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Foreword

Once upon a time, a very thick document of a dissertation from a faraway land came
to me for evaluation. Visual robot control was the thesis theme and Peter Corke was its
author. Here, I am reminded of an excerpt of my comments, which reads, this is a
masterful document, a quality of thesis one would like all of one’s students to strive for,
knowing very few could attain - very well considered and executed.

The connection between robotics and vision has been, for over two decades, the
central thread of Peter Corke’s productive investigations and successful developments
and implementations. This rare experience is bearing fruit in his new book on Robotics,
Vision, and Control. In its melding of theory and application, this new book has con-
siderably benefited from the author’s unique mix of academic and real-world appli-
cation influences through his many years of work in robotic mining, flying, under-
water, and field robotics.

There have been numerous textbooks in robotics and vision, but few have reached
the level of integration, analysis, dissection, and practical illustrations evidenced in
this book. The discussion is thorough, the narrative is remarkably informative and
accessible, and the overall impression is of a significant contribution for researchers
and future investigators in our field. Most every element that could be considered as
relevant to the task seems to have been analyzed and incorporated, and the effective
use of Toolbox software echoes this thoroughness.

The reader is taken on a realistic walkthrough the fundamentals of mobile robots,
navigation, localization, manipulator-arm kinematics, dynamics, and joint-level con-
trol, as well as camera modeling, image processing, feature extraction, and multi-
view geometry. These areas are finally brought together through extensive discus-
sion of visual servo system. In the process, the author provides insights into how
complex problems can be decomposed and solved using powerful numerical tools
and effective software.

The Springer Tracts in Advanced Robotics (STAR) is devoted to bringing to the
research community the latest advances in the robotics field on the basis of their
significance and quality. Through a wide and timely dissemination of critical research
developments in robotics, our objective with this series is to promote more exchanges
and collaborations among the researchers in the community and contribute to fur-
ther advancements in this rapidly growing field.

Peter Corke brings a great addition to our STAR series with an authoritative book,
reaching across fields, thoughtfully conceived and brilliantly accomplished.

Oussama Khatib
Stanford, California
July 2011



Fig.0.1.

Once upon a time a lot of
equipment was needed to do
vision-based robot control. The
author with a large rack full of
image processing and robot
control equipment (1992)

Preface

Tell me and I will forget.

Show me and I will remember.
Involve me and I will understand.
Chinese proverb

The practice of robotics and machine vision involves the application of algorithms to
data. The data comes from sensors measuring the velocity of a wheel, the angle of a
robot arm’s joint or the intensities of millions of pixels that comprise an image of the
world that the robot is observing. For many robotic applications the amount of data
that needs to be processed, in real-time, is massive. For vision it can be of the order of
tens to hundreds of megabytes per second.

Progress in robots and machine vision has been, and continues to be, driven by
more effective ways to process data. This is achieved through new and more efficient
algorithms, and the dramatic increase in computational power that follows Moore’s
law. When I started in robotics and vision, in the mid 1980s, the IBM PC had been
recently released - it had a 4.77 MHz 16-bit microprocessor and 16 kbytes (expand-
able to 256 k) of memory. Over the intervening 25 years computing power has doubled
16 times which is an increase by a factor of 65000. In the late 1980s systems capable
of real-time image processing were large 19 inch racks of equipment such as shown
in Fig. 0.1. Today there is far more computing in just a small corner of a modern
microprocessor chip.

Over the fairly recent history of robotics and machine vision a very large body of
algorithms has been developed - a significant, tangible, and collective achievement of
the research community. However its sheer size and complexity presents a barrier to
somebody entering the field. Given the many algorithms from which to choose the
obvious question is:

What is the right algorithm for this particular problem?

One strategy would be to try a few different algorithms and see which works best
for the problem at hand but this raises the next question:

How can I evaluate algorithm X on my own data without spending days coding and
debugging it from the original research papers?
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Two developments come to our aid. The first is the availability of general purpose
mathematical software which it makes it easy to prototype algorithms. There are com-
mercial packages such as MATLAB®, Mathematica and MathCad,” and open source
projects include SciLab, Octave, and PyLab. All these tools deal naturally and effort-
lessly with vectors and matrices, can create complex and beautiful graphics, and can
be used interactively or as a programming environment. The second is the open-source
movement. Many algorithms developed by researchers are available in open-source
form. They might be coded in one of the general purpose mathematical languages just
mentioned, or written in a mainstream language like C, C++ or Java.

For more than fifteen years I have been part of the open-source community and
maintained two open-source MATLAB® Toolboxes: one for robotics and one for
machine vision. They date back to my own PhD work and have evolved since then,
growing features and tracking changes to the MATLAB® language (which have been
significant over that period). The Robotics Toolbox has also been translated into a
number of different languages such as Python, SciLab and LabView.

The Toolboxes have some important virtues. Firstly, they have been around for a
long time and used by many people for many different problems so the code is entitled
to some level of trust. The Toolbox provides a “gold standard” with which to compare
new algorithms or even the same algorithms coded in new languages or executing in
new environments.

Secondly, they allow the user to work with real problems, not trivial examples. For
real robots, those with more than two links, or real images with millions of pixels the
computation is beyond unaided human ability. Thirdly, they allow us to gain insight
which is otherwise lost in the complexity. We can rapidly and easily experiment, play
what if games, and depict the results graphically using MATLAB®’s powerful display
tools such as 2D and 3D graphs and images.

Fourthly, the Toolbox code makes many common algorithms tangible and acces-
sible. You can read the code, you can apply it to your own problems, and you can ex-
tend it or rewrite it. At the very least it gives you a headstart.

The Toolboxes were always accompanied by short tutorials as well as reference mate-
rial. Over the years many people have urged me to turn this into a book and finally it
has happened! The purpose of this book is to expand on the tutorial material provided
with the Toolboxes, add many more examples, and to weave it into a narrative that
covers robotics and computer vision separately and together. I want to show how com-
plex problems can be decomposed and solved using just a few simple lines of code.

By inclination I am a hands on person. I like to program and I like to analyze data,
so it has always seemed natural to me to build tools to solve problems in robotics and
vision. The topics covered in this book are based on my own interests but also guided
by real problems that I observed over many years as a practitioner of both robotics
and computer vision. I hope that by the end of this book you will share my enthusiasm
for these topics.

I was particularly motivated to present a solid introduction to machine vision for
roboticists. The treatment of vision in robotics textbooks tends to concentrate on simple
binary vision techniques. In the book we will cover a broad range of topics including
color vision, advanced segmentation techniques such as maximally stable extremal
regions and graphcuts, image warping, stereo vision, motion estimation and image
retrieval. We also cover non-perspective imaging using fisheye lenses and catadioptric
optics. These topics are growing in importance for robotics but are not commonly
covered. Vision is a powerful sensor, and roboticists should have a solid grounding in
modern fundamentals. The last part of the book shows how vision can be used as the
primary sensor for robot control.

This book is unlike other text books, and deliberately so. Firstly, there are already a
number of excellent text books that cover robotics and computer vision separately
and in depth, but few that cover both in an integrated fashion. Achieving this integra-
tion is a principal goal of this book.

Respectively the trademarks of
The Mathworks Inc., Wolfram
Research, and PTC.
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Secondly, software is a first-class citizen in this book. Software is a tangible instanti-
ation of the algorithms described - it can be read and it can be pulled apart, modified
and put back together again. There are a number of classic books that use software in
this illustrative fashion for problem solving. In this respect I've been influenced by
books such as LaTeX: A document preparation system (Lamport 1994), Numerical Reci-
pes in C (Press et al. 2007), The Little Lisper (Friedman et al. 1987) and Structure and
Interpretation of Classical Mechanics (Sussman et al. 2001). The many examples in this
book illustrate how the Toolbox software can be used and generally provide instant
gratification in just a couple of lines of MATLAB® code.

Thirdly, building the book around MATLAB® and the Toolboxes means that we are
able to tackle more realistic and more complex problems than other books.

The empbhasis on software and examples does not mean that rigour and theory are
unimportant, they are very important, but this book provides a complementary ap-
proach. It is best read in conjunction with standard texts which provide rigour and
theoretical nourishment. The end of each chapter has a section on further reading and
provides pointers to relevant textbooks and key papers.

Writing this book provided a good opportunity to look critically at the Toolboxes
and to revise and extend the code. In particular I’ve made much greater use of the
ever-evolving object-oriented features of MATLAB® to simplify the user interface and
to reduce the number of separate files within the Toolboxes.

The rewrite also made me look more widely at complementary open-source code.
There is a lot of great code out there, particularly on the computer vision side, so
rather than reinvent some wheels I've tried to integrate the best code I could find for
particular algorithms. The complication is that every author has their own naming
conventions and preferences about data organization, from simple matters like the use
of row or column vectors to more complex issues involving structures - arrays of struc-
tures or structures of arrays. My solution has been, as much as possible, to not modify
any of these packages but to encapsulate them with light weight wrappers, particu-
larly as classes.

I am grateful to the following for code that has been either incorporated into the
Toolboxes or which has been wrapped into the Toolboxes. Robotics Toolbox contribu-
tions include: mobile robot localization and mapping by Paul Newman at Oxford and
a quadrotor simulator by Paul Pounds at Yale. Machine Vision Toolbox contributions
include: RANSAC code by Peter Kovesi; pose estimation by Francesco Moreno-Noguer,
Vincent Lepetit, Pascal Fua at the CVLab-EPFL; color space conversions by Pascal
Getreuer; numerical routines for geometric vision by various members of the Visual
Geometry Group at Oxford (from the web site of the Hartley and Zisserman book;
Hartley and Zisserman 2003); the k-means and MSER algorithms by Andrea Vedaldi
and Brian Fulkerson; the graph-based image segmentation software by Pedro
Felzenszwalb; and the SURF feature detector by Dirk-Jan Kroon at U. Twente. The Cam-
era Calibration Toolbox by Jean-Yves Bouguet is used unmodified.

Along the way I got interested in the mathematicians, physicists and engineers whose
work, hundreds of years later, is critical to the science of robotic and vision today.
Some of their names have become adjectives like Coriolis, Gaussian, Laplacian or Car-
tesian; nouns like Jacobian, or units like Newton and Coulomb. They are interesting
characters from a distant era when science was a hobby and their day jobs were as
doctors, alchemists, gamblers, astrologers, philosophers or mercenaries. In order to
know whose shoulders we are standing on I have included small vignettes about the
lives of these people - a smattering of history as a backstory.

In my own career I have had the good fortune to work with many wonderful people
who have inspired and guided me. Long ago at the University of Melbourne John Ander-
son fired my interest in control and Graham Holmes encouraged me to “think before I
code” - excellent advice that I still struggle to heed. Early on I spent a life-direction-
changing ten months working with Richard (Lou) Paul in the GRASP laboratory at the
University of Pennsylvania in the period 1988-1989. The genesis of the Toolboxes was my
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PhD research (1991-1994) and my advisors Malcolm Good (University of Melbourne)
and Paul Dunn (CSIRO) asked me good questions and guided my research. Laszlo
Nemes provided sage advice about life and the ways of organizations and encouraged
me to publish and to open-source my software. Much of my career was spent at CSIRO
where I had the privilege and opportunity to work on a diverse range of real robotics
projects and to work with a truly talented set of colleagues and friends. Mid book I
joined Queensland University of Technology which has generously made time avail-
able to me to complete the project. My former students Jasmine Banks, Kane Usher,
Paul Pounds and Peter Hansen taught me a lot of about stereo, non-holonomy, quad-
copters and wide-angle vision respectively.

I would like to thank Paul Newman for generously hosting me several times at Oxford
where significant sections of the book were written, and Daniela Rus for hosting me at
MIT for a burst of intense writing that was the first complete book draft. Daniela, Paul
and Cédric Pradalier made constructive suggestions and comments on early drafts of
the material. I would also like to thank the MathWorks, the publishers of MATLAB®
for the support they offered me through their author program. Springer have been
enormously supportive of the whole project and a pleasure to work with. I would spe-
cially like to thank Thomas Ditzinger, my editor, and Armin Stasch for the layout and
typesetting which has transformed my manuscript into a book.

I have tried my hardest to eliminate errors but inevitably some will remain. Please
email bug reports to me at rvc@petercorke.com as well as suggestions for improve-
ments and extensions.

Finally, it can’t be easy living with a writer - there are books and websites devoted
to this topic. My deepest thanks are to Phillipa for supporting and encouraging me in
the endeavour and living with “the book” for so long and in so many different places.

Peter Corke
Brisbane, Queensland
June 2011

Note on the Second Printing

The second printing of the book provides an opportunity to correct some of the errors
in the first printing. I am very grateful to the following people for their help in finding
these errors: Walter Lucia, Michael Mustillo, Mark Sheehan, Jana Kosecka, Do Nguyen
Tien Thong, Jeff Trinkle, Muhammad Tufail, Frederic Maire, Nino Cauli, Ugo Fabrizi,
Liam O'Sullivan, Bassam Salameh, Rafael Perrone, Henry Carrillo Lindado, Jodo Pinto,
Stephen Fox, David Breneisen, and Richard Roberts.
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Nomenclature

The notation used in robotics and computer vision varies considerably from book to book.
The symbols used in this book, and their units where appropriate, are listed below. Some
symbols have multiple meanings and their context must be used to disambiguate them.

The elements of a vector x[i] or a matrix x[i, j] are indicated by square brackets. The
elements of a time series x(k) are indicated by angle brackets.

Symbol Description Unit
2 an estimate of x

x mean of x or relative value

x desired value of x

v a vector

L) a unit-vector parallel to v

|v] scalar norm or length of the vector v

gl scalar norm of the quaternion §

L} homogeneous representation of vector v

a component of a vector
v,-v, dot,or inner, product, also v'v,

v, X v,  Cross,or vector, product

A a matrix

AT inverse of A

At pseudo-inverse of A
AT transpose of A

AT transpose of inverse A
A;; the element (7, j) of A

Ali, j] the element (i, j) of A
F(x) a function of x
F(x) the derivative OF /9x

B viscous friction coefficient Nmsrad’
© configuration space of a robot

(o camera matrix, C € R>*

C(g,¢q) manipulator centripetal and Coriolis term kg m*s!

C the set of complex numbers

D(:) manipulator dynamics function: Q, q,q — ¢

A() maps incremental pose change to differential motion: SE(3) — RS

A7)  maps differential motion to incremental pose change: R® — SE(3)

E illuminance (lux) Ix
f focal length m
f force N
f vector of image features
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Symbol
F(q)

Do =Neo

QO R

Puw> Ph

Description
friction torque

luminous flux (lumens)

wrench, a vector of forces and moments (f,, _)‘;,, fpm,m

manipulator gravity loading term

robot steering angle

3-angle representation of rotation, I € R’
body torque I € R?

n x n identity matrix

inertia

inertia tensor, 3 X 3 matrix

Jacobian matrix

Jacobian transforming velocities in frame A to frame B

constant

camera calibration matrix

amplifier gain (transconductance)

motor torque constant

forward kinematics RY — T € 7, 7 C SE(3)
inverse kinematics T — RY, T € 7, 7 C SE(3)
luminance (nit)

wavelength

an eigenvalue

mass of link i

manipulator inertia matrix

an image plane point

a world point

the projective space of all 2-D points, a 3-tuple
the projective space of all 3-D points, a 4-tuple
projection function: R i R?

quaternion

pure quaternion of vector v

configuration, generalized coordinates
generalized force

pixel width and height

an orthonormal rotation matrix, R € SO(2) or SO(3)

set of real numbers

the space of all 2-D points
the space of all 3-D points
Laplace transform operator

set of all angles in the circle [0, 27)

special Euclidean group, the set of all poses in n dimensions

special orthogonal group, the set of all orientations in n dimensions

skew symmetric matrix of v

COM of link j with respect to the link j coordinate frame

first moment of link j. Sj =m;s;

standard deviation

robot joint type, o = 0 for revolute and o = 1 for prismatic

time

Unit
N m
Im

N, Nm
Nm
rad
rad
Nm

kg m’

kg m*

AV!

NmA™

nt

kg

kg m*

m, rad
N, Nm

kg m
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Symbol

mxn

mxn

Z+

12

(5

(0]

Description Unit
sample interval s
temperature K
optical transmission

homogeneous transformation, T € SE(2) or SE(3)

homogeneous transform representing frame {B} with respect to frame {A}.

If A is not given then assumed relative to world coordinate frame 0.

