 0.5 mm? is used to
conduct an electric current of 5 A. What
is the power loss in the wire? Into what is
this power loss transformed?

Problems

B. Solve task A when the wire cross section
is increased to 2.5 mm®.

Problem 2.11. Determine the total resistance of
the following conductors:

A. A cylindrical silver rod of radius
0.1 mm, length 100 mm, and conductiv-
ity 6.1x10” S/m.

B. A square graphite bar with the side of
I mm, length 100 mm, and conductivity
3.0x10* S/m.

C. A semiconductor doped Si wafer with
the thickness of 525 pm. Carrier mobility
is 4 = 0.15 m*/(V-s). Carrier concentra-
tion is n = 10> m~3. Carrier charge is
1.6 x 107" C. The resistance is mea-
sured between two circular electrodes
with the radius of 1 mm each, which
are attached on the opposite sides of the
wafer. Assume uniform current flow
between the electrodes.

a)

Problem 2.12. A setup prepared for a basic
wireless power-transfer experiment utilizes a
square multi-turn loop schematically shown in
the figure, but with 40 full turns. A #22 gauge
copper wire with the diameter of 0.645 mm is
used. Total loop resistance, R, is needed. Please
assist in finding the loop resistance (show units).

b

Problem 2.13. Estimate resistance, R, (show
units), of the n-side of a Si pn-junction diode in
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the figure that follows. We model the n-side by
a Si bar having the following parameters:
1. Length of L=0.0005 cm=5 pm.
2. Cross section of A4=0.01
0.0l cm=1x10"* cm’.
3. Uniform electron concentration (carrier
concentration) of n = 10'7 c¢cm™3. This

cm X

value is typical for a Si diode
pn-junction.  Carrier  mobility  is
u, = 1450 em?/(V-s).
+ _ + v -
anode cathode

= o| p n |o

Problem 2.14. Estimate resistance, R, (show
units), of the p-side of a Si pn-junction diode in
the figure that follows. We model the p-side by
a Si bar having the following parameters:

1. Length of L=0.0005 cm=5 pm.

2. Cross section of A=0.01
0.0l cm=1x10""* cm”.

3. Uniform hole concentration (carrier con-
centration) of n = 10'7 ¢cm~>. This value
is typical for a Si diode pn-junction. Car-
rier mobility is p, = 500 cm*/(V-s).

cm X

+ v -

+ -
anode cathode

= o] p n |o

Problem 2.15. A cross section of the most
popular NMOS transistor is shown in the
following figure.

Drain
VDS X,
L
Gate
VGS
J0

Source Channel with

electron carriers

1

Major Circuit Elements

The transistor has three terminals (metal con-
tacts): drain (with voltage V'ps > 0 vs. source),
gate (with voltage Vgs > 0 vs. source), and
source itself (grounded). The source is also
connected to a metal conductor on the other
side of the semiconductor body. Accordingly,
there are two types of the electric field within
the semiconductor body: the horizontal field
created by Vgs, and the vertical field created
by Vps. The horizontal field fills a conducting
channel between the drain and the source with
charge carriers, but has no effect on the vertical
charge motion. The resulting carrier concen-
tration in the channel is given by n = N(Vgs—
Vin) > 0, N = const, V', = const. The indi-
vidual carrier charge is ¢g. Given the channel
cross section A, the carrier mobility u, and
the channel length L, determine transistor
current /p and transistor resistance (drain-to-
source resistance) Rpg. Express both results in
terms of quantities listed above including Vgs
and VTh'

2.1.6 Application Example: Power Loss

in Transmission Wires and Cables
Problem 2.16. An AWG 0000 aluminum trans-
mission grid cable has the wire diameter of
11.68 mm and the area of 107 mm?. The con-
ductivity of aluminum is 4.0 x 10’ S/m. The
total cable length (two cables must run to a
load) is 100 km. The system delivers 10 MW
of DC power to a load. Determine the power
loss in the cable (show units) when load voltage
and current are given by:

1. ¥=200kVand /=50 A

2. ¥=100kVand /=100 A

3. V=50kVand /=200 A

Why do you think the high-voltage power trans-
mission is important in power electronics?

source transmission line (TL) load
!
—) —) a
| |
I R
& &y

50 km
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Problem 2.17. Solve the previous problem
when the total cable length (two cables must
run to a load) is increased to 200 km.

Problem 2.18. An AWG 00 aluminum trans-
mission grid cable has the wire diameter of
9.266 mm. The conductivity of aluminum is
4.0 x 107 S/m. A power transmission system
that uses this cable is shown in the figure that
follows. The load power is 1 MW. Determine
the minimum necessary load voltage V' that
guarantees us a 1 % relative power loss in the
cables.

source transmission line (TL) load
= = +
: : V2
& & -
N 100 km g
Problem 2.19. An AC-direct micro-

hydropower system is illustrated in the figure
that follows.

load

source transmission line (TL) to each house

—=

|

I R
&

1 km

Reprinted from Micro-Hydropower Systems
Canada2004,ISBN0-662-35880-5.

The system uses a single phase induction gen-
erator with the rms voltage (equivalent DC
voltage) of 240 V. The system serves four
small houses, each connected to the generator
via a separate transmission line with the same

Problems

length of 1000 m. Each line uses AWG#10
aluminum wire with the diameter of 2.59 mm.
The conductivity of aluminum is 4.0 x 107 S/
m. The house load is an electric range with the
resistance of 20 Q. Determine total power
delivered by the generator, Py, total power
loss in the transmission lines, Pj,, and total
useful power, P, (Show units).

2.1.7 Physical Component: Resistor
Problem 2.20. A leaded resistor has color
bands in the following sequence: brown,
black, red, gold. What is the resistor value?

Problem 2.21. Potentiometer operation may be
schematically explained as moving sliding con-
tact #2 in the following figure along a uniform
conducting rod with the total resistance of
20 kQ. Determine resistance between terminals
1 and 2 as well as between terminals 2 and 3 of
the potentiometer, when the sliding contact is at
one fifth of the rod length.

a) 1 b) 1

20 kQ ﬂ 20 kQ 4/5

=

15 %

3 3

2.2 Nonlinear Passive Circuit
Elements

2.2.2NonlinearPassive CircuitElements
2.2.3 Static Resistance
2.2.4Dynamic(Small-Signal) Resistance
2.2.5 Electronic Switch

Problem 2.22. A nonlinear passive circuit ele-
ment—the ideal diode—is characterized by
the wo-i characteristic in the form
[ =1Is {exp(VlT) - 1} with Is = 1x 10713 A

and V1t = 25.7 mV. Find the static diode resis-
tance R, and the diode current I, when
(A) Vy=040 V, (B) Vy=050 "V,
(C) V5=0.55V, and (D) V,=0.60 V.
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Problem 2.23. Find the dynamic (small-signal)
resistance » of a nonlinear passive circuit ele-
ment—the ideal diode—when the operating
DC point Vy, I is given by the solutions to
the previous problem. Consider all four cases.

Problem 2.24. A nonlinear passive circuit ele-
ment is characterized by the v-i characteristic in

the form 7 = Is ——L"5 _ withIs =1 A and
e form S NI with Ig an

Vs =1 V. Plot the v-i characteristic to scale.

Next, find the static element resistance Ry, the

element current [y, and the corresponding

dynamic  element resistance »  when
(A) Vo=0.1 V, B) V=10 V, and
©C) Vo=5.0V.
LA
1
0
V, volts
-1
-5 0 5

Problem 2.25. Repeat the previous problem
when Is = 0.5 A and V5= 0.5 V. All other
parameters remain the same. Consider the follow-
ing DC operating points: (A) Vy=0.05 V,
(B) ¥o=0.50V, and (C) V,=2.50 V.

Problem 2.26. A DC circuit shown in the
following figure includes two interconnected
passive elements: an ideal diode and a resis-
tance. One possible circuit solution is given by
an intersection of two v-i characteristics marked
by a circle in the same figure. This solution pre-
dicts a non-zero circuit current and a positive
voltage across both circuit elements.
A. Is this solution an artifact (a mistake has
been made somewhere)?
B. Is this solution true (the circuit so
constructed might function)?

Major Circuit Elements

Justify your answer.

&
+ +
v %
- |:> -
L
7
0

2.3 Independent Sources

2.3.1 Independent Ideal Voltage Source
2.3.2 Circuit Model of a Practical Volt-

age Source

Problem 2.27. In the following figure, deter-
mine if the element is a resistance or a voltage
source. Find the power delivered to element
A or taken from element 4 in every case.

A) 1 2/;

: 0
+ V=20V -

B) -g/*

o :
- V=20V 4

c lmA

0 0
+ V=20V -

Problem 2.28. Based on voltage and current
measurements, determine if the circuit element
is a resistance or a voltage source. Readings of
the ammeter and voltmeter are shown in the
following figure.
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a)
T+
3V=Vg \Y
b
1) ILA
[
/
/
O »
V, volts
-1
-5 0 5

Problem 2.31. Plot to scale the v-i characteris-
tic of the practical voltage source shown in the
following figure.

Problem 2.29. The figure that follows shows a
circuit with a passive nonlinear circuit element
shown by a rectangle.

a) practical voltage source

2) 1=
t+ 1 e +
3V=V, 9 v Q
_ 3V v
[ b) LA
/ 1 :
/
0
V, volts
0
V, volts
-1
-5 0 5 ]
5 0 5

The polarity (direction of current inflow for

passive reference configuration) of the proplem 2.32. The following figure shows a

element is labeled by a sign plus. The v-i  ircyit with a passive nonlinear circuit element

characteristic of the element is also shown in  |4peled by a rectangle. Element’s polarity

the figure. Determine current / and voltage . (direction of current inflow for passive refer-
ence configuration) of the element is indicated

Problem 2.30. Repeat the previous problem for by a sign plus. The v-i characteristic of the

the circuit shown in the figure that follows.
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element is also shown in the figure. Determine
circuit current /.

a) R=2 Q
T+
4V =V, 9 v
b) I,A
“ ]
/
0 >
V, volts
-1
-5 0 5

2.3.3 Independent Ideal Current Source
2.3.4 Circuit Model of a Practical
Current Source

Problem 2.33. Readings of the ammeter and
voltmeter are shown in the following figure.

+10V

Based on voltage and current measurements,
determine if the element is a resistance or a
current source. Then, find the power delivered

Major Circuit Elements

to the circuit element or taken from it in
every case.

Problem 2.34. The following figure shows a
circuit with a passive nonlinear circuit element
shown by a rectangle. Element’s polarity
(direction of current inflow for passive refer-
ence configuration) of the element is labeled by
a sign plus. The v-i characteristic of the element
is also shown in the figure. Determine current
I and voltage V.

a)

=)
+ ar
600 mA = IS \Y
&l
b)
1 I,A _
—
0
V, volts
-1
-5 0 5

Problem 2.35. Repeat the previous problem for
the circuit shown below.

a)
+ +

600 mA = IS vV

b)

1 I,A ——

O >

V, volts

-1

-5 0 5
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Problem 2.36. Plot to scale the v-i characteris-
tic of the practical current source shown in the
following figure.

a) practical current source

| =
—O
8.330 +
0.8A v
—O
b)
1 I,A
0 »
V, volts
-1
-5 0 5

Review Problems

Problem 2.37. For every circuit element shown
in the following figure, plot its v-i characteristic
on the same graph.

600 mA= I

O »
V, volts

-1

-5 0 5

Problem 2.38. Repeat the previous problem:
for every circuit element shown in the figure
below, plot its v-i characteristic on the same
graph.

Problems

800 mA= I

3V=Vy = R=20

V, volts

2.3.7 Application Example: Chemical
Battery
Problem 2.39. The electronics aboard a certain
sailboat consume 96 W when operated from a
24 V source.
A. If a certain fully charged deep-cycle
marine battery is rated for 24 V and
100 A h, for how many hours can the
electronics be operated from the battery
without recharging? (The ampere-hour
rating of the battery is the battery capac-
ity—the operating time to discharge the
battery multiplied by the current).
B. How much energy in kilowatt hours is
initially stored in the battery?

Problem 2.40. A motor of a small, unmanned
electric vehicle consumes 120 W and operates
from a 24-V battery source. The source is rated
for 200 Ah.

A. For how many hours can the motor be
operated from the source (a battery bank)
without recharging?

B. How much energy in kilowatt hours is
initially stored in the battery source?

Problem 2.41. A certain sensing device
operates from a 6-V source and consumes
0.375 W of power over a 20-h time period.
The source is a combination of four fully
charged AAA batteries, 1.5 V each, assembled

11-83



Chapter 2

in series. The batteries discharge by the end of
the 20-h period.
A. What is the expected capacity of a typ-
ical AAA battery used, in mAh?
B. How much energy in Joules was stored
in each AAA battery?

Problem 2.42. How many Joules are in 1 kWh
and how many N-m does this correspond to?

2.4 Dependent Sources
and Time-Varying Sources

2.4.1 Dependent Versus Independent
Sources

2.4.2 Definition of Dependent sources
2.4.3 Transfer Characteristics

2.4.4 Time-Varying Sources

Problem 2.43. Draw circuit diagrams for four
major types of dependent sources, label stimu-
lus voltage/current and output voltage/current.
Describe operation of each dependent source.

Problem 2.44. Solve an electric circuit shown
in the following figure—determine current
i through the 2-kQ resistance. The independent
current source is given by is = 0.2 — 1.5cos 5
¢t [mA]; the open-circuit voltage gain of the
dependent source is 12 V/V.

1kQ

Is Vin Vout ﬁ i

Problem 2.45. Solve an electric circuit shown
in the following figure—determine current
i through the 2-kQ resistance. The independent
voltage source is given by vs = —0.3 + 0.7 cos
6t [V]; the transresistance of the dependent
source is 250 V/A.

Major Circuit Elements

2kQ

Vs

Problem 2.46. Solve an electric circuit
shown in the following figure—determine volt-
age v through the 30-Q resistance. The inde-
pendent current source is given by
is = —0.05 — 0.2cos 2t [mA] ; the transcon-
ductance of the dependent source is 10 A/V.

, + 0.1 kQ 30Q +
Is Vin iout \"

Problem 2.47. Solve an electric circuit
shown in the following figure—determine volt-
age v through the 1-kQ resistance. The inde-
pendent voltage source is given by
vs = 0.05+ 0.1 cos4t [V] ; the short-circuit
current gain of the dependent source is 10 A/A.

1kQ

Vs

Problem 2.48. Solve an electric circuit
shown in the following figure—determine cur-
rent i through a nonlinear passive circuit ele-
ment shown by a rectangle. Element’s polarity
(direction of current inflow for passive
reference configuration) is labeled by a sign
plus. The v-i characteristic of the element is
also shown in the figure. The independent
current source is given by is = 0.1 A; the
open-circuit voltage gain of the dependent
source is 5 V/V.
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a)
+ | 6kQ T

Is Vin Vout BI
b)

1 I, mMA

[
/
0
V, volts

-1

-5 0 5

Problem 2.49. Solve the electric circuit shown
in the following figure—determine voltage v
across the 1-kQ resistance.

a)
iin aF 1kQ +
Vs| ﬁ - v
b) I, mA
0.1 /
/
O »
V, volts
-0.1
-1.5 0 1.5

A nonlinear passive circuit element is shown by
a rectangle. Element’s polarity (direction of cur-
rent inflow for passive reference configuration)
of the element is labeled by a sign plus. The v-i
characteristic of the element is also shown in the
figure. The independent voltage source is given
by vg = 0.6 V; the short-circuit current gain of
the dependent source is 100 A/A.