Note that ATB = (BTA)’1

angle rad
vector of angles, generally robot joint angles rad
roll pitch yaw angles rad
torque Nm
Coulomb friction torque N m
camera image plane coordinates pixels
normalized image plane coordinates, relative to the principal point m
coordinates of the principal point pixels
velocity ms™
velocity vector ms™
innovation

velocity screw, v € RS v = (Ve Vi Vyp Wy Wy w,) ms ) rads!
rotational rate rads™
angular velocity vector rad s™
Cartesian coordinates

abstract representation of 3-dimensional Cartesian pose (pronounced ksi)

abstract representation of 3-dimensional relative pose, frame {B}

with respect to frame {A}

Cartesian velocity screw (v,, Vs Vo W Wy w,)

normalized image-plane coordinates

an m X n matrix of zeros

an m X n matrix of ones

the set of all integers

the set of all integers greater than zero

equivalence of representations

homogeneous coordinate equivalence

pose composition operator

colormetric equivalence

inverse of a pose (unary operator)

transformation of a point by a relative pose, e.g. & - p

smallest angular difference on a circle rad

convolution

morphological dilation
morphological erosion
morphological opening
morphological closing

coordinate frame F

interval a to b inclusive

interval a to b, not including a or b
interval a to b, not including b

interval a to b exclusive, not including a
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MATLAB® Toolbox Conventions

= A Cartesian coordinate, a point, is expressed as a column vector.

A set of points is expressed as a matrix with columns representing the coordinates
of individual points.

A rectangular region is represented by its top-left and bottom-right corners

[xmin xmax; Yimin ymax] :

A robot configuration, a set of joint angles, is expressed as a row vector.

Time series data is expressed as a matrix with rows representing time steps.

A MATLAB® matrix has subscripts (i, j) which represent row and column respec-
tively. Image coordinates are written (u, v) so an image represented by a matrix I is
indexed as I(v, u).

Matrices with three or more dimensions are frequently used:

A color image has 3 dimensions: row, column, color plane.

A greyscale image sequence has 3 dimensions: row, column, index

A color image sequence has 4 dimensions: row, column, color plane, index

A trajectory as a homogeneous transformation sequence has 3 dimensions: row,
column, index

A pose in SE(3) is represented by a 4 x 4 matrix.
An orientation in SO(3) is represented by a 3 X 3 matrix.
A pose in SE(2) is represented by a 3 X 3 matrix.
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Fig. 1.1.

Early programmable machines.

a Vaucanson’s duck (1739) was
an automaton that could flap its
wings, eat grain and defecate. It
was driven by a clockwork mecha-
nism and executed a single pro-
gram; b The Jacquard loom (1801)
was a reprogrammable machine
and the program was held on
punched cards (photograph by
George P. Landow from
www.victorianweb.org)

Introduction

The term robot means different things to different people. Science fiction books and
movies have strongly influenced what many people expect a robot to be or what it can
do. Sadly the practice of robotics is far behind this popular conception. One thing is
certain though - robotics will be an important technology in this century. Products
such as vacuum cleaning robots are the vanguard of a wave of smart machines that
will appear in our homes and workplaces.

In the eighteenth century the people of Europe were fascinated by automata such as
Vaucanson’s duck shown in Fig. 1.1a. These machines, complex by the standards of the
day, demonstrated what then seemed life-like behaviour. The duck used a cam mecha-
nism to sequence its movements and Vaucanson went on to explore mechanization of
silk weaving. Jacquard extended these ideas and developed a loom, shown in Fig. 1.1b,
that was essentially a programmable weaving machine. The pattern to be woven was
encoded as a series of holes on punched cards. This machine has many hallmarks of a
modern robot: it performed a physical task and was reprogrammable.

The term robot was coined in a 1921 Czech science fiction play “Rossum’s Universal
Robots” by Karel Capek. The robots were artificial people or androids and the word, in
Czech, is derived from the word for worker. In the play, as in so many robot stories that
follow, the robots rebel and it ends badly for humanity. Isaac Asimov’s robot series,
comprising many books and short stories written between 1950 and 1985, explored
issues of human and robot interaction and morality. The robots in these stories are
equipped with “positronic brains” in which the “Three laws of robotics” are encoded.
These stories have influenced subsequent books and movies which in turn have shaped
the public perception of what robots are. The mid twentieth century also saw the ad-
vent of the field of cybernetics - an uncommon term today but then an exciting sci-
ence at the frontiers of understanding life and creating intelligent machines.

The first patent for what we would now consider a robot was filed in 1954 by George
C. Devol and issued in 1961. The device comprised a mechanical arm with a gripper
that was mounted on tracks and the sequence of motions was encoded as magnetic
patterns stored on a rotating drum. The first robotics company, Unimation, was
founded by Devol and Joseph Engelberger in 1956 and their first industrial robot shown

1 (T
k1A T T i -
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in Fig. 1.2 was installed in 1961. The original vision of Devol and Engelberger for ro-
botic automation has become a reality and many millions of arm-type robots such as
shown in Fig. 1.3 have been built and put to work at tasks such as welding, painting,
machine loading and unloading, electronic assembly, packaging and palletising. The use
of robots has led to increased productivity and improved product quality. Rather than
take jobs it has helped to keep manufacturing industries viable in high-labour cost
countries. Today many products we buy have been assembled or handled by a robot.

These first generation robots are now a subclass of robotics known as manufactur-
ing robots. Other subclasses include service robots which supply services such as clean-
ing, personal assistance or medical rehabilitation; field robots which work outdoors
such as those shown in Fig. 1.4; and humanoid robots such as shown in Fig. 1.6b that
have the physical form of a human being.

A manufacturing robot is typically an arm-type manipulator on a fixed base that
performs repetitive tasks within a local work cell. Parts are presented to the robot in
an orderly fashion which maximizes the advantage of the robot’s high speed and pre-
cision. High-speed robots are hazardous and safety is achieved by excluding people
from robotic work places.

Field and service robots face specific and significant challenges. The first challenge
is that the robot must operate and move in a complex, cluttered and changing environ-
ment. A delivery robot in a hospital must operate despite crowds of people and a time-
varying configuration of parked carts and trolleys. A Mars rover must navigate rocks
and small craters despite not having an accurate local map in advance of its travel.
Robotic cars, such as demonstrated in the DARPA Grand Challenges (Buehler et al.
2007), must follow roads, obey traffic signals and the rules of the road.

The second challenge for these types of robots is that they must operate safely in
the presence of people. The hospital delivery robot operates amongst people, the ro-
botic car contains people and a robotic surgical device operates inside people.

Rossum'’s Universal Robots (RUR). In the introductory scene Helena Glory is visiting Harry Domin
the director general of Rossum’s Universal Robots and his robotic secretary Sulla.

Domin Sulla, let Miss Glory have a look at you.

Helena (stands and offers her hand) Pleased to meet you. It must be very hard for you out here,
cut off from the rest of the world [the factory is on an island]

Sulla T do not know the rest of the world Miss Glory. Please sit down.
Helena (sits) Where are you from?

Sulla From here, the factory

Helena Oh, you were born here.

Sulla Yes I was made here.

Helena (startled) What?

Domin (laughing) Sulla isn’t a person, Miss Glory, she’s a robot.
Helena Oh, please forgive me ...

The full play can be found at http://ebooks.adelaide.edu.au/c/capek/karel/rur. (Image on the
right: Library of Congress item 96524672)

Fig. 1.3. A modern six-axis robot
from ABB that would be used for
factory automation. This type of
robot is a technological descen-
dant of the Unimate shown in
Fig. 1.2
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George Devol, Jr. (1912-2011) was a prolific American inventor. He was born in Louisville,
Kentucky,and in 1932 founded United Cinephone Corp. which manufactured phonograph arms
and amplifiers, registration controls for printing presses and packaging machines. In 1954, he
applied for US patent 2,988,237 for Programmed Article Transfer which introduced the con-
cept of Universal Automation or “Unimation”. Specifically it described a track-mounted polar-
coordinate arm mechanism with a gripper and a programmable controller - the precursor of
all modern robots.

In 2011 he was inducted into the National Inventors Hall of Fame. (Photo on the left: cour-
tesy of George C. Devol)

Joseph F. Engelberger (1925-) is an American engineer and entrepreneur who is often referred
to as the “Father of Robotics”. He received his B.S. and M.S. degrees in physics from Columbia
University, in 1946 and 1949, respectively. Engelberger has been a tireless promoter of robotics.
In 1966, he appeared on The Tonight Show Starring Johnny Carson with a Unimate robot which
poured a beer, putted a golf ball, and directed the band. He promoted robotics heavily in Japan,
which led to strong investment and development of robotic technology in that country, and
and gave testimony to Congress on the value of using automation in space. He has written two
books Robotics in Practice (1980) and Robotics in Service (1989), and the former was translated
into six languages.

Engelberger served as chief executive of Unimation until 1982, and in 1984 founded Transi-
tions Research Corporation which became HelpMate Robotics Inc. and was later sold. He re-
mains active in the promotion and development of robots for use in elder care. He was elected to
the National Academy of Engineering and received the Beckman Award and the Japan Prize. Each
year the Robotics Industries Association presents an award in his honour to “persons who have
contributed outstandingly to the furtherance of the science and practice of robotics.”

Fig. 1.4. Non land-based mobile So what is a robot? There are many definitions and not all of them are particularly

robots. a SeaBed type Autono-  helpfy], A definition that will serve us well in this book is
mous Underwater Vehicle (AUV)

operated by the Australian Cen-

tre for Field Robotics (photo by a goal oriented machine that can sense, plan and act.

Roger T. Hanlon), b Global Hawk

unmanned aerial vehicle (UAV) A robot senses its environment and uses that information, together with a goal, to
(photo: courtesy of NASA) plan some action. The action might be to move the tool of an arm-robot to grasp an

object or it might be to drive a mobile robot to some place.

Sensing is critical to robots. Proprioceptive sensors measure the state of the robot
itself: the angle of the joints on a robot arm, the number of wheel revolutions on a mobile
robot or the current drawn by an electric motor. Exteroceptive sensors measure the state
of the world with respect to the robot. The sensor might be a simple contact switch on a
vacuum cleaner robot to detect collision. It might be a GPS receiver that measures dis-
tances to an orbiting satellite constellation, or a compass that measures the direction of
the Earth’s magnetic field relative to the robot’s heading. It might also be an active sensor
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Cybernetics, artificial intelligence and robotics. Cybernetics flour-
ished as a research field from the 1930s until the 1960s and was
fueled by a heady mix of new ideas and results from neurology,
feedback, control and information theory. Research in neurology
had shown that the brain was an electrical network of neurons.
Harold Black, Henrik Bode and Harry Nyquist at Bell Labs were
researching negative feedback and the stability of electrical net-
works, Claude Shannon’s information theory described digital
signals, and Alan Turing was exploring the fundamentals of com-
putation. Walter Pitts and Warren McCulloch proposed an artifi-
cial neuron in 1943 and showed how it might perform simple logi-
cal functions. In 1951 Marvin Minsky built SNARC (from a B24
autopilot and comprising 3000 vacuum tubes) which was perhaps
the first neural-network-based learning machine as his graduate
project. William Grey Walter’s robotic tortoises showed life-life
behaviour. Maybe an electronic brain could be built!

An important early book was Norbert Wiener’s Cybernetics
or Control and Communication in the Animal and the Machine

(Wiener 1965). A characteristic of a cybernetic system is the use
of feedback which is common in engineering and biological sys-
tems. The ideas were later applied to evolutionary biology, psy-
chology and economics.

In 1956 a watershed conference was hosted by John McCarthy
at Dartmouth College and attended by Minsky, Shannon, Herbert
Simon, Allen Newell and others. This meeting defined the term
artificial intelligence (AI) as we know it today with an emphasis
on digital computers and symbolic manipulation and led to new
research in robotics, vision, natural language, semantics and rea-
soning. McCarthy and Minsky formed the AI group at MIT, and
McCarthy left in 1962 to form the Stanford AI Laboratory. Minsky
focused on artificially simple “blocks world”. Simon, and his stu-
dent Newell, were influential in Al research at Carnegie-Mellon
University from which the Robotics Institute was spawned in
1979. These Al groups were to be very influential in the develop-
ment of robotics and computer vision in the USA. Societies and
publications focusing on cybernetics are still active today.

Fig. 1.5.

Early results in computer vision
for estimating the shape and pose
of objects, from the PhD work of
L. G. Roberts at MIT Lincoln Lab
in 1963 (Roberts 1963). a Original
picture; b gradient image; ¢ con-
nected feature points; d recon-
structed line drawing

that emits acoustic, optical or radio pulses in order to measure the distance to points
in the world based on the time taken for a reflection to return to the sensor.

A camera is a passive captures patterns of energy reflected from the scene. Our own
experience is that eyes are a very effective sensor for recognition, navigation, obstacle
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Fig. 1.6.
Two very different types of
mobile robots. a Mars rover.

Note the two cameras on the
mast which provide stereo
vision from which the robot can
compute the 3-dimensional
structure of its environment
(image courtesy of NASA/JPL/
Cornell University); b Honda’s
Asimo humanoid robot (photo
courtesy Honda Motor Co. Japan)

avoidance and manipulation so vision has long been of interest to robotics research-
ers. Figure 1.5 shows early work in reconstructing a 3-dimensional wireframe model
from an image and gives some idea of the difficulties involved. An important limita-
tion of a single camera is that the 3-dimensional structure must be inferred from the
2-dimensional image. An alternative approach is stereo vision, using two or more cam-
eras, to compute the 3-dimensional structure of the world. The Mars rover shown in
Fig. 1.6a has a stereo camera on its mast.

In this book we focus on the use of cameras as sensors for robots. Machine vision,
discussed in Part IV, is the use of computers to process images from one or more cam-
eras and to extract numerical features. For example determining the coordinate of a
round red object in the scene, or how far a robot has moved based on how the world
appears to move relative to the robot.

If the robot’s environment is unchanging it can make do with an accurate map
and have little need to sense the state of the world, apart from determining where it
is. Imagine driving a car with the front window covered over and just looking at the
GPS navigation system. If you had the roads to yourself you could probably drive
from A to B quite successfully albeit slowly. However if there were other cars, pedes-
trians, traffic signals or roadworks then you would be in some difficulty. To deal with
this you need to look outwards - to sense the world and plan your actions accord-
ingly. For humans this is easy, done without conscious thought, but it is not easy to
program a machine to do the same.

Tele-robots are robot-like machines that are remotely controlled by a human op-
erator. Perhaps the earliest was a radio controlled boat demonstrated by Nikola Tesla
in 1898 and which he called a teleautomaton. According to the definition above these
are not robots but they were an important precursor to robots and are still important
today (Goldberg and Siegwart 2001; Goldberg 2001) for many tasks where people
cannot work but which are too complex for a machine to perform by itself. For
example the underwater robots that surveyed the wreck of the Titanic were techni-
cally remotely operated vehicles (ROVs). The Mars rovers Spirit and Opportunity

The Manhattan Project in World War 2 (WW II) developed the first nuclear weapons and this
required handling of radioactive material. Remotely controlled arms were developed by Ray
Goertz at Argonne National Laboratory to exploit the manual dexterity of human operators
while keeping them away from the hazards of the material they were handling. The operators
viewed the task they were doing through thick lead-glass windows or via a television link. Tele-
robotics is still important today for many tasks where people cannot work but which are too
complex for a machine to perform by itself, for instance the underwater robots that surveyed
the wreck of the Titanic. (Photo on the left: Courtesy Argonne National Laboratory)
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Unimation Inc.(1956-1982). Devol sought financing to develop his unimation technology and even-
tually met with Joseph Engelberger who was then an engineer with Manning, Maxwell and Moore.
In 1956 they jointly established Unimation, the first robotics company, in Danbury Connecticut.
The company was acquired by Consolidated Diesel Corp. (Condec) and became Unimate Inc. a
division of Condec. Their first robot went to work in 1961 at a General Motors die-casting plant in
New Jersey. In 1968 they licenced technology to Kawasaki Heavy Industries which produced the
first Japanese industrial robot. Engelberger served as chief executive until it was acquired by
Westinghouse in 1982. People and technologies from this company have gone on to be very influ-
ential on the whole field of robotics.

autonomously navigate the surface of Mars but human operators provide the high-
level goals. That is, the operators tell the robot where to go and the robot itself deter-
mines the details of the route. Local decision making on Mars is essential given that
the communications delay is several minutes. Some robots are hybrids and the con-
trol task is shared or traded with a human operator. In traded control, the control
function is passed back and forth between the human operator and the computer.
For example an aircraft pilot can pass control to an autopilot and take back control
back. In shared control, the control function is performed by the human operator
and the computer working together. For example an autonomous passenger car might
have the computer keeping the car in the lane and avoiding collisions, while the hu-
man operator just controls the speed.

1.1 About the Book

This book is about robotics and computer vision - separately, and together as robotic
vision. These are big topics and the combined coverage is necessarily broad. The intent
is not to be shallow but rather to give the reader a flavour of what robotics and vision
is about and what it can do - consider it a grand tasting menu.