Problems

2.5 Ideal Voltmeter
and Ammeter: Circuit
Ground

2.5.1 Ideal Voltmeter and Ammeter
2.5.3 Types of Electric Ground

2.5.4 Ground and Return Current
Problem 2.50. You attempt to measure electric
current through a resistance as part of a circuit.
Is the following figure appropriate? What is the
current across the 51-Q resistor?

=
o AN o)
51Q

L@

Problem 2.51. You attempt to measure voltage
across a resistance in the circuit. Is the follow-
ing figure correct? What is the voltmeter’s read-
ing, assuming an ideal instrument?

1=20 mMA=>

o AN\ o)
51Q

Problem 2.52. Two circuits with an incandes-
cent light bulb are shown in the following
figure. Will they function? Explain.

a)

b)

Problem 2.53. A 9-V battery is connected to a
7.5-kQ resistor shown in the following figure.
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Find current / in every case. (a) The negative
terminal is left disconnected; (b) the negative
terminal is connected to the positive terminal
through the resistor; (c) both terminals are
connected to chassis ground.

a) 7.5kQ
- =
- + I
= 0V
b)
7.5kQ
=
- + I
c) 75kQ
=

Problem 2.54. What is the voltmeters’ (amme-
ter’s) reading in the figure below?

Major Circuit Elements

2.5.5 Absolute Voltage and Voltage Drop
Across a Circuit Element

Problem 2.55. Determine if the circuit element
shown in the following figure is a resistance, a
voltage source, or a wire (short circuit). Absolute
voltages at points a and b are measured versus
ground.

1. Va=3V, Vy=3V, I=1A
2. Vo=3V, V=1V, I=—1A
3. Vo= -2V, Vy=-5V, [ =2A.

Problem 2.56. Determine if the circuit element
shown in the following figure is a resistance, a
voltage source, or a wire (short circuit). Absolute
voltages at points ¢ and b are measured versus
ground.

1. Va=6V, Vy=3V, I=1A
2. Va=1V, Vy=1V, I=—1A
3. Vo= -7V, Vy=—5V, [ =2A.
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Problem 2.57. Determine absolute voltages at Problem 2.58. Determine voltages across cir-
nodes 1 through 6 in the circuit shown in the cuit elements A, B, C, D, and E in the circuit

following figure. shown in the following figure.
+ V=4V - + Vo -
30 o 4 7Vo o 12V
+ + + +
Vg=10V |B D| Vp=4V vV, |B D| V,
ZE } 5 5 V} } 6V
+ + + +
V=5V |[A E| V=7V vV, |A E| V.
1 6 oV oV
= 0V = 0V
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Chapter 3: Circuit Laws and Networking
Theorems

Overview

Prerequisites:

Knowledge of circuit elements, their v-i characteristics, and Ohm’s law (Chapter 2)

Objectives of Section 3.1:

Understand the meaning of an electric network and its topology (nodes,
branches, loops, meshes)

Review the Kirchhoft’s current law, its use and value

Review the Kirchhoff’s voltage law, its use and value

Become familiar with the Tellegen’s theorem and Maxwell’s minimum heat
theorem

Objectives of Section 3.2:

Be able to combine sources and resistances in series and parallel

Practice in the reduction of resistive networks using series/parallel equivalents
Realize the function and applications of the voltage divider circuit

Realize the function of the current divider circuit

Understand the function and applications of the Wheatstone bridge

Objectives of Section 3.3:

Understand the role and place of linear circuit analysis

Learn the superposition theorem

Understand the decisive value of superposition theorem for linear circuit analysis
Learn about immediate applications of the superposition theorem

Obtain the initial exposure to Y and A networks and to T and IT networks

Application examples:

Voltage divider as a sensor circuit
Voltage divider as an actuator circuit
Superposition theorem for a cell phone
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Chapter 3 Circuit Laws and Networking Theorems

Keywords:

Electric network, Branches of electric network, Nodes of electric network, Loops of electric
network, Meshes of electric network, Essential mesh, Branch currents, Branch voltages, Series
connection, Parallel connection, Shunt connection, Kirchhoff’s current law, Kirchhoff’s voltage
law, Maxwell’s minimum heat theorem, Tellegen’s theorem, Power conservation law for electric
networks, One-port network, Equivalent electric networks, Equivalent electric circuits, Series
battery bank, Battery pack, Dual-polarity power supply, Common ground of the dual-polarity
power supply, Virtual ground of the dual-polarity power supply, Parallel battery bank, Series and
parallel combinations (of resistances of conductances), Equivalent resistance, Equivalent circuit
element, Reduction of resistive networks, Voltage divider circuit, Voltage division rule, Sensor
circuit sensitivity, Maximum sensitivity of the voltage divider circuit, Current limiter, Current-
limiting resistor, Current divider circuit, Current division rule, Wheatstone bridge (definition of
difference signal difference voltage balanced), Linear circuit (definition of homogeneity additivity
superposition), Nonlinear circuit (definition of linearization dynamic or small-signal resistance),
Superposition theorem, Superposition principle, Y network, A network, Two-terminal networks,
Three-terminal networks, Conversion between Y and A networks, Replacing a node by a loop, A
to Y transformation, Y to A transformation, Balanced Y network, Balanced A network, Star to
delta transformation, T network, T pad, IT network, IT pad, Two-terminal network (definition of
input port output port)
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Section 3.1 Circuit Laws: Networking Theorems

Electric components are interconnected to design functional electric circuits that can
perform specific tasks like driving a motor or monitoring a power plant. Interconnected
circuit components form an electric network. In turn, any electric network is solved using
two simple yet very general laws: Kirchhoff’s current law (KCL) and Kirchhoff’s voltage
law (KVL). Series, parallel, and other combinations of any circuit elements, whether
linear or not, can be explained and solved using these laws.! They were established by
Gustav Kirchhoff (1824—1887), a German physicist and mathematician, in 1845, while
Kirchhoff was a 21-year-old student at the University of Koenigsberg in East Prussia. The
circuit analysis of all circuits is based on KCL and KVL.

3.1.1 Electric Network and Its Topology

An electric network can be studied from a general mathematical point of view. If the
specific electrical properties are abstracted, there remains a geometrical circuit, charac-
terized by sets of nodes, branches, and loops. These three items form the topology of an
electric network, and the interconnection of its elements can be represented as a graph.
The study of electric network topology makes it possible to:

A. Identify identical circuit blocks in electric circuits which might be drawn in a
variety of ways. Examples include series/parallel connections, as well as wye
(Y or T) and delta (A or IT) blocks as considered in this chapter.

B. Analyze general properties of very large electric circuits such as electric power
grids. For example, there are important relationships between the power grid
topology and risk identification and mitigation.

C. Relate electric circuits to other disciplines. For example, there is a remarkable
ability of electric networks to model the dynamical behavior of complicated
biological systems.

Nodes, Branches, Loops, and Meshes

Consider an electric network with four arbitrary circuit elements A to D shown in
Fig. 3.1a. A branch is a two-terminal circuit element. All four two-terminal elements in
Fig. 3.1a are therefore branches.

' The KCL and KVL concepts are so powerful they even find applications in equivalent form in magnet systems such as
transformers and motors. For example, the magnetic flux in a yoke with air gaps can be modeled according to KCL
and KVL.
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a) V1 V2
node 1 = node 2
LB |
branches
original circuit
V3
node 3
b) v, ﬂ v, nodes
node 1 [ node 2

reducing nodes

c)

assigning currents

assigning voltages

Fig. 3.1. An electric network and assigning branch voltages/currents.

A node is a point of interconnection of two or more branches. All six circles in
Fig. 3.1a are formally identified as nodes. Every node i can be assigned a certain voltage
V; with respect to circuit ground. If a short circuit (a connecting wire) connects two or
more nodes, these nodes constitute a single node since they have the same voltage. The
circuit may be redrawn to reduce the number of nodes and keep only the meaningful
nodes (single nodes) with the distinct voltages as shown in Fig. 3.1b. The circuits in
Fig. 3.1a and b are identical. A /oop is any closed path between two or more branches.
There are three loops in Fig. 3.1b. A mesh (or essential mesh) is a loop that does not
contain any other loops within it. There are two meshes in Fig. 3.1b. A planar
(or two-dimensional) electric network with b branches, n nodes, and m meshes satisfies,
after keeping only nodes with distinct voltages (single nodes), the equality

111-92



Chapter 3 Section 3.1: Circuit Laws: Networking Theorems

b=n+m-—1 (3.1)

which is sometimes called the fundamental theorem of network topology. It is proved by
considering the electric network as a polygonal graph in two dimensions, where each
edge is a branch and each single node is a vertex.

Branch Currents and Voltages

The branch currents and their directions may be assigned arbitrarily; see Fig. 3.1c. The
physical currents either coincide with them or are directed in opposite directions. This can
easily be found by checking the sign of the current value once the analysis is complete. If
the branch voltage polarities have to be assigned afterward, they should satisfy the same
reference configuration for all branches. Let us say the passive reference configuration
with regard to the previously assigned current directions is seen in Fig. 3.1d. The branch
voltages (voltage drops) in Fig 3.1d are expressed through the node voltages according to

Va=Vi—=Vs, Ve=Vi—=Vy, Vec=Vp=Vy-V; (3.2)

Conversely, the branch voltages may be assigned arbitrarily at first. If the directions of
the branch currents have to be assigned afterward, they should again satisfy the same
reference configuration.

Exercise 3.1: Establish whether or not the networks in Fig. 3.1a and b satisfy Eq. (3.1).

Answer: The answer is yes for both figures if we consider single nodes. However, if we
consider every small circle in Fig. 3.1a as a node, Eq. (3.1) will not be satisfied.

Series and Parallel Connections

Two or more branches (circuit element) are in series if they exclusively share a common
node. Elements 4 and B in Fig. 3.1d are in series. Elements B and C are not since node 2 is
also shared by element D. Two or more branches (circuit elements) are in parallel if they
are connected to the same two nodes. Elements C and D in Fig. 3.1d are in parallel. The
parallel connection is also called the shunt connection; the parallel element may be called
shunt (or shunting) elements.

3.1.2 Kirchhoff’s Current Law

Let us begin our investigation with KCL. KCL specifically applies to the nodes in an
electric network. The Kirchhoff's current law simply states that the net current entering
the node is zero. In other words, the sum of inflowing currents is equal to the sum of
outflowing currents. This statement is also known as the current conservation law, which
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is the electrical counterpart of the mass conservation law in fluid mechanics. For
N currents entering a node, KCL can be cast in the form

N
Y I=0 (3.3)

where N denotes the total number of nodal currents. The current directions may be
assigned arbitrarily; the same results will eventually be obtained. The nodal current is
taken with a plus sign if it is entering the node, i.e., the current arrow is directed toward
the node. It carries a minus sign if it is leaving the node, i.e., the current arrow points in
the opposite direction. The current value itself (positive or negative) is substituted
afterward. If this law did not hold, an uncompensated charge could accumulate in a
node over time. This uncompensated charge and its associated Coulomb force would
eventually destroy the operation of an underlying electric circuit. To illustrate the use of
KCL, we consider Fig. 3.2 with four different node types for a collection of branches 4,
B, C, and D which could be arbitrary circuit elements.

Fig. 3.2. Different types of the nodes in an electric network subject to KCL.

While the node in Fig. 3.2a is simple, more complicated node configurations may
be observed in a circuit—see the following figures. You should note that, in a node, we
may move individual joints to one common joint without affecting the circuit operation.
A node transformation to a single joint is a convenient tool used when working with more
complicated nodes.
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Exercise 3.2: Write KLC for the nodes shown in Fig. 3.2.

Answer: In the case of Fig. 3.2a, I5 + /¢ = I for any values of I, I, Ic. In the case of
Fig. 3.2b, Ip + Ic = Ig + Ip for any values of /4, Iy, Ic, Ip. In the case of Fig. 3.2¢, I
+Ig = Ic + Ip for any values of I, Iy, Ic. In the case of Fig. 3.2d,2 A + Ic = 54 + I for
any values of /¢, /.

Example 3.1: In some cases, the use of KCL may be sufficient to determine all currents in
an electric network. Solve for the unknown currents I, Ic, Ip in the network shown in
Fig. 3.3.

Solution: First, we note that the wire connection on the left states that the current along the
wire is preserved. This implies /4 = —1 A. KCL for node 1 gives

IA+Ic=5A=Ic=4 A (3.4a)
Next, KCL applied to node 2 yields
5S5A=Ip+24=1Ip=3 A (3.4b)

Thus, the circuit is solved. Node 3 has not been used; it can be employed to check the
correction of the solution: /o +Ip +24 =Ic or4 A =4 A

Fig. 3.3. Solving in a network using KCL.

3.1.3 Kirchhoff’s Voltage Law

KVL specifically applies to the loops in an electric network. Kirchhoff's voltage law
states that the sum of voltages for any closed loop is zero. In other words, the total amount
of work needed to move a unit electric charge one loop turn is zero.” If this law were not

2 The physical counterpart of KVL is Faraday’s law of induction in the static case. When there is a variable magnetic field
penetrating a wire loop, KVL is no longer valid.
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applicable, a charge moving in a closed loop would constantly accelerate and eventually
escape the circuit or constantly decelerate and eventually stop moving. In order to
formulate KVL for a closed loop, we need to identify the loop direction. It is usually
chosen to be clockwise, see the dotted arrows in Figs. 3.4 and 3.5. KVL in its general
form reads

Y Vi=0 (3.5)

where N is the total number of circuit elements in a loop. The voltage V; is taken with a
plus sign if the loop arrow is entering the positive voltage polarity and with a minus sign
otherwise. The polarities of voltages V; may be assigned arbitrarily; the same result will
eventually be obtained. To demonstrate this fact, we consider a simpler network with
different voltage polarities in Fig. 3.4 first. One network branch is purposely designated
as a voltage source, the rest are arbitrary circuit elements.

a) + V=3V - b) - V=3V 4
A
LA ]
5V=Vg + 5V=Vq
® H ey (@
L C |
+ V=HV - - V=1Vt

Fig. 3.4. KVL applied to a closed loop with one voltage source and three passive circuit elements.
The dotted arrow indicates current flow in clockwise direction.

Example 3.2: Write KVL for the circuit shown in Fig. 3.4 which includes an ideal voltage
source and three other circuit elements.

Solution: In the case of Fig. 3.4a, we start with the source and strictly apply our convention
of positive and negative polarity based on the prescribed loop arrow direction:

—SV+VA+Vg—Vc=0 (3.6a)
In the case of Fig. 3.4b, we have to change signs of Vy, Vg, V¢, and thus obtain
—5V —VpA—Vg+Vc=0 (3.6b)

Note that these two cases only differ by voltage polarities.
Since reversing voltage polarities in Fig. 3.4b was taken into account by changing the sign
of the voltage, both figures yield the identical result after substituting numbers:
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Example 3.2 (cont.):
—S5SV+3V4+3V-1V=0 (3.6¢)

This observation highlights the fact that the voltage polarities for circuit elements may
initially be assigned arbitrarily: applying KVL will ultimately lead to the correct signs of
the voltage values.

Figure 3.5 shows another electric network with all branches now consistently labeled;
the voltages in red denote the actual values with respect to the initially assigned directions.

+v=-7v_ +V=+6V_

V,=+5 \/ A loop 1 loop 2 Ve
(mesh 1) (mesh 2)

loop 3

Fig. 3.5. KVL applied to a network with three loops, two meshes, and five circuit elements.

Exercise 3.3: Determine the number of branches, nodes, loops, and meshes in the network
in Fig. 3.5.

Answer: There are five branches, four nodes, three loops, and two meshes.

Example 3.3: In some cases, the use of KVL may be sufficient to determine all voltages in
an electric network. Solve for the unknown voltages in the network shown in Fig. 3.5.

Solution: KVL for loop 1 (mesh 1) has the form

SV-TV+Vc=0= V=12V (3.6d)
KVL for loop 2 (mesh 2) has the form (V¢ is already known)
—12V+6V+VgE=0=FVg=6V (3.6¢)
KVL for loop 3 is the solution check:

—5V-TV+6V+6V=0 (3.6f)
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Example 3.3 (cont.):

If at least one of the voltages Va, Vg, Vp in Fig. 3.5 is unknown, then a unique solution does
not exist. Through the use of KCL, more information must be acquired.

3.1.4 Power-Related Networking Theorems

The results of this section would be incomplete without an introductory discussion of two
power-related networking theorems. The first one is Maxwell’s minimum heat theorem
formulated by James Clerk Maxwell in 1891. It states that, for a /inear electric network of
resistive circuit elements and voltage/current sources, the currents distribute themselves in
such a way that the total dissipated power (generated heat) in the resistances is a minimum. If
there are Ny resistive circuit elements, we can state

NR NR NR 2

N Vili=) R} =) % = min (3.7a)

i=1 i=1 i=1

where voltages V; and currents /; must all satisfy the passive reference configuration.
Indeed, Eq. (3.7a) is equivalent to the condition that the net power generated by all
sources is also minimized. Maxwell’s minimum heat theorem can be proved using KCL,
KVL, and Ohm’s law. The second theorem is Tellegen s theorem formulated by Bernard
D. H. Tellegen in 1952. It postulates that, for an arbitrary electric network with total
N circuit elements of arbitrary (linear or nonlinear, passive or active) nature, the equality

N
> Vi =0 (3.7b)
i=1

must hold if all voltages V; and currents /; satisfy one (let’s say the passive) reference
configuration. Tellegen’s theorem serves as a power (or energy) conservation law for all
electric networks. It can be proved based on KCL and KVL only. Tellegen’s theorem has
other important implications and generalizations. To illustrate both theorems, we consider
two simple examples.

Example 3.4: Use Maxwell’s minimum heat theorem and determine the unknown current
x through resistance R, in Fig. 3.6a.

Solution: Eq. (3.7a) yields
R1x2 aF Rz(x = 15)2 = min (383)

This function is minimized when its derivative with respect to x is zero. Therefore,
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Example 3.4 (cont.):
R,

=—1 3.8b
R+ Ry S ( )

X

which is the current division principle studied in the next section. The voltage division
principle may be established similarly.

a) b)

X ﬁ |S—XB + +
Is (T) R, R, VA ﬂlA |Bﬂ Ve

Fig. 3.6. Examples for Maxwell’s minimum heat theorem and Tellegen’s theorem.

Example 3.5: Prove Tellegen’s theorem for the network shown in Fig. 3.6b.

Solution: Both elements follow the passive reference configuration. By KCL we conclude
Ig = —I5. By KVL, Vg = VA. Therefore, Valp + Vglg = 0, which is the simple proof.
In practice, element 4 may be a voltage source, and element B may be a resistance. We can
also use the active reference configuration for the source but need to define its power to be
negative in such a case.

3.1.5 Port of a Network: Network Equivalence

So far we have studied only the closed electric networks. An electric network may have a
port, through which it is interconnected to another network as shown in Fig. 3.7. The
network may be active or passive. This network has two (input or output) terminals a and
b, which form a single port. The network in Fig. 3.7 is a one-port network. All series/
parallel combinations of the sources and resistances are one-port networks.

&
°a4

arbitrary electric v
network

—> | b

Fig. 3.7. Generic system for establishing a network equivalence.
Two arbitrary one-port networks in the form of Fig. 3.7 are said to be equivalent
networks (or equivalent electric circuits) when their v-i characteristics at terminals a and b

coincide. This means that for any given voltage, there is the same current into the network
or out of it and vice versa. Therefore, these networks are non-distinguishable.
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Section 3.2 Series and Parallel Network/Circuit Blocks

3.2.1 Sources in Series and in Parallel

Series-Connected Battery Bank
The simultaneous use of KCL and KVL allows us to analyze the behavior

of combinations of active circuit elements and establish their equivalence. The physical
counterparts are various battery banks, which are interconnections of the identical
batteries. Figure 3.8 shows a series battery bank, also called a battery pack, with two
or more batteries connected in series. The battery symbol implies an ideal voltage source.

gvﬂlB

L
y Eﬂ .

1;vﬂ ls

Ly

vl

R
"

Fig. 3.8. Series combinations of battery cells and their equivalent representations.

We intend to find the resulting voltage and current of this combination. To determine
the equivalent voltage, we close the circuit loop shown in Fig. 3.8a by introducing a
virtual circuit element with terminals a and b, with an unknown voltage V" between these
terminals. This element simulates the rest of the circuit, which closes the current path.
KVL for the loop shown in Fig. 3.8a results in

V49 V4+9V=0=V=18V (3.9)

Using KCL, we obtain the same current flows throughout the left-handed circuit of
Fig. 3.8a; this current is exactly equal to /5> Therefore, the series combination of two
batteries in Fig. 3.8a is equivalent to one battery bank that provides double the voltage, or
18 V, compared to the unit cell. However, it delivers a current of a single cell. The same

31f the realistic battery cells are capable of delivering different currents when short circuited, then the lowest cell current
will flow under short circuit condition.
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method can now be applied to multiple battery cells connected in series; one such battery
bank is shown in Fig. 3.8b.

Dual-Polarity Voltage Power Supply

Two batteries, or other voltage sources, connected in series can be used as a dual-polarity
power supply as shown in Fig. 3.9. The middle terminal gives us the virtual ground for
the circuit or the common ground. Both negative and positive voltages with respect to the
common port can now be created in the circuit. Such a source is of particularly impor-
tance for operational amplifier circuits and for transistor circuits. Every multichannel
laboratory power supply may operate as a dual power supply. The common terminal may
(but does not have to) additionally be connected to the earth ground.

+ & s

<—-o
1 %
|g+ 1

Fig. 3.9. A dual-polarity power supply constructed with two battery cells.

Parallel-Connected Battery Bank

As an alternative to the series-connected battery bank, we also investigate the parallel
battery bank shown in Fig. 3.10. To determine the equivalent voltage of the combination,
we again close the circuit loop by introducing a virtual circuit element with terminals
a and b and with an unknown voltage J between these terminals. The use of KVL gives

V=9V (3.10)

Thus, the voltage of the battery bank in Fig. 3.10 is still equal to the unit cell voltage.
However, applying KCL to both nodes shown in black in Fig. 3.10 indicates that the current
doubles. Therefore, the parallel combination of two batteries is equivalent to one battery
bank that provides the same voltage of 9 V as one unit cell but at twice the current strength.

a
+
: + + +
v oV =9V = =ov {2,
b

— o {] _'Bﬂ )

=
2lg

o

Fig. 3.10. A parallel combination of battery cells and its equivalent single battery representation.
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Series Versus Parallel Connection

What is the difference between series and parallel combinations of two 9-V batteries?
First, let us find the power delivered to the circuit. We assume /g = 1 A in both cases,
even though the specific value of the current is not really important. For the series
combination in Fig. 3.8a, the delivered power is 18 V x 1 A=18 W. For the parallel
combination in Fig. 3.10, the delivered power is again 9 V x 2 A =18 W. Thus, as far as
the power rating is concerned, there is no difference. You should, however, remember that
we always deliver power to a load. For the series combination, the implied load resistance
is 18 V/1 A =18 Q. For the parallel combination, the anticipated load resistance should
be 9 V/2 A=4.5 Q. Thus, it is the load resistance that determines which combination
should be used. This question is of great practical importance.

Combinations of Current Sources
Combinations of current sources are studied similarly. They are important for photovol-
taic and thermoelectric semiconductor devices.

3.2.2 Resistances in Series and in Parallel

Series Connection

After the sources have been analyzed, we turn our attention to series and parallel
combinations of resistances (or conductances). Their physical counterparts are various
circuit loads, for example, individual households connected to the same power grid or
individual motors driven by the same source. Figure 3.11 depicts the series combination
of two resistances R; and R,.

—= \% Req=R1+R2

&l

b =]

Fig. 3.11. Two resistances in series and their equivalent single resistance representation.

Note that the current direction for both resistances corresponds to a passive reference
configuration: current flows “down the voltage hill.” Again, we close the circuit loop by
introducing a virtual circuit element with terminals @ and b and with an unknown voltage
V between those terminals. This virtual circuit element, which simulates the rest of the
circuit, allows us to close the current path. KVL for the loop shown in Fig. 3.11 results in

V=Vi+Vy=IR + IRy = I(R| + Ry) = IReq = Reqg = R + R, (3.11a)
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Thus, two resistances can be replaced by one equivalent resistance, which is the sum of
the individual resistances. It follows from Eq. (3.11a) that the equivalent resistance gives
us the same circuit current (and the same power into the load) as the original resistance
combination does, for any applied voltage. This is the formal description of the equivalent
resistance to be generalized later. Equation (3.11a) can easily be extended to any arbitrary
number of resistances connected in series. Equation (3.11a) may also be formulated in
terms of conductances, the reciprocals of resistances,
1 1 1

—— = +t= 3.11b
Geq Gl G2 < )

Parallel Connection

Next, we consider the parallel combination of resistances shown in Fig. 3.12. KVL for the
loop shown in the figure and for another loop between two resistances indicates that the
voltages across every resistance are equal to V. KCL applied to either node shown in black
results in

\ Req=RiR/(R1#+R,)

&l &l

Fig. 3.12. Two resistances connected in parallel and the equivalent resistance.

|2 S 1 1 1
I=l+h=—4—=—=—=—t—=Gouy=G + G 3.12
1+ 1> R1+R2 Ry Re R1+R2 eq 1+ Gy (3.12)

Therefore, the parallel combination of two resistances is equivalent to one resistance,
which has a value equal to the reciprocal of the sum of the reciprocal values of both. The
equivalent resistance again gives us the same circuit current as the original resistance
combination does, for any applied voltage. Emphasize that the equivalent resistance is
always smaller in value than each of the resistances to be combined in parallel. Note that
the conductances simply add up for the parallel combinations. Equation (3.12) can again
easily be extended to any arbitrary number of resistances connected in parallel.

Meaning of Equivalent Circuit Element

In summary, the study of series/parallel active and passive circuit elements leads us to the
following simple definition of an equivalent circuit element, either passive or active.
The equivalent circuit element possesses the same v-i characteristic as the v-i
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characteristic of the original circuit, for which voltage and current are acquired at its
terminals a and b.

3.2.3 Reduction of Resistive Networks

The reduction of a network of many resistances to a single equivalent resistance is a topic
of practical importance. There are many examples of distributed resistive networks.
A contemporary example is a rear window defroster in an automobile, which is a
distributed resistive heater. The corresponding solution is usually based on

1. Step-by-step use of series/parallel equivalents
2. Moving, splitting, or reducing modes
3. Reliance on fluid mechanics analogies, which may be helpful for resistive networks

Although a unique solution always exists, its practical realization may be quite difficult.
The following examples outline the procedure for the reduction of resistive networks.

Example 3.6: Find the equivalent resistance between terminals a and b for the resistive
network shown in Fig. 3.13a.

Solution: We should not start with terminals @ and b, but with the opposite side of the
circuit. First, the three resistances furthest to the right are combined in series in Fig. 3.13a.
The next step is the parallel combination of the resulting resistance and the 1.5 kQ resistance
in Fig. 3.13b. The final step is another series combination; this results in the final equivalent
resistance value of 1875 Q. We need to point out again that it is impossible to:

1. Combine in series two resistances separated by a node.
2. Move the resistance through a node or move the node through a resistance.

Those observations hold for other than resistance circuit elements.

a) series
a 500 Q 10Q
o A\ A
1500 Q 400 Q
o A A
b 1 kQ ﬂ 90 Q
b) c) series
a 500 Q parallel a 500 Q
o A A
1500 Q 500 Q 375Q
o A A
b 1 kQ 1kQ

Fig. 3.13. Step-by-step circuit reduction via series and parallel resistance combinations.
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Example 3.7: Find the equivalent resistance between terminals a and b for the resistive
network shown in Fig. 3.14a.

Solution: First, we can split and move a node along the wire, leading to a circuit shown in
Fig. 3.14b. Next, we combine two pairs of resistances in parallel. The next step, in
Fig. 3.14c, is the series combination of three resistances. The last step is the solution of
a parallel circuit, leading to the equivalent resistance of 66.67 Q.

a)
a 50 Q 50 Q
o
150 Q 300Q 150 Q
o
b
b c ;
) parallel ﬁ parallel ) series
a 50 Q 50 Q a 50 Q 50 Q

150 Q 3000 —y 100 Q
100 Q

o o
b b

Fig. 3.14. Step-by-step circuit reduction to a single equivalent resistance.

Exercise 3.4: Using a fluid-mechanics analogy of identical water flow in two symmetric
channels, find the equivalent resistance of the network shown in Fig. 3.15.

Answer: 2.5 kQ.

Fig. 3.15. The resistive network discussed in Exercise 3.4.

3.2.4 Voltage Divider Circuit
The purpose of the voltage divider circuit is to provide a voltage different from the supply
voltage. The voltage divider circuit is associated with resistances in series. It is perhaps the
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most important basic electric circuit or a block of another circuit. The voltage division
principle is used in sensor circuits, actuator circuits, and bias circuits. Furthermore, any
input and output port of a (transistor) amplifier is essentially a voltage divider. We consider
a particular voltage divider form, shown in Fig. 3.16, connected to a DC voltage supply.
This circuit, as with any other electric circuit, can be analyzed by using KCL and KVL
simultaneously. We prefer using this method, although the combination of two resistances
in series will provide an equivalent solution.

| =
+
R, =V,
%@ -
R, S Ve
&

Fig. 3.16. A conventional voltage divider consists of two resistances and an ideal voltage source.

KCL states that the current / through both resistance and the voltage supply is the
same. Applying KVL to the circuit loop allows us to find the circuit current

Vs

-V V Vo=0=Vg=V Vo, =I(R R)=1=
s+ Vi+ Vs s 1+ V2 (R; + R») R+ R

(3.13)

Once the circuit current / is known, then Ohm’s laws can be used. This yields the voltage
division rule

Ry Ry

Vi=——Vs, Vo=
'""Ri+R, Y P R +R

Vs (3.14)

Equation (3.14) says that the major function of the voltage divider is to divide the voltage
of the power source between two resistances in a direct proportion so that:

1. The larger resistance always acquires a higher voltage, and the smaller resistance
acquires a smaller voltage.
2. The individual voltages always add up to the supply voltage, i.e., V| + V, = V.

Exercise 3.5: A voltage divider circuit uses a 10 V DC source and two resistances: R;
=5 Qand R, = 100 Q. What are the voltages V7, V, across the resistances?