The goals of the book are:

= to provide a broad and solid base of understanding through theory and examples;

= to tackle more complex problems than other textbooks by virtue of the powerful
numerical tools and software that underpins it;

®= to provide instant gratification by solving complex problems with relatively little code;

= to complement the many excellent texts in robotics and computer vision;

* to encourage intuition through hands on numerical experimentation; and

= to limit the number of equations presented to where (in my judgement) they add
value or clarity.

The approach used is to present background, theory and examples in an integrated
fashion. Code and examples are first-class citizens in this book and are not relegated
to the end of the chapter or an associated web site. The examples are woven into the
discussion like this

>> Ts = ctraj(Tl, T2, t);

>> p = transl(Ts);

>> plot(t, p);
where the MATLAB® code illuminates the topic being discussed and generally re-
sults in a figure or a crisp numerical result that is then discussed. The examples il-
lustrate how to use the associated MATLAB® Toolboxes and that knowledge can
then be applied to other problems. Most of the figures in this book have been gen-
erated by the code examples provided - in fact the book is just one very large
MATLAB® script.
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1.1.1 The MATLAB® Software

To do good work, one must first have good tools.
Chinese proverb

The computational foundation of this book is MATLAB®, a product of The Mathworks
Inc. MATLAB® is an interactive mathematical software environment that makes linear
algebra, data analysis and high-quality graphics a breeze. MATLAB® is a popular pack-
age and one that is very likely to be familiar to students and researchers. It also sup-
ports a programming language which allows the creation of complex algorithms.

A strength of MATLAB® is its support for Toolboxes which are collections of func-
tions targeted at particular topics. Toolboxes are available from The MathWorks, third
party companies and individuals. Some Toolboxes are products and others are open-
source. This book is based on two open-source Toolboxes written by the author: the
Robotics Toolbox for MATLAB® and the Machine VisionToolbox for MATLAB®. These
Toolboxes, with MATLAB® turn a modern personal computer into a powerful and
convenient environment for investigating complex problems in robotics, machine vi-
sion and vision-based control. The Toolboxes are free to use and distributed under the
GNU Lesser General Public License (GNU LGPL).

The Robotics Toolbox (RTB) provides a diverse range of functions for simulating
mobile and arm-type robots. The original toolbox, dating back to the early 1990s, was
concerned only with arm-type robots and supported a very general method of repre-
senting the structure of serial-link manipulators using matrices and later MATLAB®
objects. Arbitrary serial-link manipulators could be created and the Toolbox provides
functions for forward and inverse kinematics and dynamics. The Toolbox includes
functions for manipulating and converting between datatypes such as vectors, homo-
geneous transformations, 3-angle representations and unit-quaternions which are nec-
essary to represent 3-dimensional position and orientation.

The Toolbox released with this book adds significant new functionality for simu-
lating mobile robots. The RTB now includes models of car-like vehicles and quadrotors
and controllers for these vehicles. It also provides standard algorithms for robot path
planning, localization and map making.

The Machine Vision Toolbox (MVTB) provides a rich collection of functions for
camera modeling, image processing, image feature extraction, multi-view geometry
and vision-based control. This Toolbox is younger than the Robotics Toolbox but it is

The MATLAB® software we use today has a long history. It starts with the LINPACK and EISPACK
projects run by the Argonne National Laboratory in the 1970s to produce high quality, tested and
portable mathematical software. LINPACK is a collection of routines for linear algebra and
EISPACK is a library of numerical algorithms for computing eigenvalues and eigenvectors of
matrices. These packages were written in Fortran which was then, and even today is, the language
of choice for large-scale numerical problems.

Cleve Moler, then at the University of New Mexico, contributed to both projects and wrote the
first version of MATLAB® in the late 1970s. It allowed interactive use of LINPACK and EISPACK
for problem solving without having to write and compile Fortran code. MATLAB® quickly spread
to other universities and found a strong audience within the applied mathematics and engineer-
ing community. In 1984 Cleve Moler and Jack Little founded The MathWorks Inc. which exploited
the newly released IBM PC - the first widely available desktop computer.

Cleve Moler received his bachelor’s degree from Caltech in 1961, and a Ph.D. from Stanford
University. He was a professor of mathematics and computer science at universities including
University of Michigan, Stanford University, and the University of New Mexico. He has served as
president of the Society for Industrial and Applied Mathematics (STAM) and was elected to the
National Academy of Engineering in 1997.

See also http://www.mathworks.com/company/aboutus/founders/clevemoler.html which in-
cludes a video of Cleve Moler and also http://history.siam.org/pdfs2/Moler_final.pdf.
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not a clone of the MATLAB® Image Processing Toolbox (IPT). Although there is some
common functionality the Machine Vision Toolbox predates IPT by many years. The
MVTB contains many functions for image acquisition and display; filtering; blob, point
and line feature extraction; mathematical morphology; image warping; stereo vision;
homography and fundamental matrix estimation; robust estimation; visual Jacobians;
geometric camera models; camera calibration and color space operations. For modest
image sizes on a modern computer the processing rate can be sufficiently “real-time”
to allow for closed-loop control.

The Toolboxes are provided in source code form. The bulk of the code is written in
the MATLAB® M-language but some functions are written in C for increased compu-
tational efficiency.” In general the Toolbox code is written in a straightforward man-
ner to facilitate understanding, perhaps at the expense of computational efficiency. If
you're starting out in robotics or vision then the Toolboxes are a significant initial
base of code on which to build your project.

This book provides examples of the usage of many Toolbox functions in the con-
text of solving specific problems but it is not a reference manual. Comprehensive docu-
mentation of all Toolbox functions is available through MATLAB’s builtin help mecha-
nism. This approach allows the code to evolve and develop new features over time
while maintaining backward compatibility and not obsoleting the book.

Appendix A provides details of how to obtain the Toolboxes and pointers to online
resources including discussion groups.

1.1.2 Audience and Prerequisites

The book is intended primarily for third or fourth year undergraduate students and
graduate students in their first year. For undergraduates the book will serve as a com-
panion text for a robotics or machine vision course or to support a major project in
robotics or vision. Students should study Part I and the appendices for foundational
concepts, and then the relevant part of the book: mobile robotics, arm robots, com-
puter vision or vision-based control. The Toolboxes provide a solid set of tools for
problem solving, and the exercises at the end of each chapter provide additional prob-
lems beyond the worked examples in the book.

For students commencing graduate study in robotics, and who have previously stud-
ied engineering or computer science, the book will help fill in the gaps between what you
learned as an undergraduate and what will be required to underpin your deeper study
of robotics and computer vision. The book’s working code base can help bootstrap your
research, enabling you to get started quickly and working productively on your own
problems and ideas. Since the source code is available you can reshape it to suit your
need, and when the time comes (as it usually does) to code your algorithms in some
other language then the Toolboxes can be used to cross-check your implementation.

For those who are no longer students, the researcher or industry practitioner, the
book will serve as a useful companion for your own reference to a wide range of topics
in robotics and computer vision, as well as a Handbook and guide for the Toolboxes.

The book assumes undergraduate-level knowledge of linear algebra (matrices, vec-
tors, eigenvalues), basic set theory, basic graph theory, probability, dynamics (forces,
torques, inertia), the Laplace transform and transfer functions, linear control (propor-
tional control, proportional-derivative control, proportional-integral control) and block
diagram notation. Computer science students are less likely to have encountered the
Laplace transform and classical control but this appears only in Sect. 9.4,and Hellerstein
etal. (2004) may be a useful introduction to the topics. The book also assumes the
reader is familiar with programming in MATLAB® and also familiar with object-ori-
ented programming techniques (perhaps C++, Java or Python). Familiarity with
Simulink®, MATLAB’s graphical block-diagram modeling tool will be helpful but not
essential. The appendices provide concise refreshers on many of these topics.

These are implemented as MEX files,
which are written in Cin a very specific
way that allows them to be invoked
from MATLAB® just like a function writ-
ten in M-language.
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They are placed as marginal notes near
the corresponding marker.

1.1.3 Notation and Conventions

The mathematical notation used in the book is summarized in the nomenclature sec-
tion on page xvii. Since the coverage of the book is broad there are just not enough
good symbols to go around, so it is unavoidable that some symbols have different
meanings in different parts of the book.

There is a lot of MATLAB® code in the book and this is indicated in blue fixed-
width font such as

>> a =2 + 2

a =

4

The MATLAB® command prompt is >> and what follows is the command issued to
MATLAB® by the user. Subsequent lines, without the prompt, are MATLAB’s response.
All functions, classes and methods mentioned in the text or in code segments are cross-
referenced and have their own indexes at the end of the book. All the MATLAB® code
segments are available from the book’s web page as described in Appendix A. This
book is not a manual and although it illustrates the use of many functions within the
Toolbox the definitive source for information about all Toolbox functions is the online
documentation. Every MATLAB® and Toolbox function used in the code examples is
included in the index of functions on page 554 allowing you to find different ways that
particular functions have been used.

Colored boxes are used to indicate different types of material. Orange informa-
tional boxes highlight material that is particularly important while orange and red
warning boxes highlight points that are often traps for those starting out. Blue boxes
provide technical, historical or biographical information that augment the main text
but they are not critical to its understanding.

As an author there is a tension between completeness, clarity and conciseness. For
this reason a lot of detail has been pushed into notes* and blue boxes and on a first
reading these can be skipped. However if you are trying to understand a particular
algorithm and apply it to your own problem then understanding the details and nu-
ances can be important and the notes are for you.

Each chapter ends with a Wrapping up section that summarizes the important les-
sons from the chapter, discusses some suggested further reading, and provides some
exercises. References are cited sparingly in the text of each chapter. The Further read-
ing subsection discusses prior work and references that provide more rigour or more
complete description of the algorithms. Exercises extend the concepts discussed within
the chapter and are generally related to specific code examples discussed in the chapter.
The exercises vary in difficulty from straightforward extension of the code examples to
more challenging problems.

1.14 How to Use the Book

The best way to learn is by doing. Although the book shows the MATLAB® commands
and the response there is something special about doing it for yourself. Consider the
book as an invitation to tinker. By running the commands yourself you can look at
the results in ways that you prefer, plot the results in a different way, or try the algo-
rithm on different data or with different parameters. You can also look at the online
documentation for the Toolbox functions, discover additional features and options,
and experiment with those, or read the code to see how it really works and then
modify it.

Most of the commands are quite short so typing them in to MATLAB® is not too
onerous. However the book’s web site, see Appendix A, includes all the MATLAB® com-
mands shown in the book (more than 1600 lines) and these can be cut and pasted into
MATLAB® or downloaded and used to create your own scripts.
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1.1.5 Teaching with the Book

The book can be used in support of courses in robotics, mechatronics and computer
vision. All courses should include the introduction to coordinate frames and their com-
position which is discussed in Chap. 2. For a mobile robotics or image processing course
it is sufficient to teach only the 2-dimensional case. For robotics or multi-view geometry
the 2- and 3-dimensional cases should be taught. Most figures (MATLAB-generated
and line drawings) in this book are available as a PDF format file from the book’s web
site and are free to use with attribution. All the code in this book can be downloaded
from the web site and used as the basis for demonstrations in lectures or tutorials.

The exercises at the end of each chapter can be used as the basis of assignments, or
as examples to be worked in class or in tutorials. Most of the questions are rather open
ended in order to encourage exploration and discovery of the effects of parameters
and the limits of performance of algorithms. This exploration should be supported by
discussion and debate about performance measures and what best means. True under-
standing of algorithms involves an appreciation of the effects of parameters, how al-
gorithms fail and under what circumstances.

The teaching approach could also be inverted, by diving headfirst into a particular
problem and then teaching the appropriate prerequisite material. Suitable problems
could be chosen from the Application sections of Chap. 7, 14 or 16, or from any of the
exercises. Particularly challenging exercises are so marked.

For graduate students the papers and textbooks mentioned in the Further Reading
could form the basis of a student’s reading list. They could also serve as candidate
papers for a reading group or journal club.

1.1.6 Outline

I promised a book with instant gratification but before we can get started in robotics
there are some fundamental concepts that we absolutely need to understand, and
understand well. Part I introduces the concepts of pose and coordinate frames - how
we represent the position and orientation of a robot and objects that the robot needs
to work with. We discuss how motion between two poses can be decomposed into
elementary translations and rotations, and how elementary motions can be composed
into more complex motions. Chapter 2 discusses how pose can be represented in a
computer,and Chap. 3 discusses how we can generate a sequence of poses that smoothly
follow some path in space and time and the relationship between velocity and the
derivative of pose.

With these formalities out of the way we move on to the first main event - robots.
There are two important classes of robot: mobile robots and manipulator arms and
these are covered in Parts II and III respectively.

Part II begins, in Chap. 4, with a discussion of robot mobility which covers con-
cepts such as under-actuation and non-holonomy and then introduces motion mod-
els for a car-like vehicle and a quadrotor flying vehicle. Various control laws are dis-
cussed for the car-like vehicle such as moving to a point, following a path and moving
to a specific pose. Chapter 5 is concerned with navigation, that is, how a robot finds a
path between points A and B in the world. Two important cases, with and without a
map, are discussed. Most navigation techniques require knowledge of the robot’s posi-
tion and Chap. 6 discusses various approaches to this problem based on dead-reckon-
ing, or landmark observation and a map. We also show how a robot can make a map,
and even determine its location while simultaneously mapping an unknown region.

Part III is concerned with arm-type robots, or more precisely serial-link manipula-
tors. Manipulator arms are used for tasks such as assembly, welding, material handling
and even surgery. Chapter 7 introduces the topic of kinematics which relates the angles
of the robot’s joints to the 3-dimensional pose of the robot’s tool. Techniques to gener-
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ate smooth paths for the tool are discussed and two examples show how an arm-robot
can draw a letter on a surface and how multiple arms (acting as legs) can be used to
create a model for a simple walking robot. Chapter 8 discusses the relationships be-
tween the rates of change of joint angles and tool pose. It introduces the Jacobian
matrix and concepts such as singularities, manipulability, null-space motion, and re-
solved-rate motion control. It also discusses under- and over-actuated robots and the
general numerical solution to inverse kinematics. Chapter 9 introduces the dynamic
equations of motion for a serial-link manipulator and the relationship between joint
forces and joint motion. The design of joint control systems is discussed and covers
important topics such as variation in inertia and payload, flexible transmissions and
independent joint versus non-linear control strategies.

Computer vision is a large field concerned with processing images in order to en-
hance them for human benefit, interpret the contents of the scene or create a 3D model
corresponding to the scene. Part IV is concerned with machine vision, a subset of com-
puter vision, and defined here as the extraction of numerical features from images to
provide input for control of a robot. The discussion starts in Chap. 10 with the funda-
mentals of light, illumination and color. Chapter 11 describes the geometric model of
perspective image creation using lenses and discusses topics such as camera calibra-
tion and pose estimation. We also introduce non-perspective imaging using wide-angle
lenses and mirror systems and the relationship to perspective images. Chapter 12 dis-
cusses image processing which is a domain of 2-dimensional signal processing that
transforms one image into another image. The discussion starts with acquiring real-
world images and then covers various arithmetic and logical operations that can be
performed on images. We then introduce spatial operators such as convolution, seg-
mentation, morphological filtering and finally image shape and size changing. These
operations underpin the discussion in Chap. 13 which describe how numerical fea-
tures are extracted from images. The features describe homogeneous regions (blobs),
lines or distinct points in the scene and are the basis for vision-based robot control.
Chapter 14 discusses how features found in different views of the scene can provide
information about its underlying three-dimensional geometry and the spatial rela-
tionship between the camera views.

Part V discusses how visual features extracted from the camera’s view can be used
to control arm-type and mobile robots — an approach known as vision-based control or
visual servoing. This part pulls together concepts introduced in the earlier parts of the
book. Chapter 15 introduces the classical approaches to visual servoing known as posi-
tion-based and image-based visual servoing and discusses their respective limitations.
Chapter 16 discusses more recent approaches that address these limitations and also
covers the use of non-perspective cameras, under-actuated robots and mobile robots.

This is a big book but any one of the parts can be read standalone, with more or less
frequent visits to the required earlier material. Chapter 2 is the only mandatory mate-
rial. Parts II, IIT or IV could be read standalone for an introduction to mobile robots,
arm robots or machine vision respectively. An alternative approach, following the in-
stant gratification theme, is to jump straight into any chapter and start exploring -
visiting the earlier material as required.
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Chapter

Representing Position

and Orientation

Fig. 2.1.
a The point P is described by a co-
ordinate vector with respect to an
absolute coordinate frame. b The

points are described with respect
to the object’s coordinate frame {B}
which in turn is described by a
relative pose £ 5. Axes are deno-
ted by thick lines with an open
arrow, vectors by thin lines with a
swept arrow head and a pose by a
thick line with a solid head

Fig.2.2.