Answer: V1 =048 V, V,=952V, V,+V,=10 V.
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The voltage divider with multiple resistances Ry, R, . . ., Ry is solved in the form

Vs
Ri+Ry+...+Ry

Ve=V1i4+Vo+...+Vn=>1=
(3.15)

3.2.5 Application Example: Voltage Divider as a Sensor Circuit

Consider a resistive sensing element (thermistor, strain gauge, photoresistor, etc.) denoted
by R»(x) in Fig. 3.17. The element changes its resistance R,(x) when an external
parameter x changes. Parameter x could be temperature, pressure, humidity, solar radia-
tion, or any other physical parameter that undergoes process changes. A simple sensor
configuration is a direct connection to a voltage source and to the DMM for voltage
measurements; see Fig. 3.17a. No matter how the sensor resistance changes, the sensor
will always output the source voltage. A solution to the third problem is a voltage divider
circuit shown in Fig. 3.17b. The extra resistance R; is fixed. According to Eq. (3.14),
voltage V5 in Fig. 3.17b varies depending on the influence of R,(x);

Ry (x)

Vz = Vz(x) :m Vs (316)

Fig. 3.17. (a) Incorrect sensor circuit. (b) A sensor circuit on the basis of a resistive voltage divider
where R,(x) changes its resistance depending on the process parameter x.

The variable voltage V,(x) is measured by the voltmeter. The dependence of }, on R; is
clearly nonlinear in Eq. (3.16). Although Eq. (3.16) can be linearized by choosing a
sufficiently large R; to make the denominator nearly constant, we will show later that
such an operation greatly decreases device sensitivity. Let us assume that the external
parameter x in Eq. (3.16) changes from a lower limit x; to an upper limit x,, i.e.,
x1 < x < x,. As aresult, the sensing resistance changes monotonically, but not necessar-
ily linearly, from R’ = Ry(x;) to R” = R>(x;). We also assume that if x; < x < x, then
R > R". The sensor circuit’s sensitivity, S, is given by

111-107



Chapter 3 Circuit Laws and Networking Theorems

S =

Va(x1) — Va(x) LmV } (3.17)

Xy — X1 its of x

The sensitivity is expressed in terms of voltage variation per one unit of x. A higher
sensitivity implies a larger voltage variation and thus provides a better sensor resolution
and improved robustness against noise.

Design of the Sensor Circuit for Maximum Sensitivity

Let us pose the following question: what value should the fixed resistance R; assume in
order to achieve the highest sensitivity of the voltage divider sensor? 1t is clear that R;
cannot be very small (otherwise the voltage reading will always be V5 and the sensitivity
will be zero) and that R, cannot be very large (otherwise the voltage reading will be
always 0 V and the sensitivity will be zero). The sensitivity is thus a positive function that
is zero at Ry = 0 and at R; = co. According to the extreme value theorem, a global
maximum should exist between these two values. We denote the unknown resistance R,
with variable ¢, substitute V, from Eq. (3.14), and rewrite Eq. (3.17) in the form

Vs R R"
S — _ 3.18
Xp — X <t+R’ t+R" (3-182)

It is convenient to transform this result into a simpler expression S = VsSof (¢), where a
constant Sy is called the intrinsic sensitivity of the resistive sensing element, and f{7) is the
sole function of the first resistance, i.e.,

I _ R ¢
SO - |:X2 —)C1:| ’ f(t) - (R/ + l‘)(RU + l) (318b)

This function f{7) is to be maximized. At the function’s maximum, the derivative of f{r)
versus ¢ should be zero. Using the quotient rule for the differentiation of a fraction, it
follows from Eq. (3.18Db) that

) B R'R" — t2
f(t) - (R/+t)2(R//+t)2 (3180)

The final result following from the condition f’(¢) = 0 is surprisingly simple
t=R, =VRR' (3.18d)

In other words, the fixed resistance of the voltage divider circuit should be equal to the
geometric mean of two extreme resistances of the sensing element itself.
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Example 3.8: For the NTC-503 thermistor sensing element, x; = 25°C (room tempera-
ture), x, = 37°C (approximate temperature of a human body), R’ =50 kQ, and
R" =30 kQ. What is the sensitivity of the voltage divider sensor if Vs =9 V and (A)

Ry =5 kQ, (B) R; =500 kQ, and (C) R; = v/30 - 50 ~ 39 kQ?
Solution: We substitute the numbers in Eq. (3.18) and find the sensitivity.

The corresponding sensitivity plot as a function of R, is given in Fig. 3.18a. The particular
sensitivity values are:

(A) S =39 mV/°C, (B) S = 26 mV/°C, and (C) S = 95 mV/°C.

Example 3.9: For the SGT-1/350-TY 11 strain gauge, the nominal resistance is 350 Q. The
resistance variation of 0.1 % for the tensile strain e is observed; the intrinsic device
sensitivity is So = 700 Q/e. What is the sensitivity of the voltage divider sensor if Vg
=45V and (A) R, =50 @, (B) R =5 kQ, and (C) R; =350 Q? For positive
sensitivity numbers, interchange x; , in Eq. (3.18).

Solution: In this example, R’ = 350.35 Q and R” = 349.65 Q. We use Eq. (3.18b) and
plot the sensitivity as a function of R, is in Fig. 3.18b. The particular values are (u¢ are the
micro-strain units):

(A) S = 0.24mV/1000ue, (B) S = 0.55mV/1000ue, and (C) S = 2.25 mV/1000e.

a) thermisor sensor sensivity curve b) strai3n gage sensor sensivity curve
x 10
0.1 S, Vigrad 24 S, Y/1000 He
008 | 2t

\,
1.6}

0.06
1.2

0.04
0.8

0.02 0.4

0 i i ! 0 ; ; ;
0 100 200 300 Ry kQ 0 1000 2000 3000 Ry Q

Fig. 3.18. Sensitivity curves for the divider sensor circuits with a thermistor and a strain gauge.

3.2.6 Application Example: Voltage Divider as an Actuator Circuit

The circuit shown in Fig. 3.19 contains a voltage divider circuit block with one resistive
sensing element; it is resistance R; in the present case. The block is connected to a
three-terminal electronic switch (a transistor). A variable voltage V' controlling the switch
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operation is created by the voltage divider. When the control voltage V reaches a certain
switch threshold voltage V1, or exceeds it, the switch closes. A DC motor is now
connected to the source; it starts to spin. The switches of this type involve field-effect
transistors. We emphasize that there is no current into the control switch terminal, only
the control voltage counts. If R; is a thermistor and the DC motor is a fan motor, the entire
circuit may operate as a basic temperature controller in an enclosure or in a room. The
control voltage versus circuit ground, the reference point, is given by (cf. Eq. (3.16))

R,

V(X) = VZ(X) = m

Vs (3.19)

where variable x corresponds to the ambient temperature.

DC Motor
w Open when V<V,
R, V, /

=@ S

4

-+
R2 V2

- Closed when V>V,

Fig. 3.19. An actuator circuit based on the voltage divider principle.

Example 3.10: The circuit in Fig. 3.19 uses the NTC-503 thermistor sensing element with
Ry =50 kQ at 25 °C (room temperature), and R; = 30 k€ at 37 °C. The fixed resistance
is Ry = 12 kQ. The threshold voltage of the switch is V', =2 V. The supply voltage is
9 V. Determine circuit behavior at 25 °C and at 37 °C, respectively.

Solution: According to Eq. (3.19), the control voltage at 25 °C is equal to 1.74 V. This
value is below the threshold voltage. The switch is open; the motor is not connected to the
source. However, the control voltage at 37 °C is 2.57 V. This value is above the threshold
voltage. The switch is closed; the motor is connected to the source and is spinning.
Figure 3.20 shows the corresponding laboratory setup. Note that in reality the threshold
voltage of the transistor switch is not quite constant; it depends on the motor current.
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DC motor

thermistor IRE

‘Z/F

Fig. 3.20. Laboratory realization of the circuit shown in Fig. 3.19.

3.2.7 Current Limiter

The current limiter (or simply the current-limiting resistor) is a particular case of the
voltage divider circuit with significant practical importance. Its concept is shown in
Fig. 3.21. A load resistance Ry is connected to the ideal voltage source in series with
another (smaller) resistance R, the physical counterpart of which is the current-limiting
resistor.

R=100Q | =

10 V=Vg R.=100Q

Fig. 3.21. Voltage divider circuit in the current-limiting configuration. The 10-Q resistance is used
to limit the circuit current.

If the load resistance is fixed at a rather high value, the circuit in Fig. 3.21 does not pose
any problem, and the current-limiting resistance of 10 € becomes redundant. For example,
in Fig. 3.21 the circuit current is 100 mA in the absence of the first resistance R. The power
delivered to the load resistance is P = R 1> = 1 W. However, the load resistance may be
variable, and it may attain really small values. When this happens, the circuit current
increases. In Fig. 3.21, it becomes equal to 10 A when the load resistance decreases to
1 Q and the current-limiting resistor is missing. The power delivered to the load resistance
also increases: P = 10 W. This large power may overheat and eventually destroy the small-
scale load (a thermistor is one example). The role of resistance R is to /imit the total circuit
current when the load resistance is either variable or constant but small. For example, in the
circuit from Fig. 3.21, the maximum possible circuit current is
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Vs Vs

- 1A (3.20)
R+R. R

irrespective of the value of the load resistance. Therefore, the power delivered to a
1 Q-load becomes always less than 1 W instead of the initial value of 10 W.

3.2.8 Current Divider Circuit

The current divider circuit shown in Fig. 3.22 is associated with resistances in parallel. 1t
is dual to the voltage divider circuit in the sense that the roles of voltage and current are
interchanged. Figure 3.22 shows the concept.

a lg =
+ Is + '1ﬂ + 'Zﬂ
\ loop1: V Ry loop2: V § R,

b

Fig. 3.22. A current divider circuit with an ideal current source.

To solve the circuit, we again prefer to use KCL and KVL simultaneously. KCL gives
Is=1+1, (3.21)

Based on KVL for both loop 1 and loop 2, the voltage across the current source (voltage
between its terminals a and b) is equal to the voltage across either resistor and is equal to
V. Application of Ohm’s law gives the expression for this voltage,

Vv v Is RiRy

Is=t 4 =V= -
"R R rtr RitR

1

Is (3.22)

Therefore, we obtain the current division rule in the form:

V ) Vv R

]:—: , I:—: ]
"R R+RY TR R A+RC

(3.23)

Equation (3.23) teaches us that the major function of the current divider is to divide the
current of the power source between two resistances in an inverse proportion so that:

1. The larger resistance always acquires a smaller current, and the smaller resistance
acquires a larger current.
2. The individual currents add up to the source current, i.e., I} + I, = Is.
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In other words, the electric current always chooses a path of least resistance. If one
resistance is replaced by a wire, the entire source current will flow through the wire; the
second resistance will be shorted out by the wire.

Exercise 3.6: A current divider uses a 3-mA current source and two resistances: R; = 200
Q and R, = 600 Q. What are the currents /;, I, through the resistances?

Answer: [} =2.25 mA, I, =0.75 mA. The smaller resistance acquires the larger
current.

Example 3.11: The current divider circuit can be assembled with a voltage source as
shown in Fig. 3.23. Find currents /;, I, and the total circuit current /.

Solution: The circuit in Fig. 3.23 can be analyzed in a number of ways. Perhaps the
simplest way is to recognize that, according to KVL, the voltages across all three elements
in Fig. 3.23 are equal to each other and equal to 10 V. Therefore,

10V 10V 10V RiR
—— h=—r, I=h+h=—, —
1

I = , _ i
1 Ry Req e R+ R

(3.24)

Another way to solve the same circuit is to combine resistances in parallel, find the circuit
current /, and then apply the current division principle.

10V CD R, R,

Fig. 3.23. A current divider circuit with the voltage source.

3.2.9 Wheatstone Bridge

The Wheatstone bridge was invented by the British scientist and mathematician, Samuel
Christie (1784—-1865) and first used for resistance measurements by Sir Charles Wheat-
stone in 1843. It is shown in Fig. 3.24. From Fig. 3.24, we can recognize that the
Wheatstone bridge is, in fact, a combination of two independent voltage divider blocks:
one with two fixed resistances R;, R, and another with one fixed resistance R; and some
other resistance R4 denoted here by R4 = R(x). When the resistance measurements are
implied, R, is the fixed unknown resistance. However, common modern applications use
the Wheatstone bridge as a part of the sensor circuit. In this case, R(x) is a variable
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resistance (a sensing element), where x is a physical quantity to be measured. The second
voltage divider is the voltage divider sensor circuit; the first voltage divider is fixed.
Circuit ground (absolute voltage reference) may be introduced as shown in Fig. 3.24.

=0V

c)
VS%D
‘:Lov

Fig. 3.24. The Wheatstone bridge is a combination of two independent voltage dividers connected
to the same voltage source. The second voltage divider is a sensor circuit.

®

<+ < 1<+

N

It was shown that the voltage divider circuit is already a basic sensor circuit. Now, why
do we need two voltage dividers? The answer to this question will be based on the fact
that, with the help of the fixed divider, we can eliminate a DC voltage offset in the sensor
voltage reading of the “master” voltage divider and thus enable the use of a difference
signal (and a difference amplifier) to amplify the likely very weak sensor voltages. The
key point is that the output voltage of the Wheatstone bridge is not V, or V}, but the
differential voltage between terminals a and b in Fig. 3.24, Vo, =V, — V.

Example 3.12:

A. A simple voltage divider circuit with R3 = 350 QandR(x) = 350 Q +0.1%
(the strain gauge) in Fig. 3.24b is used for strain measurements with a 4.5 V
voltage power supply. What is the output voltage V4, of the sensor circuit?

B. The same voltage divider circuit is augmented with another fixed
voltage divider having R} = R, = 350 Q to form the Wheatstone bridge
shown in Fig. 3.24c. What is the output voltage V,;, of the sensor circuit now?
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Example 3.12 (cont.):

Solution: In case A, we use the voltage division rule and obtain
Vy=225 V£ 1.125 mV (3.25a)

It is difficult to process such voltages since we cannot easily amplify them. Amplification
0f2.251125 V by a factor of 100 gives 225.1125 V; such a large voltage simply cannot be
obtained with common amplifier circuits. In case B, however, the value of V}, should be
subtracted from V', = 2.25 V, which yields the sensor voltage in the form

Vi = F 1.125mV (3.25b)

If we now amplify 1.125 mV by a factor of 100, a conventional value of 0.1125 V would be
obtained. Along with this fact, the differential sensor voltage has another significant
advantage, which is its immunity against circuit noise.

General Model of Wheatstone Bridge
Using the voltage division rule twice, the differential voltage V, of the Wheatstone
bridge in Fig. 3.24c becomes (R4 = R(x))

R Ry
@ <R1 +R, R+ R4> ; ( )

The Wheatstone bridge is balanced when V,, = 0. From Eq. (3.26) one obtains the
necessary and sufficient condition for the balanced Wheatstone bridge,
Ry Rj

Ky _ 3.27
R, R, (3.27)
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Section 3.3 Superposition Theorem and Its Use

3.3.1 Linear and Nonlinear Circuits

Linear Circuit

The superposition theorem studied in this section is only valid for linear circuits. A linear
circuit is a circuit that includes only linear circuit elements (elements with a linear or
straight v-i characteristic):

1. Resistance

2. Capacitance (v-i relationship is time-dependent but still linear)
3. Inductance (v-i relationship is time-dependent but still linear)
4. Voltage source (independent and linear dependent)

5. Current source (independent and linear dependent)

Every linear circuit satisfies both the homogeneity and additivity properties. To explain
those properties, we consider a linear circuit with an input parameter x (input voltage or
current) and an output parameter f{x) (output voltage or current). A function f is the
characteristic of the circuit itself; it must be a linear function. Namely, when an input
parameter is a linear superposition ax; + bx; of two individual stimuli x;, x, the output is
also a linear superposition of two individual responses, i.e.,

flaxi + bxp) = af (x1) + bf (x2) (3.28)

For example, if we double all source strengths in a linear circuit, voltages across every
passive circuit element and currents through every circuit element will also double.

Nonlinear Circuit and Circuit Linearization

A nonlinear circuit will include nonlinear circuit elements, e.g. elements with a nonlinear
v-i characteristic. Any circuit with semiconductor components (such as diodes, transis-
tors, solar cells) is a nonlinear circuit. Since the vast majority of electronic circuits include
semiconductor components, a legitimate question to ask is what value do the linear
circuits have in this case? One answer is given by a linearization procedure, which
makes it possible to reduce the nonlinear circuit to a linear one, in a certain domain of
operating parameters. Mathematically, circuit linearization means that a nonlinear rela-
tionship ¥(/) is expanded into a Taylor series,

dv
V(I):Vo+— ([—[0)+... (3.29)
dl \y_y, 1-1,

about a certain operating point Vy, I, where only the constant and the /inear terms are
retained. The derivative in Eq. (3.29), the so-called dynamic or small-signal resistance r, is
now used in place of the familiar resistance R for the linear ohmic circuit elements.
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3.3.2 Superposition Theorem or Superposition Principle

The superposition theorem, often called the superposition principle, applies to circuits
with more than one voltage and/or source. It states that the complete circuit solution is
obtained as a linear superposition of particular solutions, for every power source
separately. In other words, we are zeroing (or turning off) all the power sources except
for one, find the solution, and then add up all such solutions. The following rules apply:

1. To turn off a voltage source, we replace it by a short circuit or an ideal wire—see
Fig. 3.25. The voltage across the ideal wire is exactly 0 V.

2. To turn off a current source, we replace it by an open circuit or an air gap—see
Fig. 3.26. The current through the gap is exactly 0 A.

3. The dependent sources do not need to be zeroed. They remain the same for every
particular solution and may affect every particular solution.

1kQ 1.5kQ
M\
Iy ﬂ
15V 1kQ 10V
3kQ 1.5kQ
M\
1kQ ﬁ 1.5 kQ
AN— AW
|1ﬂ
15V 1kQ
3kQ 1.5kQ
M\ MW\
1kQ + 1.5kQ
izﬂ
1kQ 10V
3kQ 1.5kQ
W\

Fig. 3.25. Application of the superposition principle to voltage sources.

Example 3.13: Find current /; in the circuit shown in Fig. 3.25.

Solution: The first step is shown in the figure; we apply the superposition theorem and
obtain two simpler circuits. Each of those circuits is solved using series/parallel equiva-
lents. For the circuit with the 15-V power source,

Reg =1 kQ+3 kQ+0.75 kQ = 4.75 kQ (3.30)

The circuit current is 3.1579 mA; iy is 75 % of this value (from current division). For the
circuit with the 10 V source, R.q = 3.8 k€ and 7, is 2.1053 mA. Thus,

Iy =iy + iy = 44737 mA (3.31)

Circuit voltages across every resistance may be found by addition as well.
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1kQ 1.5 kQ
A\
I, ﬂ
15 mA 1kQ 10 mA
3kQ 1.5 kQ
1kQ ﬂ 1.5kQ
AN— A\
|1ﬂ J>
15 mA 1kQ
3kQ 1.5 kQ T
A\ A\
1kQ + 1.5 kQ
! 2]
1kQ 10 mA
T 3kQ 1.5 kQ

Fig. 3.26. Application of the superposition principle to current sources.

Example 3.14: Find current /; in the circuit shown in Fig. 3.26.

Solution: The first step is shown in the figure; we apply the superposition theorem and
obtain two simpler circuits by disconnecting current sources. The first circuit predicts
i1 = 15 mA, while the second circuit predicts i, = 10 mA. Therefore,

I, =i +i, =25mA (332)

In other words, each of the currents iy, i, flows in its own loop. The solution does not
depend on any particular resistor value.

The superposition theorem is a direct consequence of circuit linearity. Interestingly, the
superposition theorem is applicable not only to DC circuits but also to AC circuits. The
superposition theorem does not hold for electric power, since power is the product of
voltage and current. The circuit power and the power delivered to individual elements
may be correctly obtained only from the fina/ solution.

Application Example: Superposition Theorem for a Cell Phone

Why do we ultimately need to solve circuits with multiple sources? Look at your cell
phone. There is a circuit inside, which receives a very weak radio frequency input voltage
signal from the antenna. This is the first source. The signal is processed and amplified by
transistors powered by the cell phone battery. This is the second source (or sources). The
signal is then demodulated by interaction with an internal high-frequency generator. This
is the third source. Moreover, every component in that circuit is in fact “noisy”; it creates
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a small thermal noise voltage, which is modeled by its own tiny voltage source. A careful
solution of the entire circuit with multiple voltage and current sources, including noise
sources, is done by superposition. This solution allows electrical engineers to extract the
weak input signal from otherwise overwhelming noise and properly design the cell phone
circuitry.

3.3.3 Y (Wye) and A (Delta) Networks: Use of Superposition

The series and parallel resistance configurations are not the only meaningful network
blocks. Situations often arise when the resistances are neither in parallel nor in series. In
Fig. 3.27a, b, we introduce two new networking blocks, which have the value second to
the series/parallel equivalents.

Fig. 3.27. (a) Y (wye) and (b) A (delta) networks; (c¢) and (d) applying the superposition theorem
to establish network equivalence.

The first block is known as the Y (wye) network. It represents a nodal connection
of three arbitrary resistances. The second block is known as the A (delta) network.
It represents a loop connection of three arbitrary resistances. Both Y and A networks
have three terminals 1, 2, and 3; they are known as three-terminal networks. This is in
contrast to series/parallel resistance circuits, which are usually two-terminal networks.
The Y and A networks occur either independently or as part of a larger network.
Important applications include three-phase power electronics circuits, filter circuits,
and impedance-matching networks in high-frequency circuits. The theory that follows
holds for AC circuits too, when the resistances become general impedances.
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Conversion Between Y and A Networks

A problem of significant practical importance is the conversion between the Y and A
networks in Fig. 3.27a, b. This conversion is equivalent to replacing a node by a loop
(strictly speaking, by a mesh) and vice versa in a more complicated circuit or network.
Such a replacement may significantly simplify the overall circuit analysis. The conver-
sion is established based on the superposition theorem. Two arbitrary networks are
equivalent if their v-i characteristics are the same. In other words, by connecting three
arbitrary sources to terminals 1, 2, and 3 of the Y network, we must obtain terminal
voltages and currents identical to those of the A network with the same sources. We select
three current sources /1, I, I3 in Fig. 3.27¢, d. The solution with three sources is obtained
as a superposition of three partial solutions, with two sources open-circuited at a time.
Let’s keep the source /; and replace I,, /5 by open circuits first. Voltages V', for both
networks will be the same when the equivalent resistances R, between terminals 1 and
2 will be the same. A similar treatment holds for terminals 1 and 3 (source /5 is kept)
and terminals 2 and 3 (source I, is kept), respectively. Therefore, with reference to
Fig. 3.27c, d, we have

Rb(Ra+Rc)
Rro=Ri +R;=Ry||(Ra+R) = — —= 3.33
12 1+ 183 bH( a T R) R+ Ro T R (3.33a)
R.(R, + Ry)
Ri=R +Ry=R]||(Ra+Rp) = —— —= 3.33b
13 1 2 CH( a b) Ra+Rb+Rc ( )
R.(Ry + R.)
Ry =Ry +R; =R,||(Ry + R) = ————= 3.33¢c
23 2 3 H( b c) Ri+ R+ Re ( )

Next, we add Eq. (3.33a) and Eq. (3.33b) and subtract from this result Eq. (3.33c). This
gives us the expression for R;. To obtain R,, we add Eq. (3.33b) and Eq. (3.33¢) and
subtract Eq. (3.33a). R; is obtained by adding Eq. (3.33a) and Eq. (3.33¢) and subtracting
Eq. (3.33b). The result has the form of A to Y transformation:

RyR R.R R.R
Rl=—— ¢ Ryt - op.o__ Tab (3.34)
R, + Ry, + R, R, + Ry, + R, R, + Ry + R,
The inverse transformation, Y to A transformation, follows
R RiRy + RiR3 + RyRs3 R RiRy + R1R; + RyR;3
a == B b == B
R = (3.35)
R o— RiRy + RiR3 + RyR;
.=
R;
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Balanced Y and A Networks

When all resistances of the Y network are equal to Ry, the Y network is said to be
balanced. When all resistances of the A network are equal to R4, the A network is also
balanced. For balanced networks, two previous equations reduce to

Ry==%  Ra=3Ry (3.36)

Example 3.15: Find equivalent resistance of a network between terminals a and b in
Fig. 3.28a.

Solution: To simplify the network, we use the A to Y transformation and obtain the
network shown in Fig. 3.28b. Since all resistances of the bottom A network are equal, we
can use the simplified Eq. (3.36) to find the new resistance values. The remaining circuit is
solved using series/parallel combinations, which give us: Req = 2.2 kQ.

Fig. 3.28. Network simplification using A to Y transformations.

The conversions between Y and A networks go back to Arthur E. Kennelly
(1861-1939), an Indian American engineer who established them in 1899. Note that the
transformation between Y and A networks is also called the star to delta transformation.

3.3.4 T and II Networks: Two-Port Networks

The Y and A networks are equivalent to T'and I1 networks, respectively, which are shown in
Fig. 3.29. The T and II networks are predominantly used as two-port networks or two-port
networking blocks. Every port should have two terminals. To create the two ports with two
terminals each, we simply split terminal 2 in Fig. 3.29a, ¢ into two terminals: 2 and 4 in
Fig. 3.29b, d, respectively. Port #1 is the input port to the network. Port #2 is the output port
of the network. Multiple two-port networks may be connected in chains. Equations (3.34),
(3.35), and (3.36) allow us to establish the connections between the T and IT networks, which
are the same as the connections between the Y and A networks. Hence, any two-port
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T network may be replaced by the two-port IT network and vice versa. The T network is
sometimes called the 7" pad and the I1 network the IT pad. Both networks are used as
attenuators, filters, and antenna tuners. In the last two cases, capacitances and inductances
replace resistances.

Exercise 3.7: A two-port T network in Fig. 3.29c is characterized by R; =3 kQ,
R, = R3; =5 kQ. Establish resistance values for the equivalent IT network in Fig. 3.29d.

Answer: R, = 18.33 kQ, R, = R. = 11 kQ.

a) Y network b) Two-port T network
R R
1 R 3 X A
: 10 MV MV °3
— port #1 R, port #2
20 0 4
ground connection
d) Two-port IT network
3 R,
10 AN o 3
— port #1 R, R, port #2
20 0 4

ground connection

Fig. 3.29. Conversion of Y and A three-terminal networks to equivalent T and IT two-port, four-
terminal networks.

3.3.5 General Character of Superposition Theorem

The superposition theorem makes it possible to analyze not only two-port
electric networks but also various networks with multiple ports such as sensor arrays,
antenna arrays, multiple-input and multiple-output (MIMO) communications systems,
arrays of magnetic resonance imaging (MRI) coils, etc. It is so widely used that, quite
often, we do not even mention its name and consider the corresponding result as
“obvious.”
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Summary
Name Circuit Meaning
loop — Any electric network consists
n[,g,_- 1 Ve node 2 S of b branches,
- TR ‘ n single nodes (with distinct
Network H - e H voltages),
topology B [ loops,
; ‘ and m (essential) meshes
= noded < (loops that do not contain any
other loops)
Network Valid for two-dimensional
topology b=n+m-—1 (planar) electric networks
theorem
All currents flowing into a
I,:; AR e li:; f circuit node add to zero:
Kirchhoff’s o—[IR }—<f——| B o i . =0
Current Law p !
(KCL) 1 1=1A Valid for all circuits: linear
and nonlinear, passive and
° active
+ Vi3V - All voltage drops over the ele-
ments in a loop add to zero:
Kirchhoff’s >
Voltage Law ; Vi=0
(KVL) Valid for all circuits: linear
and nonlinear, passive and
active
Maxwell’s F ﬂ Is"‘ﬂ‘ B Nr 5 Nr 5 '
minimum heat | Is ; _ v ZR,-I P = Z Vi/R; = min
theorem @ >R, =R, Va H | 'Bﬂ =l =
] 9 _ Valid only for lin. circuits
Tellegen’s . 7o
theorem ; Vil =0
Valid for all circuits
One-port 4 | Two electric one-port networks
network and ) ) * 4 are equivalent when their
arbitrary electric . ..
network network v complete v-i characteristics
equivalence L AT coincide

Valid for all circuits: linear
and nonlinear, passive and
active

(continued)
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Name Circuit Meaning
G =l — Voltages are added for
-9 Vﬂ I i series combinations;
Series and 5 = =18V — Currents are added for
parallel source o VU s parallel combinations;
combinations — Current sources are combined
(one-port OT 0%25 . similarly
+
networks) =9V =9V Valid only for ideal voltage
sl Tl T OJ - and current sources—circuit
elements
= Series combinations:
Series and t S dada Reg=Ri+Ry+...Ry
parallel \_" Sugdd iz 1 1 1 1
resistance or = Gy = G, + G +...+ G
condl'lcta'nce Parallel combinations:
combinations = 1 1 1 1
Ohepen Yl s R RTRTTTR
networks) ! " R,+R, Gog=Gi+ Gy +...Gy
|
e vo— Ry v,
% CTRHRS
R, < v, Rz
Voltage ] - = S
v
divider circuit ® BT, o 51 + ’;2
gl Vs 1 2=Vs
= May also be used with
S arbitrary circuit elements
+ Variable sensor voltage:
v R
Voltage Vy=Va(x) = 2(%) Vs
divider circuit _ Ry + Ry (x)
as a sensor Maximum sensitivity:
=VRR, R <R, <R
R | = Maximum circuit current at
Current- V arbitrary load resistance:
- v
resistor s " 1<%
Valid for all circuits
a |y 4 R,
R = ——= S
+ +|h + L';ﬂ Rl R +R,
. .C“”e?“ . vl VSR V=R, 14 R,
divider circuit z = _‘w" I, = R-R LR
‘ 2 1 2
b L+, =1Ig

(continued)
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Chapter 3 Summary
Name Circuit Meaning
Wheatstone R N R Bridge equation (from two
i 1 3 ..
bridge voltage dividers):

A

Ry R4
Vab = - Vs
Ri+R R3+Ry
R Rs
Balanced: - = 12
alance R R

Linear circuits

Linear response:

Slaxy + bxz) = af (x1) + bf (x2)

Circuits with resistances,
independent sources, and
linear dependent sources

Superposition

Complete circuit solution is

[ = .
theorem Vil Nty P obtained as a linear superposition
= + iperp
(central ] = _ of particular solutions, for every
theorem in source separately. We turn off all
linear circuit the sources expect for one, find
analysis) ] I [ - T I the solution, and then add up all
1 2 1 2 .
CP ® =G + | such solutions
L = L S B
Valid only for lin. circuits
Y (Wye or Y (wye or star) network A (delta) network R — RyR. _ R.R.
staryand A | . o Ny e o 5 NN
1 2 o < VvV
(Delta) three- 2 Re— R.R;, A—R +R 4R
terminal v Y, 3= 0 AT Ra TRy TR
network e RZ SR, R A R A 2 A
equivalence s » TR PR TRy
; ; A=RR)+RR;+RR;3
Node to loop transformation
Tand IT Two-port T network Two-port IT network R},Rc RaRc
R, R, R, RI = > RZ = T >
two-port o—\\/ AN—o WA—e—o A A
networks— : ! g R,R
| al‘h
derivatives port #1 :é—; R, port#2 port#1 =R, Rag port #2 Ry = A’ A=R,+Ry+ R,
of Yand A
. 2 J 4 2 4 A A A
networking : . o |Ri=—, Ry=—, Re=—
blocks ground connection ground connection R, Ry R3

A =RIR, +RR; + RyR;
Conversion is the same as for
Y to A networks
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Problems renches.
3.1 Circuit Laws: Network-
ing Theorems

3.1.1 Electric Network and Its Topology
Problem 3.1. In the network graph shown in
the figure below:

A. Find the number of branches, single
nodes (nodes with distinct voltages),
and meshes.

B. Prove the equality b = n + m — 1 for the
number of branches b, meshes m, and
single nodes n.

3.1.2 Kirchhoff’s Current Law
Problem 3.4. Find current /g for the node
shown in the following figure:

branches

Problem 3.5.