The point P can be described by
coordinate vectors relative to
either frame {A} or {B}. The pose
of {B} relative to {A} is A&,

A fundamental requirement in robotics and computer vision is to represent
the position and orientation of objects in an environment. Such objects in-
clude robots, cameras, workpieces, obstacles and paths.

A point in space is a familiar concept from mathematics and can be de-
scribed by a coordinate vector, also known as a bound vector, as shown in
Fig. 2.1a. The vector represents the displacement of the point with respect
to some reference coordinate frame. A coordinate frame, or Cartesian coor-
dinate system, is a set of orthogonal axes which intersect at a point known
as the origin.

More frequently we need to consider a set of points that comprise some
object. We assume that the object is rigid and that its constituent points
maintain a constant relative position with respect to the object’s coordinate
frame as shown in Fig. 2.1b. Instead of describing the individual points we
describe the position and orientation of the object by the position and ori-
entation of its coordinate frame. A coordinate frame is labelled, {B} in this
case, and its axis labels x; and y; adopt the frame’s label as their subscript.

The position and orientation of a coordinate frame is known as its pose
and is shown graphically as a set of coordinate axes. The relative pose of a
frame with respect to a reference coordinate frame is denoted by the symbol ¢

VB
y y
A A
axis P
]:Diwt
{B}
coordinate
vector B XB
origin. _pxis S
a - b -
VA VB
A
P
B
Ap jo
{B}
A
SB o

A}
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- pronounced ksi. Figure 2.2 shows two frames {A} and {B} and the relative pose A&,
which describes {B} with respect to {A}. The leading superscript denotes the reference
coordinate frame and the subscript denotes the frame being described. We could also
think of 4&; as describing some motion - imagine picking up {A} and applying a dis-
placement and a rotation so that it is transformed to {B}. If the initial superscript is miss-
ing we assume that the change in pose is relative to the world coordinate frame denoted O.

The point P in Fig. 2.2 can be described with respect to either coordinate frame.
Formally we express this as

p="4"p (2.1)

where the right-hand side expresses the motion from {A} to {B} and then to P. The
operator - transforms the vector, resulting in a new vector that describes the same
point but with respect to a different coordinate frame.

An important characteristic of relative poses is that they can be composed or com-
pounded. Consider the case shown in Fig. 2.3. If one frame can be described in terms
of another by a relative pose then they can be applied sequentially

Agc = A§B D ch

which says, in words, that the pose of {C} relative to {A} can be obtained by compound-
ing the relative poses from {A} to {B} and {B} to {C}. We use the operator & to indicate
composition of relative poses.

For this case the point P can be described

ip=("G L) p

Later in this chapter we will convert these abstract notions of &, - and & into stan-
dard mathematical objects and operators that we can implement in MATLAB®.

In the examples so far we have shown 2-dimensional coordinate frames. This is
appropriate for a large class of robotics problems, particularly for mobile robots which
operate in a planar world. For other problems we require 3-dimensional coordinate
frames to describe objects in our 3-dimensional world such as the pose of a flying or
underwater robot or the end of a tool carried by a robot arm.

yc

YA yB

D 5: . {C}
A { B} éC
53 X B

XA

A}

In relative pose composition we can check that we have our reference frames correct by ensuring
that the subscript and superscript on each side of the & operator are matched. We can then cancel
out the intermediate subscripts and superscripts

X§Z = Xfx (5] Yfz

leaving just the end most subscript and superscript which are shown highlighted.

Fig. 2.3.

The point P can be described by
coordinate vectors relative to
either frame {A}, {B} or {C}. The
frames are described by relative
poses



Chapter 2 - Representing Position and Orientation

17

In mathematical objects terms poses
constitute a group — a set of objects that
supports an associative binary operator
(composition) whose result belongs to
the group, an inverse operation and an
identity element. In this case the group
is the special Euclidean group in either
2 or 3 dimensions which are commonly
referred to as SE(2) or SE(3) respectively.

Fig. 2.4.
Multiple 3-dimensional coordi-
nate frames and relative poses

Figure 2.4 shows a more complex 3-dimensional example in a graphical form where
we have attached 3D coordinate frames to the various entities and indicated some rela-
tive poses. The fixed camera observes the object from its fixed viewpoint and estimates
the object’s pose relative to itself. The other camera is not fixed, it is attached to the robot
at some constant relative pose and estimates the object’s pose relative to itself.

An alternative representation of the spatial relationships is a directed graph (see
Appendix J) which is shown in Fig. 2.5. Each node in the graph represents a pose and
each edge represents a relative pose. An arrow from X to Y is denoted Xy and describes
the pose of Y relative to X. Recalling that we can compose relative poses using the
@ operator we can write some spatial relationships

GO G =0 a%
fF S5 F&R = OgR

and each equation represents a loop in the graph. Each side of the equation represents
a path through the network, a sequence of edges (arrows) that are written in head to
tail order. Both sides of the equation start and end at the same node.

A very useful property of poses is the ability to perform algebra. < The second loop
equation says, in words, that the pose of the robot is the same as composing two rela-
tive poses: from the world frame to the fixed camera and from the fixed camera to the

{F} fixed camera

{C} camera on robot
{R} robot

{O} world coordinate
frame

René Descartes (1596-1650) was a French philosopher, mathematician and part-time mercenary.
He is famous for the philosophical statement “Cogito, ergo sum” or “I am thinking, therefore I
exist” or “I think, therefore I am”. He was a sickly child and developed a life-long habit of lying in
bed and thinking until late morning. A possibly apocryphal story is that during one such morn-
ing he was watching a fly walk across the ceiling and realized that he could describe its position in
terms of its distance from the two edges of the ceiling. This coordinate system, the Cartesian
system, forms the basis of modern (analytic) geometry and influenced the development of mod-
ern calculus. In Sweden at the invitation of Queen Christine he was obliged to rise at 5 A.M.,
breaking his lifetime habit - he caught pneumonia and died. His remains were later moved to
Paris, and then moved several times, and there is now some debate about where his remains are.
After his death, the Roman Catholic Church placed his works on the Index of Prohibited Books.
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Fig. 2.5.
Spatial example of Fig. 2.4
expressed as a directed graph

robot. We can subtract & from both sides of the equation by adding the inverse of &;
which we denote as ©&; and this gives

OLBGD G =004
FfR =& D&

which is the pose of the robot relative to the fixed camera.

There are just a few algebraic rules:

EQ0=¢ £00=¢
£0E=0, 0EPE=0

where 0 represents a zero relative pose. A pose has an inverse
X Y
S = &

which is represented graphically by an arrow from Y to X. Relative poses can also
be composed or compounded

o'y, ="

It is important to note that the algebraic rules for poses are different to nor-
mal algebra and that composition is not commutative

§DE=EDE

with the exception being the case where & @ & = 0. A relative pose can transform a
point expressed as a vector relative to one frame to a vector relative to another

p="¢&"p

So what is £? It can be any mathematical object that supports the algebra described
above and is suited to the problem at hand. It will depend on whether we are consider-
ing a 2- or 3-dimensional problem. Some of the objects that we will discuss in the rest
of this chapter include vectors as well as more exotic mathematical objects such as
homogeneous transformations, orthonormal rotation matrices and quaternions. For-
tunately all these mathematical objects are well suited to the mathematical program-
ming environment of MATLAB®.
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To recap:

1. A point is described by a coordinate vector that represents its displacement from a
reference coordinate system;

2. A set of points that represent a rigid object can be described by a single coordinate
frame, and its constituent points are described by displacements from that coordinate
frame;

3. The position and orientation of an object’s coordinate frame is referred to as its
pose;

4. A relative pose describes the pose of one coordinate frame with respect to another
and is denoted by an algebraic variable &

5. A coordinate vector describing a point can be represented with respect to a different
coordinate frame by applying the relative pose to the vector using the - operator;

6. We can perform algebraic manipulation of expressions written in terms of relative
poses.

The remainder of this chapter discusses concrete representations of ¢ for various
common cases that we will encounter in robotics and computer vision.

2.1 Representing Pose in 2-Dimensions

A 2-dimensional world, or plane, is familiar to us from high-school Euclidean geom-
etry. We use a Cartesian coordinate system or coordinate frame with orthogonal axes
denoted x and y and typically drawn with the x-axis horizontal and the y-axis vertical.
The point of intersection is called the origin. Unit-vectors parallel to the axes are de-
noted & and §. A point is represented by its x- and y-coordinates (x, y) or as a bound
vector

p=x&+ yg (2.2)

Figure 2.6 shows a coordinate frame {B} that we wish to describe with respect to the
reference frame {A}. We can see clearly that the origin of {B} has been displaced by the
vector t = (x, y) and then rotated counter-clockwise by an angle €. A concrete repre-
sentation of pose is therefore the 3-vector &5~ (x, y, 6), and we use the symbol ~ to
denote that the two representations are equivalent. Unfortunately this representation
is not convenient for compounding since

(x> 71, 6) © (x5 5, 6,)

is a complex trigonometric function of both poses. Instead we will use a different way
of representing rotation.

The approach is to consider an arbitrary point P with respect to each of the coordi-
nate frames and to determine the relationship between 4p and 2p. Referring again to
Fig. 2.6 we will consider the problem in two parts: rotation and then translation.

Euclid of Alexandria (ca. 325 BCE-265 BCE) was an Egyptian mathematician who is considered
the “father of geometry”. His book Elements deduces the properties of geometrical objects and
integers from a small set of axioms.

Elements is probably the most successful book in the history of mathematics. It describes plane
geometry and is the basis for most people’s first introduction to geometry and formal proof, and
is the basis of what we now call Euclidean geometry. Euclidean distance is simply the distance
between two points on a plane. Euclid also wrote Optics which describes geometric vision and
perspective.
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To consider just rotation we create a new frame {V} whose axes are parallel to those of
{A} but whose origin is the same as {B}, see Fig. 2.7. According to Eq. 2.2 we can express
the point P with respect to {V} in terms of the unit-vectors that define the axes of the frame

VP = Vx‘ﬁv + V)’@V

V.
= (&y QV)[V;C/ (2.3)

which we have written as the product of a row and a column vector.
The coordinate frame {B} is completely described by its two orthogonal axes which
we represent by two unit vectors

& = cosOy, + sinfgy,

9 = —sindzy, + coslyy,

which can be factorized into matrix form as

W A s o[cos8 —sind
(& 95 = (2y yv)[ §inf®  cosd ] (2.4)
Using Eq. 2.2 we can represent the point P with respect to {B} as
Bp = Pxdy+ Py gp
B
=& 9 )[ x]
s Up)| 5,
and substituting Eq. 2.4 we write
. o [cos® —sinf\[ "x
=@y yV)(sin9 cosf )[B),] (2.5)

Now by equating the coefficients of the right-hand sides of Eq. 2.3 and Eq. 2.5 we
write
Vel [cos® —sinf\[ Zx
Yy | \sin@  cosf ]| By

which describes how points are transformed from frame {B} to frame {V} when the
frame is rotated. This type of matrix is known as a rotation matrix and denoted "Ry

V. B
)=l

(2.6)

Fig. 2.6.

Two 2D coordinate frames {A}
and {B} and a world point P.
{B} is rotated and translated
with respect to {A}
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Fig. 2.7.

Rotated coordinate frames in 2D.
The point P can be considered
with respect to the red or blue
coordinate frame

See Appendix D which provides a re-
fresher on vectors, matrices and linear
algebra.

—sin Q{V} v, cos 0
B}

The rotation matrix YR, has some special properties. Firstly it is orthonormal
(also called orthogonal) since each of its columns is a unit vector and the columns are
orthogonal.* In fact the columns are simply the unit vectors that define {B} with re-
spect to {V} and are by definition both unit-length and orthogonal.

Secondly, its determinant is +1, which means that R belongs to the special orthogo-
nal group of dimension 2 or R € SO(2) C R**2. The unit determinant means that the
length of a vector is unchanged after transformation, that is, |Bp| = |Vp|, V.

Orthonormal matrices have the very convenient property that R~! = R7, that is, the
inverse is the same as the transpose. We can therefore rearrange Eq. 2.6 as

B V. V. V.
)= cm i) = o) = w5

Note that inverting the matrix is the same as swapping the superscript and subscript,
which leads to the identity R(—6) = R(9)".

It is interesting to observe that instead of representing an angle, which is a scalar,
we have used a 2 x 2 matrix that comprises four elements, however these elements
are not independent. Each column has a unit magnitude which provides two con-
straints. The columns are orthogonal which provides another constraint. Four ele-
ments and three constraints are effectively one independent value. The rotation ma-
trix is an example of a non-minimum representation and the disadvantages such as
the increased memory it requires are outweighed, as we shall see, by its advantages
such as composability.

The second part of representing pose is to account for the translation between the
origins of the frames shown in Fig. 2.6. Since the axes {V} and {A} are parallel this is
simply vectorial addition

Ax Vx (x)
_ 2.7
[Ay A ly (2.7)
_ (cos® —sind)\[ Bx x
- (sin9 cosf )[By]+(y) (28)
B
X
cosf —sinf x|\ B
=" 2.9
(s1n9 cosf y) ly (29)
or more compactly as
Ay ) B,
Ay =[0RB f] By (2.10)
1 1x2 1
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A vector (x, y) is written in homogeneous form as p € P, p = (x;, x,, X;) where x = x; /x5,y = X, / x5
and x; = 0. The dimension has been increased by one and a point on a plane is now represented
by a 3-vector. To convert a point to homogeneous form we typically append a one p = (x, y, 1).
The tilde indicates the vector is homogeneous.

Homogeneous vectors have the important property that p is equivalent to A\p, VA== 0 which
we write as p ~ \p. That is p represents the same point in the plane irrespective of the overall
scaling factor. Homogeneous representation is important for computer vision that we discuss in
Part IV. Additional details are provided in Appendix I.

where ¢ = (x, y) is the translation of the frame and the orientation is #Rj. Note that
ARy = TRy since the axes of {A} and {V} are parallel. The coordinate vectors for point P
are now expressed in homogenous form and we write

A = [TRB t] B
01><2 1
= ATB Bﬁ

and 4Ty is referred to as a homogeneous transformation. The matrix has a very
specific structure and belongs to the special Euclidean group of dimension 2 or
T € SE(2) C R**3,

By comparison with Eq. 2.1 it is clear that AT} represents relative pose

cosf sinf «x
&(x, y,0) ~|—sinf cosf y
0 0 1

A concrete representation of relative pose {is €~ T € SE(2) and T, ® T,— T, T,
which is standard matrix multiplication.

IT, :[ R tl][ R, tz] _ [Rle t1+R1t2]
01><2 1 O1><2 1 01><2 1

One of the algebraic rules from page 18 is £ & 0 = & For matrices we know
that TI = T, where I is the identify matrix, so for pose 0 — I the identity matrix.
Another rule was that £S& = 0. We know for matrices that TT ! = I which im-
plies that T — T}

T—IZ[R t]_IZ[RT RTt]
0 1 0,, 1

For a point p € IP? then T-p — Tp which is a standard matrix-vector product.