A. Find current I for the node shown in the
following figure.

. Redraw this node (and the circuit
between terminals @ and b) in an equiv-
alent form eliminating the
horizontal wire.

Problem 3.2. Repeat problem 3.1 for the cir-
cuits shown in the following figure: B

Problem 3.6. Determine current i for the cir-

Problem 3.3. Repeat problem 3.1 for the cir- cuit shown in the following figure:

cuit shown in the following figure. Each
straight segment is now a branch.
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Problem 3.7. Find a relation between currents Problem 3.10. Determine currents ic, i, iy in
ic,ig for the circuit shown in the following the following figure:
figure. Does the problem have a unique

solution? is=5A ie=2A

Problem 3.11. Find all unknown currents for

Problem 3.8. Find currents ix, in, in, iy for the the circuit shown in the following figure:

circuit shown in the following figure: i i
& D
i i A
& N LA ] D |
—[ A }+—{0
ig ie=5A
ig iz=5A
&
—{ B E [—o
ic=3A i=1A
— &
— ¢C F

3.1.3 Kirchhoff’s Voltage Law (KVL)

Problem 3.9. Determine currents ic, i, iy for Problem 3.12.
the circuit shown in the following figure: A. Find voltage V- for the circuit shown in
the following figure.
B. How would the solution change if Vp
were equal to 0 V?
C. Could the value Vg =0V be used in this

problem?
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+ VA=tV - - Vp=2V + Problem 3.15. Determine voltage Vg for the
A D circuit shown in the following figure.
c \; + V=5V - + Vp=-16V-
C
+ | D ]
- Vg=7V + + Ve - _
B E
G| Ve
+
- V=7V + + Ve-
s B | :

Problem 3.13. Determine voltage Vg in the
circuit shown in the figure below.

¢

- Ve + + V=6V -

Problem 3.16. Equipotential lines for a human
body subject to a vertical electric field with the
strength of 1 V/m are shown in the following
figure.
A. Determine voltages Vag, Vsc, Vca.
B. Establish the KVL loop and formulate
KVL for these three voltages.

Problem 3.14. Find the unknown voltages Va,
Vg, Vg, Vi for the circuit shown in the figure
below.

+ Vo= + Vp=12V -

3.1.4 Power-related theorems
Problem 3.17. For the circuit shown in the
following figure:
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1. Determine which circuit elements are the
resistances and which are the sources.

2. Find the power (delivered to the circuit or
taken from the circuit) for every circuit
element.

3. Assuming that the powers of the sources
are negative, find the sum of all powers in
the circuit.

- Vg=3V + 2A

Problem 3.18. For the circuit shown in the
figure below:

1. Use KVL and KCL to solve for unknown
currents and voltages.

2. Find the power (delivered to the circuit or
taken from the circuit) for every circuit
element.

3. Assuming that the powers of the sources
are negative, find the algebraic sum of all
powers in the circuit.

+ Vg=10V -

B
L= ]

ig=2A =

+ +

& ke

Problem 3.19. For the circuit shown in the
figure below:
1. Use KVL to solve for unknown voltages.
2. Use KCL to solve for unknown currents.

Problems

3. For each of six circuit elements, deter-
mine if the element is a resistance or a
source.

4. Assuming that the source powers are
negative, find the algebraic sum of all
powers in the circuit.

+ V=10V -

- Vg5V 4+ 4+ V=1V-

E — F

& e e R

3.2 Series and Parallel
Network/Circuit Blocks

3.2.1 Sources in Series and in Parallel
Problem 3.20. The electronic circuits onboard
an 18-foot long Parker motor boat consume
96 W when operated from a 24-V source. The
source is a combination of two fully charged
deep-cycle batteries, each of which is rated for
12 V and 100 ampere hours:

1. Should the batteries be connected in
series or in parallel?

2. For how many hours can the electronics
be operated from the battery bank with-
out recharging?

3. How much energy in kilowatt hours is
initially stored in each battery?

Problem 3.21. A certain sensing device con-
sumes 0.375 W of power over a 20-hour period
and operates from a 6-V source. The source is a
combination of four fully charged AAA batte-
ries, 1.5 V each. The batteries discharge by the
end of the 20-h period:
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1. Should the batteries be connected in
series or in parallel?

2. What is a typical capacity of the AAA
battery?

3. How much energy in watt hours is ini-
tially stored in each battery?

Problem 3.22. A load has the resistance of
1.5 Q and requires the applied voltage of 3 V.
A number of battery cells are given, each of
which is rated for 1.5 V. Each cell may deliver
no more than 1 A of current:

1. Construct and draw a battery bank that

could be used to drive the load.
2. Is the solution to the problem unique?

Problem 3.23. Repeat the previous problem
when the required load voltage is changed to
6 V.

3.2.2 Resistances in Series and in
Parallel

3.2.3 Reduction of Resistive Networks
Problem 3.24. Determine the equivalent resis-
tance between terminals a and b.

a)
a
o
1kQ
b ©
b)

a
(@]

1kQ

Problem 3.25. The equivalent electric
circuit for a car rear window defroster is
shown in the figure. All resistances are equal:
R, =...=Ri;5 =10 Q. Determine the heat
power (power delivered to the defroster).

Circuit Laws and Networking Theorems

R15
e A o
R14
——\\N\—o
R13
———\\\—e
RZ
o———\\\——e
R1
'w.
12V

Problem 3.26. Find the equivalent resistance
between terminals a and b.

100 Q

200 Q 200 Q

b o &

Problem 3.27. Find the equivalent resistance
between terminals a and b.

a 100 Q

O L 3
150 Q 100 Q

o . AV

b 100 Q

Problem 3.28. Find the equivalent resistance
between terminals a and b.

1kQ 500 Q

ao AV AV
2k 1kQ

bo AV WV

1kQ 500 Q

Problem 3.29. Determine the equivalent resis-
tance between terminals a and b.
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18 kO 20 kO Problem 3.34. Determine the equivalent resis-
tance of the network (resistance between termi-
nals a and b) shown in the following figure:

100 50

Problem 3.30. Find the equivalent resistance
between terminals a and b. a b
10Q 50

250 25Q

Problem 3.35. Determine the equivalent resis-

3000 tance between terminals @ and b (show units).

Problem 3.31. Determine the equivalent resis-
tance (resistance between ports a and b) of the
network shown in the following figure:

250 Q 1 kQ

Problem 3.36. A network shown in the figure
below is known as a ladder. The ladder network
includes one particular section with a series (R,
=1 Q) and a shunt (R, =1 Q) resistance,
known as the L-section. This section is then
repeated an infinite number of times to the right.
Determine the equivalent resistance between ter-
minals a and b of the ladder network.

Problem 3.32. Determine the equivalent resis-
tance between terminals a and b.

section 1 section 2
a Ry Ry
o A\ A\
RZ RZ
Problem 3.33. Find the equivalent resistance o—
between terminals a and b. b
a R,
200 300
R2
60 O 400
b
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Hint: For the semi-infinite ladder network in
the previous figure, the equivalent resistance
Req will not change after adding a new section
up front as shown in the figure that follows:

new section
a R1
= R, = ladder network
Req Req
O
b
Problem 3.37.

A. Repeat the previous problem for the
semi-infinite ladder network circuit
shown in the same figure when
Ri=R; =10 Q, R, =25 Q.

B. How different is your result from the
equivalent resistance of the finite ladder
network with only four sections?

Problem 3.38. Another important ladder net-
work type (with the T-section) is shown in the
following figure.

A. Determine the equivalent resistance
between terminals a and b of the ladder
network when Ry =2R; =10 Q,
R, =10 Q.

B. How different is your result from the
equivalent resistance of the finite ladder
network with only four sections?

section 1 section 2
a R, R4 R, R,
R, R,
(e} O
b
R, R,

Circuit Laws and Networking Theorems

3.2.4 Voltage Divider Circuit

Problem 3.39. Redraw the circuit shown in the
figure below and plot the distribution of the
circuit voltage versus ground reference point
to scale between two circuit points a and b as
a function of distance x from point a.

voltage
A P P b i
[0\ I N O P N ;
1 1 1 1 1 1 ]
1 1 1 1 1 1 ]
1 1 1 1 1 1 ]
1 1 1 1 1 1 ]
1 1 1 1 1 1 1
e e b
1 1 1 1 1 1 I
1 1 1 1 1 1 1
1 1 1 1 1 1 1
L L L
! N o
a I | g g
10V W W WS
D . P
5kQ 2.5kQ 2.5kQ
= oV

Problem 3.40. Repeat the task of the previous
problem for the disconnected circuit shown in
the following figure:

voltage
A P Lo Lo i
A0V | I O N DR ;
Lo i Lo i
1 1 1 1 1 1 1
Lo Lo Lo i
S R I —
Lo Lo Lo i
. . L X
T T T >
a N [ o b
tov[— W, W A °
Lo P P
5kQ) 2.5k 2.5kQ °
L ov

Problem 3.41. For the circuit shown in the
following figure, use the voltage division prin-
ciple to calculate V7, V>, V5.

+ Vi -

AV

25 kQ +

5V 100 kQS V,
75 kQ -

VY

+ V3 -
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Problem 3.42. For the circuit shown in the
figure below:
A. Calculate V', V5, V3.
B. Find the voltage across the current
source.

+ V-

MWy

40 kQ
15 kQ

25kQ -
MWy

+ V5 -

< +

Problem 3.43. For the circuits shown in the
following figure, determine voltages V7, V5,
absolute voltage ¥, at node a versus ground
(show units), and circuit current /.

=

5kQ) ':|> 15kQ

30V=Vg

|
P |
oL

Problems

3.2.5 Application Example: Voltage
Divider as a Sensor Circuit
3.2.6 Application Example: Voltage

Divider as an Actuator Circuit

Problem 3.44. An NTC thermistor-based tem-
perature sensor should operate between 25 °C
and 65 °C from a 6-V DC power supply. The
thermistor’s resistance changes from R’ = 50 kQ
to R” = 20 kQ in this temperature range:

A. Present a circuit diagram for the simple
temperature sensor.

B. Determine the value of the unknown
resistance for the maximum circuit
sensitivity.

C. Determine
sensitivity.

D. What is the circuit sensitivity when the
unknown resistance is set to 1 kQ?

the maximum circuit

Problem 3.45. In the previous problem, using
software of your choice (MATLAB is
recommended), plot the circuit sensitivity to
scale as a function of the value of the unknown
resistance in the range from 1 kQ to 100 kQ.

Problem 3.46. A strain gauge with nominal
resistance of 120 Q is used in conjunction with
a 2.5-V DC voltage source. Its nominal resis-
tance changes by £0.2 % when the gauge
operates in the permissible strain range, which
is £1000pue:

A. Present a circuit diagram for the simple
strain gauge sensor.

B. Determine the value of the unknown
resistance for the maximum circuit
sensitivity.

C. Determine
sensitivity.

D. What is the circuit sensitivity when the
unknown resistance is set to 1 kQ?

the maximum circuit

Problem 3.47. In the previous problem, using
software of your choice (MATLAB is
recommended), plot the circuit sensitivity to
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scale as a function of the value of the unknown
resistance in the range from 10 Q to 1000 Q.

Problem 3.48. A voltage divider circuit with R
= 700 Q (the fixed resistance) and R, = 700 Q
+0.1% (the strain gauge) is used. The voltage
power supply is rated at 4.5 V:

A. Show that voltage across the strain
gauge varies in the range 2.25 V&
1.125 mV.

B. Could you derive an analytical formula
that gives the voltage variation across R,
=R, £ A as a linear function of an
arbitrary (but very small) resistance var-
iation A?

[Hint: use your calculus background—the
Maclaurin series versus a small parameter].

3.2.7 Current Limiter
Problem 3.49. A thermistor is connected to an
ideal voltage power source of 9 V. Determine
the value of the current-limiting resistor
R based on the requirement that the power
delivered to the thermistor should be always
less than 0.1 W. The lowest possible value of
R should be chosen. Consider two cases:
1. Thermistor resistance is exactly 100 €.
2. Thermistor resistance changes from
200 Q to 100 Q.

3.2.8 Current Divider Circuit
Problem 3.50. For the circuit shown in the
following figure:
A. Calculate the voltage between terminals
a and b. Show its polarity on the figure.
B. Use the current division principle to cal-
culate branch currents iy, i,.

Circuit Laws and Networking Theorems

3uA 1 MQ

Problem 3.51. Find branch currents ij,i, for
the circuit shown in the following figure:

if] t Al

1kQ 1kQ

Problem 3.52. Find branch currents i;,i, for
the circuit shown in the following figure:

J1

3kQ 5 kQ

10mA

Problem 3.53. Find the voltage between termi-
nals a and b (voltage across the current power
source) for the circuit shown in the following
figure:

Problem 3.54. The voltage source in the circuit
is delivering 0.2 W of electric power. Find R.
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3.2.9 Wheatstone Bridge

Problem 3.55. Describe in your own words the
function and the scope of the Wheatstone
bridge.