To make this more tangible we will show some numerical examples using MATLAB®
and the Toolbox. We create a homogeneous transformation using the function se2

>> Tl = se2(1, 2, 30*pi/180)

Tl =
0.8660 -0.5000 1.0000
0.5000 0.8660 2.0000
0 0 1.0000

which represents a translation of (1, 2) and a rotation of 30°. We can plot this, relative
to the world coordinate frame, by
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15F SRR R SRR SRR

T ST TR SR PTIE ST
Fig. 2.8. : : : ‘ ‘ ‘

Coordinate frames drawn using 0
the Toolbox function trplot2 X

>> axis ([0 5 0 5]);
>> trplot2(Tl, 'frame', 'l', 'color', 'b'")

The options specify that the label for the frame is {1} and it is colored blue and this
is shown in Fig. 2.8. We create another relative pose which is a displacement of (2, 1)
and zero rotation

>> T2 = se2(2, 1, 0)

T2 =
1 0 2
0 1 1
0 0 1

which we plot in red

>> hold on
>> trplot2 (T2, 'frame', '2', 'color', 'r');

Now we can compose the two relative poses

>> T3 = T1*T2

T3 =
0.8660 -0.5000 2.2321
0.5000 0.8660 3.8660
0 0 1.0000

and plot it, in green, as
>> trplot2 (T3, 'frame', '3', 'color', 'g');

We see that the displacement of (2, 1) has been applied with respect to frame {1}. It is
important to note that our final displacement is not (3, 3) because the displacement is
with respect to the rotated coordinate frame. The non-commutativity of composition
is clearly demonstrated by

>> T4 = T2*T1;
>> trplot2 (T4, 'frame', '4', 'color', 'c');

and we see that frame {4} is different to frame {3}.
Now we define a point (3, 2) relative to the world frame

> P = [3 ; 2 1;
which is a column vector and add it to the plot

>> plot_point (P, '*');
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To determine the coordinate of the point with respect to {1} we use Eq. 2.1 and
write down

0¢ 1
P="4"P
and then rearrange as

1 1 0
P=6&"P
0gy\—1 0
=(§) b p
Substituting numerical values

>> Pl = inv(T1) * [P; 1]
Pl =

1.7321

-1.0000
1.0000

where we first converted the Euclidean point to homogeneous form by appending a
one. The result is also in homogeneous form and has a negative y-coordinate in
frame {1}. Using the Toolbox we could also have expressed this as
>> h2e( inv(T1l) * e2h(P) )
ans =
1.7321
-1.0000
where the result is in Euclidean coordinates. The helper function e2h converts Euclid-
ean coordinates to homogeneous and h2 e performs the inverse conversion. More com-
pactly this can be written as

>> homtrans( inv(T1l), P)
ans =

1.7321

-1.0000

The same point with respect to {2} is

>> P2 = homtrans( inv(T2), P)
P2 =
1
1
2.2 Representing Pose in 3-Dimensions

The 3-dimensional case is an extension of the 2-dimensional case discussed in the
previous section. We add an extra coordinate axis, typically denoted by z, that is or-
thogonal to both the x- and y-axes. The direction of the z-axis obeys the right-hand
rule and forms a right-handed coordinate frame. Unit vectors parallel to the axes are
denoted £, § and 2 such that”

L=@xg, B=gx5 g=ix& (2.11)
A point P is represented by its x-, y- and z-coordinates (x, y, z) or as a bound vector
P=x% + yf§ + z2
Figure 2.9 shows a coordinate frame {B} that we wish to describe with respect to the
reference frame {A}. We can see clearly that the origin of {B} has been displaced by the

vector t = (x, y, z) and then rotated in some complex fashion. Just as for the 2-dimen-
sional case the way we represent orientation is very important.

In all these identities, the symbols from
left to right (across the equals sign) are a
cyclic permutation of the sequence xyz.
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Fig. 2.9.

Two 3D coordinate frames {A}
and {B}. {B} is rotated and
translated with respect to {A}

ya VB
A P
A
D/ B
s Y p {B}
1 ZB
{A} X > XA

Our approach is to again consider an arbitrary point P with respect to each of
the coordinate frames and to determine the relationship between 4p and 5p. We will
again consider the problem in two parts: rotation and then translation. Rotation
is surprisingly complex for the 3-dimensional case and we devote all of the next sec-
tion to it.

2.2.1 Representing Orientation in 3-Dimensions

Any two independent orthonormal coordinate frames

can be related by a sequence of rotations (not more than three)

about coordinate axes, where no two successive rotations may be about the same axis.
Euler’s rotation theorem (Kuipers 1999).

Figure 2.9 showed a pair of right-handed coordinate frames with very different orien-
tations, and we would like some way to describe the orientation of one with respect to
the other. We can imagine picking up frame {A} in our hand and rotating it until it
looked just like frame {B}. Euler’s rotation theorem states that any rotation can be con-
sidered as a sequence of rotations about different coordinate axes.

We start by considering rotation about a single coordinate axis. Figure 2.10 shows a
right-handed coordinate frame, and that same frame after it has been rotated by vari-
ous angles about different coordinate axes.

The issue of rotation has some subtleties which are illustrated in Fig. 2.11. This
shows a sequence of two rotations applied in different orders. We see that the final
orientation depends on the order in which the rotations are applied. This is a deep and
confounding characteristic of the 3-dimensional world which has intrigued mathema-
ticians for a long time. The implication for the pose algebra we have used in this chap-
ter is that the & operator is not commutative - the order in which rotations are applied
is very important.

Mathematicians have developed many ways to represent rotation and we will dis-
cuss several of them in the remainder of this section: orthonormal rotation matrices,
Euler and Cardan angles, rotation axis and angle, and unit quaternions. All can be
represented as vectors or matrices, the natural datatypes of MATLAB® or as a Toolbox
defined class. The Toolbox provides many function to convert between these repre-
sentations and this is shown diagrammatically in Fig. 2.15.

Right-hand rule. A right-handed coordinate frame is defined by the first three fingers of your right
hand which indicate the relative directions of the x-, y- and z-axes respectively.
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y Fig. 2.10.
Rotation of a 3D coordinate

z frame. a The original coordinate
frame, b—f frame a after various
X rotations as indicated
Y
X Y
V4 V4
a Original b J about x-axis C « about x-axis
Z Y V4
X V4
X
Y
Y X
d -7 about x-axis e 7 about y-axis f 7 about z-axis
z v Fig. 2.11.

Y Example showing the non-com-
mutivity of rotation. In the top
row the coordinate frame is rota-
ted by 7 about the x-axis and

| = % then 3 about the y-axis. In the
bottom row the order of rota-
Y tions has been reversed. The
i (‘ X results are clearly different
s K} X X 7
2
7 Z

D

m(l:%
\

Rotation about a vector. Wrap your right hand around the vector with your thumb (your x-finger)
in the direction of the arrow. The curl of your fingers indicates the direction of increasing angle.
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2.2.1.1 Orthonormal Rotation Matrix

Just as for the 2-dimensional case we can represent the orientation of a coordinate frame
by its unit vectors expressed in terms of the reference coordinate frame. Each unit vector
has three elements and they form the columns of a 3 x 3 orthonormal matrix “Ry

Ax
iy = ARB By (2.12)
z

which rotates a vector defined with respect to frame {B} to a vector with respect to {A}.
The matrix R belongs to the special orthogonal group of dimension 3 or R € SO(3) C R**3,
It has the properties of an orthonormal matrix that were mentioned on page 16 such as
RT=R'and det(R) = 1.

The orthonormal rotation matrices for rotation of # about the x-, y- and z-axes are

1 0 0
R.(0)=|0 cosf —sinf
0 sinfd cosf

cosfd 0 sinf
R}, @) = 0 1 0

—sinf 0 cosf
cosf —sinf 0

R,(0) =|sinf cosd 0O
0 0 1

The Toolbox provides functions to compute these elementary rotation matrices, for
example R, () is
>> R = rotx(pi/2)
R =
1.0000 0 0
0 0.0000  -1.0000
0 1.0000 0.0000

Such a rotation is also shown graphically in Fig. 2.10b. The functions roty and rotz
compute R (/) and R,(f) respectively.
The corresponding coordinate frame can be displayed graphically

>> trplot (R)

which is shown in Fig. 2.12a. We can visualize a rotation more powerfully using the
Toolbox function tranimate which animates a rotation

>> tranimate (R)

showing the world frame rotating into the specified coordinate frame.

Reading the columns of an orthonormal rotation matrix from left to right tells us the directions
of the new frame’s axes in terms of the current coordinate frame. For example if

R =
1.0000 0 0

0 0.0000 -1.0000

0 1.0000 0.0000

the new frame has its x-axis in the old x-direction (1, 0, 0), its y-axis in the old z-direction (0, 0, 1),
and the new z-axis in the old negative y-direction (0, —1, 0). In this case the x-axis was unchanged
since this is the axis around which the rotation occurred. The rows are the converse - the current
frame axes in terms of the new frame axes.
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To illustrate compounding of rotations we will rotate the frame of Fig. 2.12a again,
this time around its y-axis

>> R = rotx(pi/2) * roty(pi/2)

R =
0.0000 0 1.0000
1.0000 0.0000 -0.0000

-0.0000 1.0000 0.0000

>> trplot(R)

to give the frame shown in Fig. 2.12b. In this frame the x-axis now points in the direc-
tion of the world y-axis.

The non-commutativity of rotation can be shown by reversing the order of the
rotations above

>> roty(pi/2) *rotx(pi/2)

ans =
0.0000 1.0000 0.0000
0 0.0000 -1.0000
-1.0000 0.0000 0.0000

which has a very different value.

We recall that Euler’s rotation theorem states that any rotation can be represented
by not more than three rotations about coordinate axes. This means that in general an
arbitrary rotation between frames can be decomposed into a sequence of three rota-
tion angles and associated rotation axes — this is discussed in the next section.

The orthonormal matrix has nine elements but they are not independent. The col-
umns have unit magnitude which provides three constraints. The columns are orthogo-
nal to each other which provides another three constraints.” Nine elements and six
constraints is effectively three independent values.

2.2.1.2 Three-Angle Representations

Euler’s rotation theorem requires successive rotation about three axes such that no
two successive rotations are about the same axis. There are two classes of rotation
sequence: Eulerian and Cardanian, named after Euler and Cardano respectively.

The Eulerian type involves repetition, but not successive, of rotations about one
particular axis: XYX, XZX, YXY, YZY, ZXZ, or ZYZ. The Cardanian type is character-
ized by rotations about all three axes: XYZ, XZY, YZX, YXZ, ZXY, or ZYX. In common
usage all these sequences are called Euler angles and there are a total of twelve to
choose from.

Fig. 2.12.

Coordinate frames displayed
using trplot. a Reference
frame rotated by 3 about the
x-axis, b frame a rotated by Z
about the y-axis

If the column vectorsare ¢;, ic 1---3
then ¢;-¢c,=c¢,"¢c;=c¢;-¢;=0.
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Leonhard Euler (1707-1783) was a Swiss mathematician and physicist who dominated eighteenth
century mathematics. He was a student of Johann Bernoulli and applied new mathematical tech-
niques such as calculus to many problems in mechanics and optics. He also developed the func-
tional notation, y = F(x), that we use today. In robotics we use his rotation theorem and his equa-
tions of motion in rotational dynamics.

He was prolific and his collected works fill 75 volumes. Almost half of this was produced dur-
ing the last seventeen years of his life when he was completely blind.

It is common practice to refer to all 3-angle representations as Euler angles but this
is underspecified since there are twelve different types to choose from. The par-
ticular angle sequence is often a convention within a particular technological field.

The ZYZ sequence
R = R,($)R,(O)R, () (2.13)

is commonly used in aeronautics and mechanical dynamics,and is used in the Toolbox.
The Euler angles are the 3-vector I'= (¢, 6, ¥).

For example, to compute the equivalent rotation matrix for I'= (0.1, 0.2, 0.3) we
write

>> R = rotz(0.1) * roty(0.2) * rotz(0.3);

or more conveniently

>> R = eul2r (0.1, 0.2, 0.3)

R =
0.9021 -0.3836 0.1977
0.3875 0.9216 0.0198

-0.1898 0.0587 0.9801

The inverse problem is finding the Euler angles that correspond to a given rotation
matrix

>> gamma = tr2eul (R)
gamma =
0.1000 0.2000 0.3000

However if ¢ is negative

>> R = eul2r(0.1 , -0.2, 0.3)
R =
0.9021 -0.3836 -0.1977
0.3875 0.9216 -0.0198
0.1898 -0.0587 0.9801

the inverse function

>> tr2eul (R)
ans =
-3.0416 0.2000 -2.8416

returns a positive value for # and quite different values for ¢ and /. However the cor-
responding rotation matrix

>> eul2r (ans)

ans =
0.9021 -0.3836 -0.1977
0.3875 0.9216 -0.0198
0.1898 -0.0587 0.9801

is the same - the two different sets of Euler angles correspond to the one rotation
matrix. The mapping from rotation matrix to Euler angles is not unique and always
returns a positive angle for 4.
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Gerolamo Cardano (1501-1576) was an Italian Renaissance mathematician, physician, astrolo-
ger, and gambler. He was born in Pavia, Italy, the illegitimate child of a mathematically gifted
lawyer. He studied medicine at the University of Padua and later was the first to describe ty-
phoid fever. He partly supported himself through gambling and his book about games of chance
Liber de ludo aleae contains the first systematic treatment of probability as well as effective
cheating methods. His family life was problematic: his eldest son was executed for poisoning
his wife, and his daughter was a prostitute who died from syphilis (about which he wrote a
treatise). He computed and published the horoscope of Jesus, was accused of heresy, and spent
time in prison until he abjured and gave up his professorship.

He published the solutions to the cubic and quartic equations in his book Ars magna in
1545, and also invented the combination lock, the gimbal consisting of three concentric rings
allowing a compass or gyroscope to rotate freely (see Fig. 2.13), and the Cardan shaft with
universal joints which is used in vehicles today.

For the case where 8 =10

>> R = eul2r (0.1 , 0, 0.3)

R =
0.9211 -0.3894 0
0.3894 0.9211 0

0 0 1.0000

the inverse function returns

>> tr2eul (R)
ans =

0 0 0.4000

which is quite different. For this case the rotation matrix from Eq. 2.13 is

R = R(9)R,(¢) = R (¢ + ¢)

since R, = I'and is a function only of the sum ¢+ ¢. For the inverse operation we can
therefore only determine this sum, and by convention ¢ = 0. The case = 0 is a singu-
larity and will be discussed in more detail in the next section.
Another widely used convention is the roll-pitch-yaw angle sequence angle
R = R.(6,)R,(0,)R.(6,) (2.14)
which are intuitive when describing the attitude of vehicles such as ships, aircraft and
cars. Roll, pitch and yaw (also called bank, attitude and heading) refer to rotations
about the x-, y-, z-axes, respectively. This XYZ angle sequence, technically Cardan angles,
are also known as Tait-Bryan angles” or nautical angles. For aerospace and ground
vehicles the x-axis is commonly defined in the forward direction, z-axis downward
and the y-axis to the right-hand side.” For example

>> R = rpy2r (0.1, 0.2, 0.3)

R =
0.9363 -0.2896 0.1987
0.3130 0.9447 -0.0978
-0.1593 0.1538 0.9752

and the inverse is

>> gamma = tr2rpy (R)

gamma =
0.1000 0.2000 0.3000

The roll-pitch-yaw sequence allows all angles to have arbitrary sign and it has a singu-
larity when 6, = +7 which is fortunately outside the range of feasible attitudes for
most vehicles.

Named after Peter Tait a Scottish physi-
cistand quaternion supporter,and George
Bryan an early Welsh aerodynamicist.

Note that most robotics texts (Paul 1981;
Siciliano et al. 2008; Spong et al. 2006)
swap the x- and z-axes by defining
the heading direction as the z- rather
than x-direction, that is roll is about the
Zz-axis not the x-axis. This was the con-
vention in the Robotics Toolbox prior to
Release 8. The default in the Toolbox is
now XYZ order but the ZYX order can be
specified with the ‘zyx’ option.
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“The LM Body coordinate system is right-
handed, with the +X axis pointing up
through the thrust axis, the +Y axis
pointing right when facing forward
which is along the +Z axis. The rotational
transformation matrix is constructed by
a 2-3-1 Euler sequence, that is: Pitch
about Y, then Roll about Z and, finally,
Yaw about X. Positive rotations are pitch
up, roll right, yaw left.”(Hoag 1963).

Operationally this was a significant lim-
iting factor with this particular gyro-
scope (Hoag 1963) and could have been
alleviated by adding a fourth gimbal, as
was used on other spacecraft. It was
omitted on the Lunar Module for rea-
sons of weight and space.

Rotations obey the cyclic rotation rules
RX(Z) R1O) Rx(3)T= RA6)
RA3) RA0) RY3)T= Ru(6)
Ra(3) RX(6) R23)= Ry(6)
and anti-cyclic rotation rules
RYZ)T RX(6) RUS) = Re6)
RA%)T RY(O) R2%) = Rx(0).

2.2.1.3 Singularities and Gimbal Lock

A fundamental problem with the three-angle representations just described is singu-
larity. This occurs when the rotational axis of the middle term in the sequence be-
comes parallel to the rotation axis of the first or third term. This is the same problem
as gimbal lock, a term made famous in the movie Apollo 13.

A mechanical gyroscope used for navigation such as shown in Fig. 2.13 has as its
innermost assembly three orthogonal gyroscopes which hold the stable member
stationary with respect to the universe. It is mechanically connected to the spacecraft
via a gimbal mechanism which allows the spacecraft to move around the stable
platform without exerting any torque on it. The attitude of the spacecraft is deter-
mined by measuring the angles of the gimbal axes with respect to the stable platform
- giving a direct indication of roll-pitch-yaw angles which in this design are a
Cardanian YZX sequence.™

Consider the situation when the rotation angle of the middle gimbal (rotation
about the spacecraft’s z-axis) is 90° - the axes of the inner and outer gimbals are
aligned and they share the same rotation axis. Instead of the original three rotational
axes, since two are parallel, there are now only two effective rotational axes — we say
that one degree of freedom has been lost.