Problem 3.56. Find the voltage between termi-
nals a and b for the circuit shown in the figure
that follows:

6 kQ 600 Q
16V 0 O
10 kQ 1kQ

Problem 3.57. Find the voltage between termi-
nals a and b for the circuits shown in the figure
that follows:

ov

A)
16V%‘>
L
B) ) -
32V%'>
in

6 kQ 700 Q
O O
10 kQ 09kQ
Problem 3.58. You are given:
1. A photoresistor that changes its resis-
tance from 20 kQ for brightness to
500 kQ for darkness
2. A 9-V battery

3. A voltmeter (DMM)
4. Any other necessary precise resistors

ov

Construct (present the circuit diagram) a
Wheatstone bridge sensor circuit that:
1. Has zero voltage reading for brightness
2. Has maximum possible voltage reading
for darkness (has maximum sensitivity)

Problems

Problem 3.59. You are given:
1. ASGT-1/350-TY 11 uniaxial strain gauge
with the nominal resistance of 350 Q
(no strain)
2. A 4.5-V voltage source
3. Any number of precise resistors, of any
value

When tensile strain is applied, the resistance
variation up to +0.1 % is observed. Present
the circuit diagram for the Wheatstone bridge
sensor circuit that:
1. Has zero voltage reading at no strain
2. Has maximum possible voltage response
when strain is present (has maximum
sensitivity)
3. Outputs positive voltages when the resis-
tance of the strain gauge increases

Problem 3.60. Resistance of a strain gauge
increases when its length increases (a bended
surface under test becomes convex) and
decreases when its length decreases (a bent sur-
face under test becomes concave). The
corresponding strains are the tensile strain and
the compressive strain. You are given two strain
gauges (#1 and #2), which are attached to oppo-
site sides of a thin bent surface under test, at the
same position. The gauge resistance at normal
conditions (no bending) is R =100 Q. You are
also given any number of fixed resistors, of any
value:

1. Suggest and sketch a sensor circuit which
will convert changes in the resistance into
measurable voltage changes. This circuit
should possibly have:

(a) Zero sensor output voltage at normal
sensor conditions (no bending)

(b) Maximum voltage sensitivity to
changes in resistance (sensitivity to
the strain)

2. Label one (or two) strain gauge used, and
specify the values of all used resistances.

3. Show power supply and DMM
connections.
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Combined Voltage and Current Dividers
Problem 3.61. For the circuit shown in the
following figure:
A. Find currents i, i1, i, (show units).
B. Find power P delivered by the voltage
source to the circuit.
C. Find voltages V3, V5.

i
=
10V#’1’>

Problem 3.62. Find voltage Vacross the 20-kQ
resistance and current i for the circuit shown in
the following figure:

+ Vi -
8 kQ

AV i

izﬂ +
4kQ=V,

4 kQ

25V

5kQ
+
30kQ 20k Vv
i
&
° AV
5 kQ

Problem 3.63. For the circuit that follows,
determine:
A. Current i, through the 0.25 kQ resistance
B. Power P absorbed by the 600 Q
resistance

700 Q

Problem 3.64. For the circuit shown in the
figure below, determine:

Circuit Laws and Networking Theorems

A. Current i, through the 0.25-kQ
resistance

B. Power P absorbed by the 0.3-kQ
resistance

15V

current

Determine
i (show units) in the circuit that follows:

Problem 3.65.

20V

5 kQ
2kQ 20kQ  20kQ
i
&
AMA—e M
6 kQ 5kQ

Problem 3.66. Determine current i and voltage
v for the circuit shown in the figure (show units).

24V

5kQ

3.3 Superposition Theorem
and Its Use

3.3.2 Superposition Theorem or Super-
position Principle
Problem 3.67. For the circuit shown in the
figure below, determine the absolute voltage
(versus chassis ground) and the electric current
at the circuit point a.
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Problem 3.70. Determine the unknown current
1 in the circuit (solve by superposition).

1kQ 1.5kQ

10V

Problem 3.71. Determine the unknown current
I in the circuit (solve by superposition).

Problem 3.68. Determine the absolute voltage 1kQ 1.5kQ
(versus chassis ground) and the current i at the

circuit point a. 1mA

a 3.3.3 Y (Wye) and A (Delta) Networks:
Use of Superposition

100k 334 T and II Networks: Two-Port
Passive Networks
Problem 3.72. Convert the network shown in
10 kQ the following figure from Y to A:

A. Draw the corresponding A network.

Problem 3.69. For the circuit shown in the ]CB: Label its terminals.

. Determine and label the correspondin
figure below, find the current across the 10-Q . . P &
. T resistance values in the figure.
resistance. Show its direction on the figure.

1 10 kQ 20 kQ

5Q

50 100 1A

Problem 3.73. Convert the network shown in
the following figure from A to Y:
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A. Draw the corresponding Y network. A. Draw the corresponding T network.

B. Label its terminals. B. Label its terminals and ports.

C. Determine and label the corresponding C. Determine and label the corresponding

resistance values. resistance values.
10 kQ 20 kQ
1 AN 3 10 0 3
10 kQ 25 kQ
port #1 port #2
20 kQ 10 kQ

20 0 4

ground connection

Problem 3.76. For the bridge network shown
Problem 3.74. Convert the two-port network  pelow,  determine the equivalent resistance

shown in the following figure from T to II: between terminals a and b.
1. Draw the corresponding IT network.
2. Label its terminals and ports. 3.75 kO
3. Determine and label the corresponding o MV 0
resistance values. @
25kQ § § 5kQ
25 kQ 20 kQ
10 AN o 3 10 kQ
—— AW —
port #1 10 kQ port #2
20 kQ § § 10 kQ
20 0 4
ground connection b 5
O

Problem 3.75. Convert the two-port network
shown in the following figure from IT to T:
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Chapter 4: Circuit Analysis and Power
Transfer

Overview

Prerequisites

- Knowledge of major circuit elements, their v-i characteristics, and Ohm’s law
(Chapter 2)

- Knowledge of basic networking theorems (Chapter 3)

Objectives of Section 4.1:

- Become familiar with the nodal analysis and be able to apply it to solve in arbitrary
linear circuits

- Become familiar with the mesh analysis and be able to apply it to solve in arbitrary
linear circuits

Objectives of Section 4.2:

- Become familiar with the method of short/open circuit
- Establish and prove the source transformation theorem
- Establish and prove Thévenin’s and Norton’s theorems

Objectives of Section 4.3:

- Establish the maximum power theorem and become familiar with the power
efficiency concept

- Be able to apply the concepts of Thévenin and Norton’s equivalents and maximum
power theorem in practice

Objectives of Section 4.4:
- Obtain an initial exposure to nonlinear circuit analysis
- Be able to solve in a simple nonlinear circuit

Application examples:

Reading and using data for solar panels
Power radiated by a transmitting antenna
Maximum power extraction from solar panel
Solving the circuit for a generic solar cell

© Springer International Publishing Switzerland 2016 IV-139
S.N. Makarov et al., Practical Electrical Engineering, DOI 10.1007/978-3-319-21173-2 4
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Chapter 4 Circuit Analysis and Power Transfer

Keywords:

Nodal analysis, Mesh analysis (mesh-current analysis), Supernode, Supermesh, Method of short/
open circuit (definition of, open-circuit network voltage, short-circuit network current), Source
transformation theorem, Circuit equivalent (see equivalent circuit), Thévenin’s theorem
(formulation, proof, special cases), Thévenin equivalent, Norton’s theorem, Norton equivalent,
R-2R ladder network, Negative equivalent (Thévenin) resistance, Maximum power theorem
(principle of maximum power transfer), Power efficiency, Analysis of nonlinear circuits, Load
line (definition, method of), Iterative method for nonlinear circuits (definition of, explicit iterative
scheme, implicit iterative scheme), Solar cell (c-Si, open-circuit voltage, short-circuit
photocurrent density, fill factor, characteristic equation of), Solar panel (series cell connection,
open-circuit voltage, short-circuit photocurrent, fill factor, maximum power load voltage,
maximum power load current)
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Chapter 4 Section 4.1: Nodal/Mesh Analysis

Section 4.1 Nodal/Mesh Analysis

4.1.1 Importance of Circuit Simulators

The series and parallel equivalents along with Y and A transformations provide a practical
tool for solving simple circuits involving typically only a few elements. However, for
more elaborate circuits, circuit simulators such as SPICE (Simulation Program with
Integrated Circuit Emphasis) and its various modifications become indispensable tools
for the professional engineer. SPICE was developed by the Electronics Research Labo-
ratory at the University of California, Berkeley, and first presented in 1973. These circuit
simulators are quite general and allow us to model circuits with passive and active
elements including semiconductor components such as diodes, transistors, and even
solar cells. Since those elements typically exhibit nonlinear current—voltage behaviors,
elaborate solution strategies are needed. The circuit simulators use quite interesting
algorithms: they often operate in the time domain, even for DC circuits. For example, a
solution for a DC circuit is obtained as the steady-state limit of a transient solution, for
voltage and/or current sources turned on at a certain time instance. The key of the time-
domain approach is its inherent ability to solve nonlinear problems, with passive and
active circuit elements. In this section, we are unable to discuss in detail the principles of
the numerical circuit simulation. However, we will provide the foundation of the nodal
analysis (or node analysis) and the mesh analysis (or the mesh-current analysis), which
are two important features of a professional circuit simulator. The nodal and mesh
analyses in its pure form do not involve time-domain methods. They are primarily
applicable only to linear circuits, also referred to as linear networks.

4.1.2 Nodal Analysis for Linear Circuits

The nodal analysis is a general method of solving linear networks of arbitrary complex-
ity, which is based on KCL and Ohm’s law. Let us consider a circuit shown in Fig. 4.1a,
which is a resistive bridge circuit with a bridging resistance. This circuit may be solved
using A to Y conversion; see, for instance, example 3.15 of Chapter 3. Here, we prefer to
use the nodal analysis directly. The nodal analysis operates with the absolute values of the
node voltages in the circuit with respect to ground reference. It may be divided into a
number of distinct steps:

1. A ground reference needs to be assigned first: a node where the voltage is setto 0 V.
To this end, we ground the negative terminal of the voltage power supply.

2. Next, we select nontrivial (also called non-reference) nodes for which we do not
know the voltages. These are nodes 1 and 2 in Fig. 4.1b. The two additional nodes
are eliminated from the analysis since the voltages there are already known.

3. We label absolute node voltages versus ground reference as V;, V,—see Fig. 4.1c.
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4. We label currents for every nontrivial node, assuming that all currents are
outflowing; see Fig. 4.1c. The last condition may be replaced by all inflowing

currents.

5. Next, KCL is written for every nontrivial node. We express the currents as the
difference of two absolute voltages: the voltage at the beginning of the current arrow
(voltage at the master node) minus the voltage at the end of the current arrow
(voltage at any other node) and then divide this difference by the appropriate
resistance. Hence, we arrive at a system of linear equations for the nodal voltages.

Currents are no longer involved.

6. After the resulting system of linear equations is solved, all circuit parameters are
determined as necessary.

a)
5V
b)
5V
= oV
c)
5V
L~ ov

1kQ

1kQ

-

. Select ground reference
. Select and label nontrivial nodes

. Label unknown node voltages
. Label outflowing currents

for each node

. Write KCL for each node

in terms of node voltages

. Solve the resulting system

of equations

Fig. 4.1. Major steps of the nodal analysis applied to a bridge circuit.

The following two examples will apply the nodal analysis to a circuit with a voltage

source.
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Example 4.1: Solve the circuit shown in Fig. 4.1a using the nodal analysis—find the
supply current.

Solution: Steps 14 are indicated in Fig. 4.1b, c. Applying KCL to node 1 and then to node
2 (order is not important), one has

Vi—-5V V-0V V=V,

- 4.1
1 kQ 3 kQ Tk O (4-1a)
VoeSV VaeOV VoV,
- 4.1
1 kQ I kQ ko (4.1b)

i.e., a system of the linear equations for two unknown voltages. Its simplification

1)3Vi—Vy=5V (4.2a)
Wy — V=5V (4.2b)

is solved via Gaussian elimination of unknowns, which yields
Vi=333 Vand V, =2.78 V (4.3)
The circuit current (current of the voltage source) is

(5 V=V)/1kQ+ (5 V—V,)/1kQ =3.89 mA.

Fig. 4.2. Major steps of the nodal analysis applied to a circuit with a voltage source.

Example 4.2: Solve the circuit shown in Fig. 4.2a using the nodal analysis.

Solution: Steps 1—4 are indicated in Fig. 4.2b. Applying KCL to node 1 and then to node

2, one obtains a system of equations with two unknown voltages:

Vi—=10V Vi -0V V=V,
I kQ e ke (4.42)
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Example 4.2 (cont.):

Vo, —10 V+V2—O V+V2—V1
1 kQ 1 kQ 1 kQ

In setting up the equations, it does not matter which sequence of nodes are selected.
Simplifying Eq. (4.4) gives

=0 (4.4b)

Vi —=V,=10 V (4.5a)
3V, -V =10 V (4.5b)
The solution is obtained by symmetry, i.e., V| = V', = 5 V. The circuit current provided
by the power supply is 10 mA. All other branch currents can then be found using Ohm’s
law. An interesting feature of the circuit shown in Fig. 4.2a is that the marked 1-kQ resistor
can be considered as “dead,” since there is no current flowing through it (the voltage
difference across this resistor is exactly zero). This resistor can be removed from the circuit
without affecting the behavior of the circuit in terms of voltages and currents. It might
appear at first sight that the circuits shown in Figs. 4.1 and 4.2 have a different network
topology. In fact, they do not. To prove this, attempt to redraw the circuit in Fig. 4.2a; the
result will coincide with the circuit in Fig. 4.1a.

Circuits with a Current Source

When a current source is present in a circuit, the solution becomes even simpler: one makes
use of the existing current and substitutes its value into KCL equation written for a certain
node. For example, KLC for node 1 in Fig. 4.3 includes the outflowing current of —1 mA.
The current sign must be taken into account. The same idea may be applied to circuits with
multiple current power supplies. When only the current sources are present, the ground may
be connected to the incoming terminal of a current source.

1kQ

1 mA

Fig. 4.3. A circuit with a current source solved via nodal analysis.

Exercise 4.1: Determine voltage across the current source in Fig. 4.3 using the nodal
analysis.

Answer: 8.6 V.
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4.1.3 Supernode

The nodal analysis requires a “good” eye to see possible simplifications when labeling the
nodes. Let us examine a particular case and point out a few useful subtleties." Figure 4.4a
depicts a network with two voltage sources. The property of the 5 V source is such that it
is not fixed to a particular ground connection—we therefore call it a floating source.
Setting up the node method becomes a little tricky, since we do not know the current
through this source. However, a supernode may be formed as shown in Fig. 4.4b.

supernode

Fig. 4.4. A network with a floating voltage source between nodes 1 and 2.

KCL may be applied to any closed contour around the supernode: the net current must
still be zero in such a case. With reference to Fig. 4.4b, this yields

Vi—10V V=0V Vo—0V Vya—10V
_ 4,
1 kQ Tk 1k 1 kQ 0 (4.6a)

What is the second equation for two unknowns V; and V), (just the relation between
the supernode voltages themselves)? Since V', — V| is the voltage of the power source,
one has

Vo=Vi4+5V (4.6b)

Equations (4.6) can now be solved even without a calculator, eliminating one of the
unknowns yields

!'Subtleties are often euphemism for “playing” around with the circuit, like redrawing the wire connections and
rearranging the circuit elements. This is done to find simpler solution approaches.
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Vi=25V, V,=75V

(4.7)

The circuit is solved. All currents are found using the node voltages and Ohm’s law.

Example 4.3: Now, solve the circuit shown in Fig. 4.4a using the standard nodal analysis,
without the supernode concept.

Solution: We have to specify an unknown current /, through the 5-V source, which flows,
say, from left to right in Fig. 4.4a. It results in the following two nodal equations for the two
nodes:

Vi-10V V-0V

o g Th=0 (4.8a)
Va—0V V=0V

—I = 4,
ke ke =0 (4.8b)

Now, we can add both equations and thereby eliminate /.. The result is exactly Eq. (4.6a)
for the supernode. We must add one more condition to solve this equation. Equation (4.6b)
is the only choice, i.e.,

Vao=Vi+5V (4.8¢)

With this in mind, we arrive at the supernode concept again but in a more complicated way.

This is why the supernode approach is a useful tool.