In mathematical, rather than mechanical, terms this problem can be seen using
the definition of the Lunar module’s coordinate system where the rotation of the
spacecraft’s body-fixed frame {B} with respect to the stable platform frame {S} is

SRy = R,(6,)R,(6,)R,(6))

For the case when =7 we can apply the identity™
R,(9)R,(7) = R,(2)R(0)

leading to
*Ry = R,(5)R,(0,)R,(0,) = R(5)R,(0, +0,)

which cannot represent rotation about the y-axis. This is not a good thing because
spacecraft rotation about the y-axis will rotate the stable element and thus ruin its
precise alignment with the stars.

The loss of a degree of freedom means that mathematically we cannot invert the
transformation, we can only establish a linear relationship between two of the angles.
In such a case the best we can do is determine the sum of the pitch and yaw angles.
We observed a similar phenomena with the Euler angle singularity earlier.

Mission clock: 02 08 12 47

= Flight: “Go, Guidance.”

= Guido: “He’s getting close to gimbal lock there.”

= Flight: “Roger. CapCom, recommend he bring up C3, C4, B3, B4, C1 and C2 thrusters, and ad-
vise he’s getting close to gimbal lock.”

= CapCom: “Roger.”

Apollo 13, mission control communications loop (1970) (Lovell and Kluger 1994, p 131; NASA
1970).



32

Chapter 2 - Representing Position and Orientation

Torque motor LM + X-axis
Duplex ball-bearing

slipring (50-contact)

Torque motor
Duplex ball-bearing
slipring (40-contact)

OG axis

Gyro error resolver (1X)
Duplex ball-bearing
slipring (40-contact)
Multispeed resolver

(1x and 16x)

LM
Outer + Z-axis
imbal
J MG axis
0,
Middle Stable
gimbal member

1G axis

0, +va
+ Y-axis
p

Imu case
(cutaway)

Torque motor
Duplex ball-bearing
slipring (40-contact)

Duplex ball-bearing
slipring (40-contact)
Multispeed resolver (1x and 16x)

Duplex ball-bearing
slipring (50-contact)
Multispeed resolver (1x and 16x)

All three-angle representations of attitude, whether Eulerian or Cardanian, suffer
this problem of gimbal lock when two consecutive axes become aligned. For ZYZ-
Euler angles this occurs when §= k, k € Z and for roll-pitch-yaw angles when pitch
b, = £k + 1)7 . The best that can be hoped for is that the singularity occurs for an
attitude which does not occur during normal operation of the vehicle - it requires
judicious choice of angle sequence and coordinate system.

Singularities are an unfortunate consequence of using a minimal representation.
To eliminate this problem we need to adopt different representations of orientation.
Many in the Apollo LM team would have preferred a four gimbal system and the clue
to success, as we shall see shortly in Sect. 2.2.1.6, is to introduce a fourth parameter.

2.2.1.4 Two Vector Representation

For arm-type robots it is useful to consider a coordinate frame {E} attached to the
end-effector as shown in Fig. 2.14. By convention the axis of the tool is associated
with the z-axis and is called the approach vector and denoted & = (a,, 4, a,). For some
applications it is more convenient to specify the approach vector than to specify Euler
or roll-pitch-yaw angles.

However specifying the direction of the z-axis is insufficient to describe the coordi-
nate frame - we also need to specify the direction of the x- and y-axes. An orthogonal
vector that provides orientation, perhaps between the two fingers of the robot’s grip-
per is called the orientation vector,6 = (o, 0,, 0,). These two unit vectors are sufficient
to completely define the rotation matrix

Fig. 2.13.

Schematic of Apollo Lunar
Module (LM) inertial measure-
ment unit (IMU). The vehicle’s
coordinate system has the x-axis
pointing up through the thrust
axis, the z-axis forward, and the
y-axis pointing right. Starting

at the stable platform {S} and
working outwards toward the
spacecraft’s body frame {B} the
rotation angle sequence is YZX.
The components labelled Xg, Yg
and Zg are the x-, y- and z-axis
gyroscopes and those labelled X,
Y, and Z, are the x-, y- and z-axis
accelerometers (Apollo Opera-
tions Handbook, LMA790-3-LM)
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nx Ox ax
R=|n, o, a, (2.15)
nZ OZ aZ

since the remaining column can be computed using Eq. 2.11 as @ =6 X a.
50 long as they are not parallel. Even if the two vectors & and 6 are not orthogonal they still define a plane and the
computed 7 is normal to that plane. In this case we need to compute a new value for
6' = ax " which lies in the plane but is orthogonal to each of a and 7.
Using the Toolbox this is implemented by

> a = [1 0 0]";
> o = [0 1 0]"';
>> oazr (o, a)
ans =
0 0 1
0 1 0
-1 0 0

Any two non-parallel vectors are sufficient to define a coordinate frame. For a camera
we might use the optical axis, by convention the z-axis, and the left side of the camera
which is by convention the x-axis. For a mobile robot we might use the gravitational
acceleration vector (measured with accelerometers) which is by convention the
z-axis and the heading direction (measured with an electronic compass) which is by
convention the x-axis.

2.2.1.5 Rotation about an Arbitrary Vector

Two coordinate frames of arbitrary orientation are related by a single rotation about
some axis in space. For the example rotation used earlier

>> R = rpy2r (0.1 , 0.2, 0.3);

we can determine such an angle and vector by

>> [theta, v] = tr2angvec(R)
theta =

0.3816
v =

0.3379 0.4807 0.8092

Thisisnotunique.Arotationof -theta  where theta is the amount of rotation and v is the vector around which the rotation
ab'out the vector —v results in the same occurs.
orientation.

Fig. 2.14.

Robot end-effector coordinate
system defines the pose in terms
of an approach vector @ and an
orientation vector 6, from which
7 can be computed. 7,6 and &
vectors correspond to the x-, y-
and z-axes respectively of the
end-effector coordinate frame.
(courtesy of lynxmotion.com)
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This information is encoded in the eigenvalues and eigenvectors of R. Using the
builtin MATLAB® function eig

>> [v,lambda] = eig(R)

v =

0.6655 0.6655 0.3379

-0.1220 - 0.60791 -0.1220 + 0.60791 0.4807

-0.2054 + 0.36121 -0.2054 - 0.36121 0.8092
lambda =

0.9281 + 0.37241 0 0

0 0.9281 - 0.37241 0

0 0 1.0000

the eigenvalues are returned on the diagonal of the matrix lambda and the corre-
sponding eigenvectors are the corresponding columns of v.

An orthonormal rotation matrix will always have one real eigenvalue at A\=1and a
complex pair A = cos @+ i sin # where 6 is the rotation angle. From the definition of
eigenvalues and eigenvectors we recall that

Rv=)v
where v is the eigenvector corresponding to A. For the case A =1 then

Rv=w
which implies that the corresponding eigenvector v is unchanged by the rotation.
There is only one such vector and that is the one about which the rotation occurs. In

the example the third eigenvalue is equal to one, so the rotation axis is the third col-
umn of v.

The inverse, converting from angle and vector to a rotation matrix, is achieved using

Rodrigues’ rotation formula” S(+) is the skew-symmetric matrix de-
fined in Eq. 3.5 and also Appendix D.

R =1, , +sinfS(v) + (1 — cosf)(vv' —1,_,)

Our familiar example of a rotation of 7 about the x-axis can be found by

>> R = angvec2r(pi/2, [1 0 0])

R =
1.0000 0 0
0 0.0000 -1.0000
0 1.0000 0.0000

It is interesting to note that this representation of an arbitrary rotation is parameter-
ized by four numbers: three for the rotation axis, and one for the angle of rotation.
However the direction can be represented by a unit vector with only two parameters
since the third element can be computed by

o 2 2
vy =4/1—1 —v;

giving a total of three parameters. Alternatively we can multiply the unit vector by
the angle to give another 3-parameter representation vé. While these forms are minimal

Olinde Rodrigues (1795-1850) was a French-Jewish banker and mathematician who wrote ex-
tensively on politics, social reform and banking. He received his doctorate in mathematics in
1816 from the University of Paris, for work on his first well known formula which is related to
Legendre polynomials. His eponymous rotation formula was published in 1840 and is perhaps
the first time the representation of a rotation as a scalar and a vector was articulated. His formula
is sometimes, and inappropriately, referred to as the Euler-Rodrigues formula. He is buried in the
Pere-Lachaise cemetery in Paris.
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The multiplication rules are the same
as for cross products of the orthogonal
vectors &, g and 2.

and efficient in terms of data storage they are analytically problematic. Many variants
have been proposed including v sin (#/2) and v tan (¢) but all are ill-defined for #= 0.

2.2.1.6 Unit Quaternions

Quaternions came from Hamilton after his really good work had been done;
and, though beautifully ingenious, have been an unmixed evil to those

who have touched them in any way, including Clark Maxwell.

Lord Kelvin, 1892

Quaternions have been controversial since they were discovered by W. R. Hamilton
over 150 years ago but they have great utility for roboticists. The quaternion is an ex-
tension of the complex number - a hyper-complex number - and is written as a scalar
plus a vector

q=s-+v
=s+ni+v,j+ sk (2.16)

where s € R,v € R* and the orthogonal complex numbers i,j and k are defined * such that
==k =ik=-1 (2.17)
We will denote a quaternion as
q=15<V, vy V3>

One early objection to quaternions was that multiplication was not commutative but
as we have seen above this is exactly the case for rotations. Despite the initial contro-
versy quaternions are elegant, powerful and computationally straightforward and
widely used for robotics, computer vision, computer graphics and aerospace inertial
navigation applications.

In the Toolbox quaternions are implemented by the Quaternion class. The con-
structor converts the passed argument to a quaternion, for example

>> g = Quaternion( rpy2tr(0.1, 0.2, 0.3) )
q =
0.98186 < 0.064071, 0.091158, 0.15344 >

Sir William Rowan Hamilton (1805-1865) was an Irish mathematician, physicist, and astrono-
mer. He was a child prodigy with a gift for languages and by age thirteen knew classical and
modern European languages as well as Persian, Arabic, Hindustani, Sanskrit, and Malay. Hamilton
taught himself mathematics at age 17, and discovered an error in Laplace’s Celestial Mechanics.
He spent his life at Trinity College, Dublin, and was appointed Professor of Astronomy and Royal
Astronomer of Ireland while still an undergraduate. In addition to quaternions he contributed to
the development of optics, dynamics, and algebra. He also wrote poetry and corresponded with
Wordsworth who advised him to devote his energy to mathematics.

According to legend the key quaternion equation, Eq. 2.17, occured to Hamilton in 1843 while
walking along the Royal Canal in Dublin with his wife, and this is commemorated by a plaque on
Broome bridge:

Here as he walked by on the 16" of October 1843 Sir William Rowan Hamilton in a flash of genius
discovered the fundamental formula for quaternion multiplication ? = =k? =ijk = —1 & cut it
on a stone of this bridge.

His original carving is no longer visible, but the bridge is a pilgrimage site for mathematicians
and physicists.
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To represent rotations we use unit-quaternions. These are quaternions of unit mag-
nitude, that is, those for which |§| = 1 or s* + v + v + v = 1. For our example

>> g.norm
ans =
1.0000

The unit-quaternion has the special property that it can be considered as a rotation of
@ about the unit vector A which are related to the quaternion components by”

0 [ e]A
s =cos—, v =|sin—|n (2.18)
2 2

and is similar to the angle-axis representation of Sect. 2.2.1.5.

For the case of quaternions our generalized pose is £ ~ g € Q and
41 D G, > 55, —VV,, < SV, S, VU XU, >

which is known as the quaternion or Hamilton product,” and
g g =5 < —v>

which is the quaternion conjugate. The zero pose 0+ 1 <0, 0, 0> which is the
identity quaternion. A vector v € R? is rotated § - v— 44 (v)§ ' where
g(v) =0, <v> is known as a pure quaternion.

The Quaternion class overloads a number of standard methods and functions.
Quaternion multiplication” is invoked through the overloaded multiplication operator

> g =49 * q;

and inversion, the quaternion conjugate, is

>> g.inv ()
ans =

0.98186 < -0.064071, -0.091158, -0.15344 >
Multiplying a quaternion by its inverse

>> g*qg.inv ()

or

>> g/q
ans =
1 <0, 0, 0>
results in the identity quaternion which represents a null rotation.
The quaternion can be converted to an orthonormal rotation matrix by

>> g.R

ans =
0.9363 -0.2896 0.1987
0.3130 0.9447 -0.0978
-0.1593 0.1538 0.9752

and we can also plot the orientation represented by a quaternion
>> g.plot()

which produces a result similar in style to that shown in Fig. 2.12.

Asforthe angle-vector representation this
is not unique. A rotation of —~theta
about the vector -7 results in the same
orientation.

If we write the quaternion as a 4-vector
(5,v7,5,1) then multiplication can be
expressed as a matrix-vector product
where

Compounding two orthonormal rota-
tion matrices requires 27 multiplica-
tions and 18 additions. The quaternion
form requires 16 multiplications and
12 additions.This saving can be particu-
larly important for embedded systems.
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A 3-vector passed to the constructor yields a pure quaternion

>> Quaternion([1 2 3])

ans =

0<1, 2, 3 >
which has a zero scalar component. A vector is rotated by a quaternion using the over-
loaded multiplication operator

>> g*[1 0 0]

ans =

0.9363

0.3130
-0.1593

The Toolbox implementation is quite complete and the Quaternion has many meth-
ods and properties which are described fully in the online documentation.

2.2.2 Combining Translation and Orientation

We return now to representing relative pose in three dimensions, the position and
orientation change, between two coordinate frames as shown in Fig. 2.9. We have
discussed several different representations of orientation, and we need to combine
this with translation, to create a tangible representation of relative pose. The two
most practical representations are: the quaternion vector pair and the 4 x 4 homoge-
neous transformation matrix.

For the vector-quaternion case & ~ (&, §) where t € R? is the Cartesian position
of the frame’s origin with respect to the reference coordinate frame,and g € Q is
the frame’s orientation with respect to the reference frame.

Composition is defined by

§OG =+ -1, 4 D4G,)
and negation is
@f = (—51_1 : t7 q_l)

and a point coordinate vector is transformed to a coordinate frame by

p="4 p=qp+t

Alternatively we can use a homogeneous transformation matrix to describe rota-
tion and translation. The derivation is similar to the 2D case of Eq. 2.10 but extended
to account for the z-dimension

Ax Bx
A A B
y :[ Ry t] y
AZ 01><3 1 BZ
1 1

The Cartesian translation vector between the origin of the coordinates frames is ¢
and the change in orientation is represented by a 3 x 3 orthonormal submatrix R. The
vectors are expressed in homogenous form and we write
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A
A= [*Ry t]B..
P = P
[01><3 1

= ATB Bﬁ

(2.19)
and 4Ty is a 4 x 4 homogeneous transformation. The matrix has a very specific struc-
ture and belongs to the special Euclidean group of dimension 3 or T € SE(3) C R**4,

A concrete representation of relative pose £ is ¢~ T € SE(3) and T, ® T,— T, T,
which is standard matrix multiplication.

TT, = [ R, t1][ R, tz] _ [R1R2 t1+R1t2]

(2.20)
01><3 1 01><3 1 01><3 1

One of the rules of pose algebra from page 18 is £ 0 = £. For matrices we
know that TI = T, where I is the identify matrix, so for pose 0+ I the identity
matrix. Another rule of pose algebra was that £ ©&= 0. We know for matrices
that TT~! = I which implies that ST+ T~!

i [ R t]_l _ [ R —RTt]

2.21
0,5 1 0,5 1 G2

The 4 x 4 homogeneous transformation is very commonly used in robotics and
computer vision, is supported by the Toolbox and will be used throughout this book as
a concrete representation of 3-dimensional pose.

The Toolbox has many functions to create homogeneous transformations. For ex-
ample we can demonstrate composition of transforms by

>> T = transl(l, 0, 0) * trotx(pi/2) * transl(0, 1, 0)

T =
1.0000 0 0 1.0000

0 0.0000 -1.0000 0.0000

0 1.0000 0.0000 1.0000

0 0 0 1.0000

The function transl create a relative pose with a finite translation but no rotation,
and trotx returns a 4 X 4 homogeneous transform matrix corresponding to a rota-
tion of 3 about the x-axis: the rotation part is the same as rotx (pi/2) and the
translational component is zero.” We can think of this expression as representing a
walk along the x-axis for 1 unit, then a rotation by 90° about the x-axis and then a walk
of 1 unit along the new y-axis which was the previous z-axis. The result, as shown in the
last column of the resulting matrix is a translation of 1 unit along the original x-axis
and 1 unit along the original z-axis. The orientation of the final pose shows the effect
of the rotation about the x-axis. We can plot the corresponding coordinate frame by

>> trplot (T)

The rotation matrix component of T is

>> t2r (T)
ans =
1.0000 0 0
0 0.0000 -1.0000
0 1.0000 0.0000

and the translation component is a vector

>> transl (T)'
ans =
1.0000

0.0000 1.0000

Many Toolbox functions have variants
that return orthonormal rotation ma-
trices or homogeneous transforma-
tions, forexample, rotx and trotx,
rpy2r and rpy2tr etc. Some
Toolbox functions accept an ortho-
normal rotation matrix or a homoge-
neous transformation and ignore the
translational component, for example,
tr2rpy or Quaternion.
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Table .2'1 . Representation 3} o transl. rotn. dim MATLAB
Summary of the various
concrete representations of (x, » 0) e R2xS v v 2D
pose ¢ introduced in this chapter
T € SE(2) T,T, T! v x 2D se2(x, v)
R € S0(2) RR, R" X v 2D se2 (0, 0, th)
T € SE(2) 1,T, T! v v 2D se2(x, y, th)
2,1 eR’>xS? v v 3D
R € S0(3) RR, R" X v 3D rotx,roty,...
res® X v 3D tr2eul,eul2tr
res’ X v 3D tr2rpyl, rpy2tr
T € SE(3) T,T, T 4 v 3D transl (x,y, z)
qgeQ 019, q' X v 3D quaternion
Rxyz rotx/y/z
Euler tr2eul
R Quaternion(R)

q.R

RPY

oavec Quaternion(T)
~oaltr_w qT
transl

P transl
tr2angvec
Fig. 2.15.
Conversion between rotational angvec angvec2tr
representations —

2.3 Wrapping Up

In this chapter we learned how to represent points and poses in 2- and 3-dimensional
worlds. Points are represented by coordinate vectors relative to a coordinate frame. A
set of points that belong to a rigid object can be described by a coordinate frame, and
its constituent points are described by displacements from the object’s coordinate frame.
The position and orientation of any coordinate frame can be described relative to
another coordinate frame by its relative pose . Relative poses can be applied sequen-
tially (composed or compounded), and we have shown how relative poses can be ma-
nipulated algebraically. An important algebraic rule is that composition is non-com-
mutative — the order in which relative poses are applied is important.
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We have explored orthonormal rotation matrices for the 2- and 3-dimensional case
to represent orientation and its extension, the homogeneous transformation matrix,
to represent orientation and translation. Rotation in 3-dimensions has subtlety and
complexity and we have looked at other representations such as Euler angles, roll-
pitch-yaw angles and quaternions. Some of these mathematical objects are supported
natively by MATLAB® while others are supported by functions or classes within the
Toolbox.

There are two important lessons from this chapter. The first is that there are many
mathematical objects that can be used to represent pose and these are summarized in
Table 2.1. There is no right or wrong - each has strengths and weaknesses and we
typically choose the representation to suit the problem at hand. Sometimes we wish
for a vectorial representation in which case (x, y, §) or (x, y, z, I') might be appropri-
ate, but this representation cannot be easily compounded. Sometime we may only need
to describe 3D rotation in which case I"or g is appropriate. The Toolbox supports con-
versions between many different representations as shown in Fig. 2.15. In general
though, we will use homogeneous transformations throughout the rest of this book.

The second lesson is that coordinate frames are your friend. The essential first step
in many vision and robotics problems is to assign coordinate frames to all objects of
interest, indicate the relative poses as a directed graph, and write down equations for
the loops. Figure 2.16 shows you how to build a coordinate frame out of paper that you
can pick up and rotate - making these ideas more tangible.

We now have solid foundations for moving forward. The notation has been defined
and illustrated, and we have started our hands-on work with MATLAB®. The next
chapter discusses coordinate frames that change with time, and after that we are ready
to move on and discuss robots.

Further Reading

The treatment in this chapter is a hybrid mathematical and graphical approach that
covers the 2D and 3D cases by means of abstract representations and operators which
are later made tangible. The standard robotics textbooks such as Spong et al. (2006),
Craig (2004), Siciliano et al. (2008) and Paul (1981) all introduce homogeneous trans-
formation matrices for the 3-dimensional case but differ in their approach. These books
also provide good discussion of the other representations such as angle-vector and
3-angle representations. Spong et al. (2006, Sec 2.5.1) have a good discussion of
singularities. Siegwart et al. (2011) explicitly cover the 2D case in the context of mobile
robot navigation.

Hamilton and his supporters, including Peter Tait, were vigourous in defending
Hamilton’s precedence in inventing quaternions, and for muddying the water with
respect to vectors which were then beginning to be understood and used. Rodrigues
developed the key idea in 1840 and Gauss discovered it in 1819 but, as usual, did not

Fig. 2.16.

Build your own coordinate frame.
a Get the PDF file from http://
www.petercorke.com/axes.pdf;
b cut it out, fold along the dotted
lines and add a staple. Voila!
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publish it. Quaternions had a tempestuous beginning. The paper by Altmann (1989) is
an interesting description on this tussle of ideas, and quaternions have even been wo-
ven into fiction (Pynchon 2006).

Quaternions are discussed briefly in Siciliano et al. (2008). The book by Kuipers

(1999) is a very readable and comprehensive introduction to quaternions. Quaternion
interpolation is widely used in computer graphics and animation and the classic pa-
per by Shoemake (1985) is very readable introduction to this topic. The first publica-
tions about quaternions for robotics is probably Taylor (1979) and with subsequent
work by Funda (1990).

Exercises

w

[o BN e Y]

. Explore the effect of negative roll, pitch or yaw angles. Does transforming from

RPY angles to a rotation matrix then back to RPY angles give a different result to
the starting value as it does for Euler angles?

. Explore the many options associated with trplot.
. Use tranimate to show translation and rotational motion about various axes.
. Animate a tumbling cube

a) Write a function to plot the edges of a cube centred at the origin.

b) Modify the function to accept an argument which is a homogeneous transfor-
mation which is applied to the cube vertices before plotting.

¢) Animate rotation about the x-axis.

d) Animate rotation about all axes.

. Using Eq. 2.21 show that TT"'=1.

. Generate the sequence of plots shown in Fig. 2.11.

. Where is Descarte’s skull?

. Create a vector-quaternion class that supports composition, negation and point

transformation.
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Time and Motion

The only reason for time is
so that everything doesn’t happen at once
Albert Einstein

In the previous chapter we learnt how to describe the pose of objects in 2- or 3-dimen-
sional space. This chapter extends those concepts to objects whose pose is varying as a
function of time.

For robots we wish to create a time varying pose that the robot can follow, for ex-
ample the pose of a robot’s end-effector should follow a path to the object that it is to
grasp. Section 3.1 discusses how to generate a temporal sequence of poses, a trajectory,
that smoothly changes from an initial pose to a final pose.

Section 3.2 discusses the concept of rate of change of pose, its temporal derivative,
and how that relates to concepts from mechanics such as velocity and angular velocity.
This allows us to solve the inverse problem - given measurements from velocity and
angular velocity sensors how do we update the estimate of pose for a moving object.
This is the principle underlying inertial navigation.

3.1 Trajectories

A path is a spatial construct - a locus in space that leads from an initial pose to a final
pose. A trajectory is a path with specified timing. For example there is a path from A to B,
but there is a trajectory from A to Bin 10s orat2 ms™.

An important characteristic of a trajectory is that is smooth - position and orientation
vary smoothly with time. We start by discussing how to generate smooth trajectories
in one dimension. We then extend that to the multi-dimensional case and then to piece-
wise-linear trajectories that visit a number of intermediate points without stopping.

3.1.1 Smooth One-Dimensional Trajectories

We start our discussion with a scalar function of time. Important characteristics of
this function are that its initial and final value are specified and that it is smooth. Smooth-
ness in this context means that its first few temporal derivatives are continuous. Typi-
cally velocity and acceleration are required to be continuous and sometimes also the
derivative of acceleration or jerk.

An obvious candidate for such a function is a polynomial function of time. Polyno-
mials are simple to compute and can easily provide the required smoothness and bound-
ary conditions. A quintic (fifth-order) polynomial is often used

S(t)y = At> + Bt* +Ct> + Dt* + Et + F (3.1)
where time t € [0, T]. The first- and second-derivatives are also smooth polynomials
S{t) = 5At* + 4Bt> +3Ct> + 2Dt + E (3.2)

S(1) = 20At> + 12Bt* + 6Ct + 2D (3.3)
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The trajectory has defined boundary conditions for position, velocity and acceleration” [ d™ [0 p p
and commonly the velocity and acceleration boundary conditions are all zero.
Writing Eq. 3.1 to Eq. 3.3 for the boundary conditions t = 0 and t = T gives sixequa- =0 5 So 50
tions which we can write in matrix form as P 5 g
T T T
S 0 0 0 0 0 1)A
Sp ™ 1 T T T 1|B
S| |0 o o o0 1 0fC
sp | | 5T* 4T 31 2T 1 0||D
S 0 0 0 2 0 O|E
5y 207° 121 6T 2 0 OJ\F
Since the matrix is square” we can solve for the coefficient vector (A, B, C, D, E, F)  This s the reason for choice of quintic
using standard linear algebra methods such as the MATLAB® \-operator. For a quin-  Polynomial. It has six coefficients that
. . . . . . . . enable it to meet the six boundary con-
tic polynomial acceleration will be a smooth cubic polynomial, and jerk will be a ~.° - . -
ditions on initial and final position,
parabola. ) o ) ) . velocity and acceleration.
The Toolbox function tpoly generates a quintic polynomial trajectory as described
by Eq. 3.1. For example
>> s = tpoly (0, 1, 50);
returns a 50 X 1 column vector with values varying smoothly from 0 to 1 in 50 time
steps which we can plot
>> plot(s)
The corresponding velocity and acceleration can be returned via optional output ar-
guments
>> [g,sd,sdd] = tpoly(0, 1, 50);
as sd and sdd respectively. These are shown in Fig. 3.1a and we observe that the ini-
tial and final velocity and acceleration are all zero - the default value. The initial and
final velocities can be set to non-zero values
>> s = tpoly(0, 1, 50, 0.5, 0);
1.0 b6—————————————————
08} 1
061 1 41 1
04} 1 5l |
02} 1
00 0¥
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Time
0.04 ;
003}
002}
001}
0.00 2t
001 b e e
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Time Time

Fig. 3.1.

Quintic polynomial trajectory.
From top to bottom is position,
velocity and acceleration versus
time. a With zero-velocity bound-
ary conditions, b initial velocity
of 0.5 and a final velocity of 0



3.1 - Trajectories

45

Fig.3.2.

Linear segment with parabolic
blend (LSPB) trajectory: a default
velocity for linear segment;

b specified linear segment velo-
city values

The trapezoidal trajectory is smooth in
velocity, but not in acceleration.
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in this case, an initial velocity of 0.5 and a final velocity of 0. The results shown in
Fig. 3.1b illustrate a problem with polynomials. The non-zero initial velocity causes
the polynomial to overshoot the terminal value - it peaks at 5 on a trajectory from 0 to 1.

Another problem with polynomials, a very practical one, can be seen in the middle
graph of Fig. 3.1a. The velocity peaks at ¢ = 25 which means that for most of the time
the velocity is far less than the maximum. The mean velocity

>> mean(sd) / max(sd)

ans =

0.5231

is only 52% of the peak. A real robot joint has a well defined maximum velocity and for
minimum-time motion we want to be operating at that maximum for as much of the
time as possible. We would like the velocity curve to be flatter on top.

A well known alternative is a hybrid trajectory which has a constant velocity seg-
ment with polynomial segments for acceleration and deceleration. Revisiting our first
example the hybrid trajectory is

>> s = lspb(0, 1, 50);

where the arguments have the same meaning as for tpoly and the trajectory is shown
in Fig. 3.2a. The trajectory comprises a linear segment (constant velocity) with para-
bolic blends, hence the name 1spb. The term blend is commonly used to refer to a
trajectory segment that smoothly joins linear segments. As with tpoly we can also
return the the velocity and acceleration

>> [s,sd,sdd] = 1lspb(0, 1, 50);

This type of trajectory is also referred to as trapezoidal due to the shape of the velocity
curve versus time, and is commonly used in industrial motor drives.*

The function 1spb has chosen the velocity of the linear segment to be

>> max (sd)

ans =
0.0306

but this can be overridden by specifying it as a fourth input argument

>> g = 1lspb(0, 1, 50, 0.025);
>> s = lspb(0, 1, 50, 0.035);
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The trajectories for these different cases are overlaid in Fig. 3.2b. We see that as the
velocity of the linear segment increases its duration decreases and ultimately its dura-
tion would be zero. In fact the velocity cannot be chosen arbitrarily”, too high or too
low a value for the maximum velocity will result in an infeasible trajectory and the
function returns an error.

3.1.2 Multi-Dimensional Case

Most useful robots have more than one axis of motion or degree of freedom. We repre-
sent this in vector form as & € R where M is the number of degrees of freedom. A
wheeled mobile robot is characterised by its position (x, ) or pose (x, ¥, 6). The tool of an
arm robot has position (x, y, z), orientation (), 6,, ) or pose (x, y, z, 6, 6,, 6,). We there-
fore require smooth multi-dimensional motion from an initial vector to a final vector.

It is quite straightforward to extend the smooth scalar trajectory to the vector case
and in the Toolbox this is achieved using the function mtraj. For example to move
from (0, 2) to (1, —1) in 50 steps

>> x = mtraj(@tpoly, [0 2], [1 -1], 50);
>> x = mtraj(@lspb, [0 2], [l -11, 50);

which results in a 50 x 2 matrix x with one row per time step and one column per axis.
The first argument is a function that generates a scalar trajectory, either tpoly or
1spb. The trajectory for the 1spb case

>> plot (x)

is shown in Fig. 3.3.
For a 3-dimensional problem we might consider converting a pose T to a 6-vector by

>> x = [transl(T); tr2rpy(T)"']

though as we shall see later interpolation of 3-angle representations has some limita-
tions.

3.13 Multi-Segment Trajectories

In robotics applications there is often a need to move smoothly along a path through
one or more intermediate or via points without stopping. This might be to avoid ob-
stacles in the workplace, or to perform a task that involves following a piecewise con-
tinuous trajectory such as applying a bead of sealant in a manufacturing application.

The system is over-constrained, having
five constraints (total time, initial and fi-
nal position and velocity) but six degrees
of freedom (blend time, three parabolic
coefficients and two linear coefficients).

Fig. 3.3.
Multi-dimensional motion.
x, varies from 0 — 1 and
x, varies from 2 — —1
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Fig.3.4.

Notation for multi-segment
trajectory showing four points
and three motion segments.
Blue indicates constant velocity
motion, red indicates regions of
acceleration

The real limit of the axis will be its peak,
rather than average, acceleration. The
peak acceleration for the blend can be
determined from Eq. 3.3 if the quintic
coefficients are known.

Only one of the maximum axis speed or
time per segment can be specified, the
otheris setto MATLAB's empty matrix [ ].

Acceleration time if given is rounded up
to a multiple of the time increment.

X X2
tacc/ 2
[
tacc rd
21'72 j:3 / X4
tacc/ 2 Lace > L4
\
X1 X3

Time

To formalize the problem consider that the trajectory is defined by N points
x;, k € [1, N] and there are N — 1 motion segments. As in the previous section x; € RM
is a vector representation of pose.

The robot starts from x, at rest and finishes at x at rest, but moves through (or
close to) the intermediate points without stopping. The problem is over constrained
and in order to attain continuous velocity we surrender the ability to reach each inter-
mediate point. This is easiest to understand for the one dimensional case shown in
Fig. 3.4. The motion comprises linear motion segments with polynomial blends, like
1spb, but here we choose quintic polynomials because they are able to match bound-
ary conditions on position, velocity and acceleration at their start and end points.

The first segment of the trajectory accelerates from the initial pose «, and zero ve-
locity, and joins the line heading toward the second pose x,. The blend time is set to be
aconstant t, .and ¢,/ 2 before reaching x, the trajectory executes a polynomial blend,
of duration f,_,onto theline from x, to ;,and the process repeats. The constant velocity &,
can be specified for each segment. The average acceleration during the blend is

_ T T T
av
tacc

ii:

If the maximum acceleration capability of the axis is known then the minimum blend
time can be computed.*

For the multi-axis case it is likely that some axes will need to move further than
others on a particular motion segment and this becomes complex if the joints have
different velocity limits. The first step is to determine which axis will be the slowest to
complete the motion segment, based on the distance that each axis needs to travel for
the segment and its maximum achievable velocity. From this the duration of the seg-
ment can be computed and then the required velocity of each axis. This ensures that
all axes reach the next target x, at the same time.