4.1.4 Mesh Analysis for Linear Circuits

The mesh analysis (or the mesh-current analysis) is using loops instead of nodes.
Only loops that do not contain any other loops—the meshes—are employed. The meshes

as elements of the networking topology were defined in Section 3.1. Accordingly,

instead

of KCL, the mesh analysis makes use of KVL. Hence, we need to choose mesh
currents for every mesh. Figure 4.5 depicts the concept for a circuit with three meshes.
Note that this circuit is identical to the circuit from Fig. 4.1. A ground connection does
not have to be introduced for the mesh method. Let us denote the mesh current for
mesh 1 in Fig. 4.5 by /;, the mesh current for mesh 2 by /5, and the mesh current for mesh

5V

Fig. 4.5. Circuit solution using the mesh analysis. Circuits in Figs. 4.5 and 4.1 coincide.
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KVL equations for the three meshes are based on Ohm’s law for this passive reference
configuration. We do not need the fourth (large) loop encompassing the entire circuit. For
resistances that are shared by two adjacent meshes, we combine either the difference or
the sum of the two adjacent-mesh currents. The mesh equations become

Mesh1: 1 kQ(11—13)—|—1 kQ]1+1 kQ(ll—]z):O (493)
Mesh2: 3 kQ- (I, —13)+1 kQ- (I, —I}))+1 kQ -1, =0 (4.9b)
Mesh3:—5V+1kQ-(Is—1)+3 kQ-(Is—1,) =0 (4.9¢)

We have arrived at a system of three equations for the three unknown mesh currents 7;, 1,
and £;. It is simplified to (after division by 1 kQ and combining similar terms)

Meshl:+431, — 1, —13=0 (4103)
Mesh2: -1y +51, —315=0 (410b)
Mesh3: —1) — 3, +41; = 5 mA (4.10¢)

In contrast, the nodal analysis applied to the same circuit requires only two
equations for two unknown node voltages; see Example 4.1. The final solution is indeed
the same. Thus, the nodal analysis is more beneficial for small networks when a voltage
source or sources are present. If, however, a current source were present in Fig. 4.5
instead of the voltage source, the nodal analysis would require three equations. At the
same time, the mesh analysis would require only two equations, because /5 is defined by
the current source. Reasoning like this gives us clues which method is most suitable.
When mixed power supplies like voltage and current sources are involved, there is
usually no real difference between the two methods. The choice often becomes a matter
of taste.

Exercise 4.2: Determine mesh currents for the circuit in Fig. 4.5.

Answer: [} = —0.833 mA, [, = +0.833 mA, I3 = +1.667 mA.

4.1.5 Supermesh

Consider a circuit shown in Fig. 4.6. The straightforward mesh analysis should use KVL
written for meshes 1 and 2. However, KVL cannot be formulated directly since we do not
know the voltage across the current source. A solution is to combine meshes 1 and 2 into a
supermesh and write KVL around its periphery. Mesh equations become

Supermesh: 1 kQ- (1} —13)+1kQ-I1 +1kQ-I, +3 kQ- (I, —13)=0 (4.11a)
Mesh3: -5 V+1kQ-(I:-1)+3kQ-(Iz3—-1)=0 (4.11b)

KCL for the central branch of the source:
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I —1, =1 mA (4.11c)

5V

Fig. 4.6. Circuit solved with the supermesh method.

After division by 1 kQ and combining similar terms, the system of equations (4.11) is
simplified to

+211 +41, —41;, =0

-1, — 31, +4I3 =5 mA (412)
—|—[1 — [2 =1 mA

Exercise 4.3: Determine mesh currents for the circuit in Fig. 4.6.

Answer: [ = 2.5 mA, I, = +2.5 mA, I3 = 3.75 mA.

Example 4.4: Outline the solution approach for the circuit shown in Fig. 4.6 using the
standard mesh analysis, without the supermesh concept.

Solution: The voltage across the current source is introduced as an extra unknown, V..
Then, we write three KVL equations for three meshes in Fig. 4.6, which will contain four
unknowns: /;, I, I3, and V,. An extra equation is needed, which is KCL for the central
branch: /1 — I; = 1 mA. Now, we need to solve a system of four simultaneous equations.
This is considerably more work than in the previous case. This is why the supermesh
approach is a useful tool for the mesh analysis.
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Section 4.2 Generator Theorems

4.2.1 Equivalence of Active One-Port Networks: Method
of Short/Open Circuit

In Chapter 3, we considered passive linear networks with only resistances, and we have
transformed them into equivalent circuits. Active linear networks, which include sources
and resistances simultaneously, can undergo similar transformations. We know that two
electric single-port networks are equivalent when their terminal v-i characteristics are
identical. For passive resistive networks studied in Chapter 3, we connected arbitrary
source(s) across the network terminals and checked the resulting v-i characteristics. For
active networks with sources and resistances, we can use the same method. Alternatively,
we could connect arbitrary resistance(s) across the network terminals and check either the
resulting voltage or current. A test resistance to be connected will be denoted here by R. If
for two networks the voltages across the resistance R (or currents through it) coincide for
all values of R, the networks are equivalents.

Method of Short/Open Circuit

In general, testing all possible values of resistance R connected to terminals a and b of a
network in Fig. 4.7 is not necessary. Note that an active linear network may ultimately
have only two elements: a source and a resistance. To uniquely determine the two
elements (their values), only two equations are necessary. It is therefore customary to
check only two (limiting) values of the test resistance:

R—ocoandR=10 (4.13)
test of open-circuit voltage test of short-circuit current

=

—0a a

arbitrary electric v arbitrary electric ﬂ |

network oc network se

— o b b

&

Fig. 4.7. Method of short/open circuit for an active, one-port network.

Conveniently, this corresponds to open- and short-circuit conditions. In the first case, the
voltage between terminals a and b is the open-circuit network voltage Voc. In the second
case, the current flowing from terminal a to terminal b is the short-circuit network current
Isc. The pair Vo, Isc is key for the method of short/open circuit. This method states that
two active linear circuits are equivalent when their Vo and Igc coincide. Network
equivalency relates not only to the linear active networks with two components, but, as
will be shown soon, it is valid for all active linear networks.
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4.2.2 Application Example: Reading and Using Data for Solar Panels

The method of short/open circuit is also very useful for active nonlinear networks,
including nonlinear sources. An example is a solar cell or a combination thereof, a solar
panel. Every solar panel has the measured data for Voc and Igc listed on its backside.
The short-circuit current is simultaneously the photocurrent of the solar cell. Table 4.1
collects this data for common crystalline silicon (or c-Si) solar panels. It is organized in
such way that V¢ is given per cell in the panel and /5c is given in terms of photocurrent
density, Jp, per unit cell area. The cells in the panel are connected in series.

Table 4.1. Manufacturers’ specified parameters for different c-Si solar panels from five different
manufacturers (1-230 W output power range). The cell area is either measured directly or
extracted from the datasheet.

Jp = Isc/A

Solar panel Cells, N |Voc/N,V |Cell area 4, cm® Alem?

1-W BSPI-12 Power Up c-Si panel 36 0.59 2.36 0.030
10-W BSP-1012 Power Up c-Si panel 36 0.59 ~22.0 0.030
65-W BSP-1012 Power Up c-Si panel 36 0.61 121.7 0.032
230-W Sharp ND-U230CI1 c-Si panel 60 0.62 241.0 0.034
175-W BP Solar SX3175 ¢-Si panel 72 0.61 156.25 0.033
6-W Global Solar GSE-6 c-Si panel 44 0.52 16.6 0.027
200-W GE Energy GEPVp-200 c-Si panel 54 0.61 249.3 0.032
Average NA 0.593 NA 0.0311

Table 4.1 demonstrates that c-Si solar cells have approximately the same open-circuit
voltage of 0.6 V per cell. The open-circuit voltage does not depend on the area of the cell.
The short-circuit photocurrent density is also approximately the same for c-Si solar cells
from different manufacturers. On average, it is given by Jp = 0.03 A/cm?. These values
correspond to an incident light intensity of 1000 W/m? at T = 25°C. The photocurrent
density does not depend on the area of the cell. However, the total photocurrent does.

Exercise 4.4: A c-Si solar panel (or solar module) has the open-circuit voltage of 23.4 V?
How many individual solar cells does it have?

Answer: Approximately 39.

Exercise 4.5: A c-Si solar panel is needed with the open-circuit voltage of 12 V and the
short-circuit current of 3 A. Design the panel: find the number of cells to be connected in
series and the required unit cell area.

Answer: 20 cells with the area of 100 cm? (10 x 10 cm) each.
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4.2.3 Source Transformation Theorem

The most fundamental transformation of active linear networks is the subject of the
source transformation theorem. The source transformation theorem is a substitution of an
independent voltage source V1 in series with resistance Rt for an independent current
source /y with resistance Ry and vice versa; see Fig. 4.8a, b. The meaning of indexes
N and T will become apparent soon. The identical theorem applies to the dependent
sources shown in Fig. 4.8c, d.

a) b)
R,
AN o a o a
Vi [ — Iy RN
O b O b
c) d)
R,
AN 0 a 0 a
- — in Ry
o b o b

Fig. 4.8. Transformation of dependent and independent sources.

Let us prove this theorem by establishing the circuit equivalence. The pair Vo, Isc is
to be found for every network. For the two networks in Fig. 4.8a, b, we have

Voc =V, Isc =5~ (4.14a)
Voc = RnIn, Isc = In (4.14b)
Equation (4.14) has a unique solution in the form of the source transformation theorem

Ry =Rr, In= 75— (4.15)

If Eq. (4.15) is satisfied, both networks in 4.8a, b have equal Vo and Igc. This ensures
that their entire v-i characteristics are also the same. To confirm this fact, an arbitrary
resistance R could be connected across the port. The resulting voltages may be found
directly, by solving the voltage divider and the current divider circuits, respectively. Both
voltages are equal to V'tR/(R + Rr). Thus, the source transformation theorem is proved.
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Exercise 4.6: A network has a 10-V voltage source in series with a 20-€ resistance. It is
replaced by a current source /y in parallel with resistance Ry. Find Iy and Ry.

Answer: Iy = 0.5 A, Ry =20 Q.

Exercise 4.7: A linear active circuit measures the open-circuit voltage of 5 V and the
short-circuit current of 1 mA. Determine its equivalents in the form of a voltage source in
series with a resistance and in the form of a current source in parallel with a resistance.

Answer: V=5 V,Rr =5 kQand Iy =1 mA, Ry =5 kQ.

Often, the source transformation theorem allows us to simplify the circuit analysis
through network manipulations.

Example 4.5: Find current /; in the circuit shown in Fig. 4.9a.

Solution: The circuit may be solved using the superposition theorem. Another way is
to use the source transformation theorem. The corresponding steps are outlined in
Fig. 4.9b, c. We use the source transformation three times and end up with the parallel
combination of two current sources and three resistances. The three resistances in parallel
are equivalent to the 0.75 kQ resistance; the voltage across every element in parallel is then
0.75kQ x 2 mA = 1.5 V. Therefore, I; = 0.75 mA.

a) 2.5kQ 2kQ
I
0.5 kQ 6 mA 2kQ 2V
b)

0.5 kQ 2.5kQ

m

3V 2kQ 2kQ 1mA

0
L

1mA 3 kQ 2kQ 2kQ 1mA

Fig. 4.9. Circuit modifications using the source transformation theorem.
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Example 4.6: The circuit in Fig. 4.10a includes a current-controlled voltage source with
the strength of 4000, [V]. Find current i, using the source transformation.

Solution: The corresponding circuit transformation is shown in Fig. 4.10b. The circuit with
the current-controlled current source in Fig. 4.10b is solved using KCL and KVL. KCL
written for the bottom node states that the current of 3 mA + 3i, flows through the
rightmost 1-kQ resistance (directed down). Since, by KVL, the voltages across both resis-
tances must be equal, one has

3mA + 3i = iy = iy = —1.5mA (4.16)

Alternatively, one might convert the independent current source to the independent voltage
source. However, this method would hide i,.

4000i,

Fig. 4.10. Using source transformation for a circuit with dependent sources.

4.2.4 Thévenin’s and Norton’s Theorems: Proof Without Dependent

Sources

The origin of Thévenin's theorem is due to Léon Charles Thévenin, a French engineer
(1857-1926). The theorem is illustrated in Fig. 4.11a, b and can be expressed in the
following form:

1.

[98)

Any linear network with independent voltage and current sources, dependent linear
sources, and resistances, as shown in Fig. 4.11a, can be replaced by a simple
equivalent network: a voltage source V't in series with resistance Rr.

. The equivalent network in Fig. 4.11b is called the Thévenin equivalent.
. Voltage V7 is the open-circuit voltage Vo of the original network.
. When dependent sources are not present, Thévenin resistance Rt is an equivalent

resistance R.q of the original network with al/ independent sources turned off
(voltage sources are replaced by short circuits and current sources by open circuits).

. When both dependent and independent sources are present, the independent sources

are not turned off. Resistance Ry is given by Rt = Voc/Isc, where Igc is the short-
circuit current of the original network.
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6. When only the dependent sources are present, a current (or voltage) source is
connected to the network terminals. Thévenin or equivalent resistance is given by
Rr = V/I where I is the source current and V is the voltage across the source.
Thévenin voltage is, strictly speaking, not defined in this case.

The Norton's theorem is dual to the Thévenin’s theorem. It was named in honor of
Edward L. Norton (1898-1983), an engineer at Bell Labs in New Jersey.” Norton’s
theorem is illustrated in Fig. 4.11c, d. The equivalent circuit (Norton's equivalent) is
now the current source in parallel with the resistance as shown in Fig. 4.11d. Since the
equivalence of both networks in Fig. 4.11b, d has already been established, the Norton’s
theorem will follow from the Thévenin’s theorem and vice versa.

a) b)
any linear network of Thévenin Ry
sources (independent vV
and linear dependent) = u
and resistances
—ob o b
c) d)
) —oa © a
any linear network of
sources (independent Norton
and linear dependent) fa—— In Ry
and resistances
o b o b

Fig. 4.11. Thévenin’s and Norton’s theorems: replacing linear active circuits by its Thévenin and
Norton equivalents.

Proof of Thévenin’s Theorem for Active Networks Without Dependent Sources
The proof is based on circuit linearity. The v-i characteristics of both networks will
be established using a current source of strength / connected as shown in Fig. 4.12.

a) b)
a AN a

any linear network of + Ry +
sources (independent
and linear dependent)
and resistances - -

b b

Fig. 4.12. Derivation of Thévenin’s theorem by establishing the v-i characteristics.

2 The first publication that discusses this equivalent circuit concept is actually due to Hans F. Mayer (1895-1980) who
made the discovery in 1926 while a researcher at Siemens Company.
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Since the entire circuit is still linear, the v-i characteristic of the current source in
Fig. 4.12a must have the form of a linear function,

V =Al + B, (4.17)

where Vis the voltage across the current source. 4 and B are some “constant” coefficients,
which do not depend on /, but do depend on the network parameters. Our goal is to find
A and B, respectively. First, we check the value / = 0 when the external current source is
turned off, i.e. replaced by an open circuit. From Eq. (4.17), voltage V equals B. On the
other hand, it equals of Vo the original network. Therefore,

B="Voc (4.18)

Now, let us turn off all the internal sources. The network becomes an equivalent
resistance R.q. The constant B (its open-circuit voltage) is zero. Equation (4.17) therefore
yields V' = Al, for any value of /. On the other hand, for the current source / connected to

the resistance R, it must be V' = Req/. Comparing the two expressions, we obtain

A = Ry (4.19)

T