The Toolbox function mstraj generates a multi-segment multi-axis trajectory
based on a matrix of via points. For example 2-axis motion with four points can be
generated by

>> via = [ 4,1; 4,4; 5,2; 2,5 1;
>> g = mstraj(via, [2,11, [], [4,11, 0.05, 0);

The first argument is the matrix of via points, one row per point. The remaining
arguments are respectively: a vector of maximum speeds per axis, a vector of dura-
tions for each segment,* the initial axis coordinates, the sample interval, and the
acceleration time.¥ The function mstraj returns a matrix with one row per time
step and the columns correspond to the axes. If no output argument is provided
mstraj will plot the trajectory as shown in Fig. 3.5a. The parameters in this ex-
ample indicate that the first axis has a higher maximum speed than the second. How-
ever for the last segment both axes move at the same speed since the segment time is
dominated by the slowest axis.
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If we increase the acceleration time

>> g = mstraj(via, [2 11, [], [4 1], 0.05, 1);

the trajectory becomes more rounded, Fig. 3.5b, as the polynomial blending functions
do their work, and the trajectory takes more time to complete. The function also ac-
cepts optional initial and final velocity arguments and ¢, . can be a vector giving accel-
eration time for each of the N blends.

Keep in mind that this function simply interpolates pose represented as a vector. In
this example the vector was assumed to be Cartesian coordinates, but this function
could also be applied to Euler or roll-pitch-yaw angles but this is not an ideal way to
interpolate rotation. This leads us nicely to the next section where we discuss interpo-
lation of orientation.

3.14 Interpolation of Orientation in 3D

In robotics we often need to interpolate orientation, for example, we require the end-
effector of a robot to smoothly change from orientation ¢; to . Using the notation
from Chap. 2 we require some function £(s) = o(&, &, s) where s € [0, 1] which has
the boundary conditions o (&, &, 0) = &, and o(&y, &, 1) = &, and where o(&y, &, 5)
varies smoothly for intermediate values of s. How we implement this depends very
much on our concrete representation of &.

If pose is represented by an orthonormal rotation matrix, £ ~ R € SO(3), we might
consider a simple linear interpolation o(Ry, Ry, s) = (1 — s)R,+ sR, but this would not,
in general, be a valid orthonormal matrix which has strict column norm and inter-
column orthogonality constraints.

A workable and commonly used alternative is to consider a 3-angle representation
such as Euler or roll-pitch-yaw angles, £ ~ " € S® and use linear interpolation

o(ly, I,s)=QAQ—s)Iy+ s

For example we define two orientations

>> RO = rotz(-1) * roty(-1);
>> R1 = rotz(l) * roty(l);

and find the equivalent roll-pitch-yaw angles

>> rpy0 = tr2rpy(RO); zrpyl = tr2rpy(R1l);

Fig. 3.5. Multisegment trajectories:
ano acceleration time t, .= 0;
b acceleration time of f,..=1s.
The discrete-time points are indi-
cated with circular markers, and
the via points are indicated by solid
black markers
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rpy is a 50 x 3 matrix and the result
of rpy2trisa4 x4 x 50matrix
which is explained in Sect. 3.1.5.

The size of the object in bytes, shown
in parentheses, will vary between
MATLAB® versions and computer types.

and create a trajectory between them over 50 time steps
>> rpy = mtraj(@tpoly, rpy0O, rpyl, 50);
which is mostly easily visualized as an animation™
>> tranimate( rpy2tr(rpy) );

For large orientation changes we see that the axis around which the coordinate frame
rotates changes along the trajectory. The motion, while smooth, sometimes looks un-
coordinated. There will also be problems if either &; or ¢ is close to a singularity in
the particular 3-angle system being used.

Interpolation of unit-quaternions is only a little more complex than for 3-angle
vectors and produces a change in orientation that is a rotation around a fixed axis in
space. Using the Toolbox we first find the two equivalent quaternions

>> g0 = Quaternion(RO);
>> gl = Quaternion(R1);
and then interpolate them

>> g = interp(qg0, gl, [0:49]1'/49);
>> about (q)
g [Quaternion] : 1x50 (1656 bytes)*

which results in a vector of 50 Quaternion objects which we can animate by
>> tranimate (q)

Quaternion interpolation is achieved using spherical linear interpolation (slerp) in
which the unit quaternions follow a great circle path on a 4-dimensional hypersphere.
The result in 3-dimensions is rotation about a fixed axis in space.

3.1.5 Cartesian Motion

Another common requirement is a smooth path between two poses in SE(3) which
involves change in position as well as in orientation. In robotics this is often referred
to as Cartesian motion.

We represent the initial and final poses as homogeneous transformations

>> T0 = transl(0.4, 0.2, 0) * trotx(pi);
>> T1 = transl(-0.4, -0.2, 0.3) * troty(pi/2)*trotz(-pi/2);

The Toolbox function trinterp provides interpolation for normalized distance along
the path s € [0, 1], for example the mid pose is

>> trinterp(TO0, T1l, 0.5)

ans =
-0.0000 1.0000 0 0
0 -0.0000 -1.0000 0
-1.0000 0 -0.0000 0.1500
0 0 0 1.0000

where the translational component is linearly interpolated and the rotation is is spheri-
cally interpolated using the quaternion interpolation method interp.
A trajectory between the two poses in 50 steps is created by

>> Ts = trinterp(TO, T1, [0:49]1/49);

where the arguments are the initial and final pose and a path length varying linearly
from zero to one. The resulting trajectory T's is a matrix with three dimensions

>> about (Ts)
Ts [double] : 4x4x50 (6400 bytes)
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representing the homogeneous transformation (first 2 indices) for each time step (third
index). The homogeneous transformation for the first point on the path is

>> Ts(:,:,1)
ans =
1.0000 0 0 0.4000
0 -1.0000 0 0.2000
0 0 -1.0000 0
0 0 0 1.0000

and once again the easiest way to visualize this is by animation
>> tranimate (Ts)

which shows the coordinate frame moving and rotating from pose T1 to pose T2.
The translational part of this trajectory is obtained by

>> P = transl(Ts);
which returns the Cartesian position for the trajectory in matrix form

>> about (P)

P [double] 50x3 (1200 bytes)

which has one row per time step, and each row is the corresponding position vector.
This is plotted

>> plot(P);
in Fig. 3.6 along with the orientation in roll-pitch-yaw format

>> rpy = tr2rpy(Ts);
>> plot(rpy) ;

We see that the position coordinates vary smoothly and linearly with time and that
orientation varies smoothly with time.”

However the translational motion has a velocity and acceleration discontinuity at
the first and last points. The problem is that while the trajectory is smooth in space the
distance s along the trajectory is not smooth in time. Speed along the path jumps from
zero to some finite value and then drops to zero at the end - there is no initial accelera-
tion or final deceleration. The scalar functions tpoly and 1spb discussed earlier can
be used to generate s so that motion along the path is smooth. We can pass a vector of

normalized distances along the path as the third argument to trinterp
>> Ts = trinterp(T0, T1, 1lspb(0,1, 50) );

The trajectory is unchanged but the coordinate frame now accelerates to a constant
speed along the path and then decelerates and this is reflected in smoother curves for

30 40 50

Time step

Fig. 3.6. Cartesian motion. a Car-
tesian position versus time, b roll-
pitch-yaw angles versus time

The roll-pitch-yaw angles do not vary
linearly with time because they repre-
sent a non-linear transformation of the
linearly varying quaternion.

The discontinuity in roll angle after
the first point is due to angle wrap-
ping around the circle, moving from
—mto +m.

The discontinuity between the last
two points is because the final orien-
tation is a singularity for roll-pitch-yaw
angles.
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RPY angles
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yaw
; ; ; " n ; ; ;
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Time step Time step

Fig. 3.7. Cartesian motion with
LSPB path distance profile. a Car-
tesian position versus time, b roll-
pitch-yaw angles versus time

Known as the angular velocity matrix.

the translational components of the trajectory shown in Fig. 3.7b. The Toolbox pro-
vides a convenient shorthand ctraj for the above

>> Ts = ctraj(T0, T1, 50);

where the arguments are the initial and final pose and the number of time steps.

3.2 Time Varying Coordinate Frames

The previous section discussed the generation of coordinate frame motion which has
a translational and rotational velocity component. The translational velocity is the
rate of change of the position of the origin of the coordinate frame. Rotational velocity
is a little more complex.

3.2.1 Rotating Coordinate Frame

A body rotating in 3-dimensional space has an angular velocity which is a vector quan-
tity w= (w, w), w,). The direction of this vector defines the instantaneous axis of ro-
tation, that is, the axis about which the coordinate frame is rotating at a particular
instant of time. In general this axis changes with time. The magnitude of the vector is
the rate of rotation about the axis - in this respect it is similar to the angle-axis repre-
sentation for rotation introduced in Sect. 2.2.1.5. From mechanics there is a well known
expression for the derivative of a time-varying rotation matrix

R(t) = S(w)R(z) (3.4)

where R(#) € SO(2) or SO(3) and S(-) is a skew-symmetric matrix that, for the 3-di-
mensional case, has the form

0 —w

z y
S(w)=| w, 0 —w, (3.5)
W, Wy 0

and its properties are described in Appendix D. Using the Toolbox we can write

>> S = skew([1 2 3])
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The Toolbox function vex performs the inverse function” of converting a skew-sym-
metric matrix to a vector

>> vex(S)'
ans =
1 2 3

We might ask what does R mean? Consider the approximation to the derivative

R{t+6,) — R{st)

R~ 5 (3.6)
which we rearrange as

R(t+8) ~ 6,R+ R{t)
and substituting Eq. 3.4 we obtain

Rit+sr) = 6,S(w@)R(e) + R(t) = (6,8(w) + L3 ) R() (3.7)

which describes how the orthnormal rotation matrix changes as a function of angular
velocity.

3.2.2 Incremental Motion

Consider a coordinate frame that undergoes a small rotation from R, to R;. We can
write Eq. 3.7 as

R = (6,S(w)+I,,3)R,

and rearrange it as
5,8(w)=RR) — I,

and then apply the vex operator, the inverse of S(:), to both sides
o = Vex(RR] — Is,;) (3.8)

where 8y = dw is a 3-vector with units of angle that represents an infinitesimal rota-
tion about the world x-, y- and z-axes.”

We have strongly, and properly, cautioned about the non-commutivity of rotations
but for infinitesimal angular changes multiplication is commutative. We can demon-
strate this numerically by

>> Rdelta = rotx(0.001)*roty(0.002)*rotz(0.003)

ans =
1.0000 -0.0030 0.0020
0.0030 1.0000 -0.0010
-0.0020 0.0010 1.0000

which is, to four significant figures, the same as

>> roty(0.002) * rotx(0.001)*rotz(0.003)

ans =
1.0000 -0.0030 0.0020
0.0030 1.0000 -0.0010
-0.0020 0.0010 1.0000

Using Eq. 3.8 we can recover the infinitesimal rotation angle ¢,

>> vex( Rdelta - eye(3,3) )'
ans =
0.0010

0.0020 0.0030

Each element appears twice in the skew-
symmetric matrix, with different sign. In
some algorithms we compute an appro-
ximation of the skew-symmetric matrix
and these elements may have slightly
different magnitudes so vex takes the
average of both elements.

It is in the world coordinate frame be-
cause the term (6,5(w) + 15, ;) pre-
multiplies R,
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Given two poses &, and & that differ infinitesimally we can represent the difference
between them as a 6-vector

0 = A&, &) = (6,4, 95) (3.9)

comprising the incremental displacement and the incremental rotation. The quantity
J € RS is effectively the spatial velocity which we discuss further in Chap. 8 multiplied
by ¢,. If the poses are represented in homogeneous transformation form then the dif-
ference is

t—t,
5=A(T,T)=[ (3.10)
0> vex(RR] — I,;)
where T)= (R, t,) and T, = (R;, t;). In the Toolbox this is the function tr2delta.
The inverse operation is

E=A"10) (3.11)
and for homogenous transformation representation is

_[80e) 94
T _[ 03><1 0 + I3><3 (312)

and in the Toolbox this is the function delta2tr.
For example

>> T0 = transl(l,2,3)*trotx(l)*troty(1l)*trotz(1l);
>> T1 = TO0*transl(0.01,0.02,0.03)*trotx(0.001)*troty(0.002)*trotz(0.003)
Tl =
0.2889 -0.4547 0.8425 1.0191
0.8372 -0.3069 -0.4527 1.9887
0.4644 0.8361 0.2920 3.0301
0 0 0 1.0000

the function A(-) is computed by the Toolbox function tr2delta
>> d = tr2delta(TO0, T1);
>> d'
ans =
0.0191  -0.0113 0.0301 0.0019  -0.0011 0.0030
which comprises the incremental translation and rotation expressed in the world co-
ordinate frame. Given this displacement and the initial pose, the final pose is
>> delta2tr(d) * TO
0.2889  -0.4547 0.8425 1.0096
0.8372  -0.3069  -0.4527 1.9859
0.4644 0.8361 0.2920 3.0351
0 0 0 1.0000

which is quite close to the true value given above and the error is due to the fact that
the displacement is not infinitesimal. The displacement 6-vector is used in the next
section and several times in Chap. 8.

3.23 Inertial Navigation Systems

An inertial navigation system is a “black box™ that estimates its velocity, orientation
and position with respect to the inertial reference frame (the universe). Importantly it
has no external inputs such as radio signals from satellites and this makes it well suited
to applications such as submarine, spacecraft and missile guidance. An inertial navi-
gation system works by measuring accelerations and angular velocities and integrat-
ing them over time.
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Early inertial navigation systems, such as shown in Fig. 2.13, used mechanical gim-
bals to keep the accelerometers at a constant attitude with respect to the stars using a
gyro-stabilized platform. The acceleration measured on this platform was integrated
to obtain the velocity of the platform, and integrated again to obtain its position. In
order to achieve accurate position estimates over periods of hours or days the gimbals
and gyroscopes had to be of extremely high quality so that the stable platform did not
drift, and the acceleration sensors needed to be extremely accurate.

In a modern strapdown inertial measurement system the acceleration and angular
velocity sensors are rigidly attached to the vehicle. The three orthogonally mounted
gyroscopes measure the components of the angular velocity wand use Eq. 3.7 to con-
tinuously update the estimated orientation °Ry of the vehicle’s body-fixed frame {B}
with respect to the stars {0}.

A discrete-time version of Eq. 3.7 such as

R{k+1) = 8,S(w)R(k) + R{K) (3.13)

is used to numerically integrate changes in pose in order to estimate the orientation of
the vehicle. The measured acceleration Ba of the vehicle’s body frame is rotated into
the inertial frame

0 _ Op B
a= "Rz a

and can then be integrated twice to update the estimate of the vehicle’s position in the
inertial frame. Practical systems work at high sample rate, typically hundreds of Hertz,
and would employ higher-order numerical integration techniques rather than the
simple rectangular integration of Eq. 3.13.

In Eq. 3.13 we added the matrix §,S(w)R(f) to an orthonormal rotation matrix and
this is not quite proper - the result will not be an orthonormal matrix. However if the
added term is small> the result will be close to orthonormal and we can straighten it
up. This process is called normalization and enforces the constraints on the elements
of an orthonormal matrix. It involves the following steps where c; is the i column
of R. We first assume that column 3 is correct

An Inertial Navigation System (INS) comprises a computer and motion sensors and continuously
calculates the position, orientation, and velocity of a moving object via dead reckoning. It has no
need for external references which is important for vehicles, such as submarines or spacecraft, that
are unable to communicate with radio navigation aids or which must be immune to radio jamming.

A gyroscope or gyro is a sensor that measures angular velocity about a particular axis. Early
rotational sensors actually employed a spinning disk, like the childhood toy, but today the term gyro-
scope is generically applied to all angular velocity sensors. To measure the angular velocity a triaxial
assembly of gyroscopes is used - three gyroscopes with their measurement axes in orthogonal direc-
tions. Modern gyroscopes are based on a variety of physical principles such as tiny vibrating beams
or relativistic effects in ring-laser and fibre-optic gyros. An accelerometer is a sensor that measures
acceleration along a particular axis. Accelerometers work by measuring the forces on a small proof
mass within the sensor. The vehicle’s acceleration vector is measured using a triaxial assembly of
accelerometers. The sensors are collectively referred to as an inertial measurement unit (IMU).

Much important development was undertaken by the MIT Instrumentation Laboratory under
the leadership of Charles Stark Draper. In 1953 the Space Inertial Reference Equipment (SPIRE)
system, 1200 kg of equipment, guided a B-29 bomber on a 12 hour trip from Massachusetts to Los
Angeles without the aid of a pilot and with Draper aboard. In 1954 the first self-contained subma-
rine navigation system (SINS) was introduced to service. The Instrumentation Lab also developed
the Apollo Guidance Computer, a one-cubic-foot computer that guided the Apollo Lunar Module to
the surface of the Moon in 1969.

Today high-performance inertial navigation systems based on fibre-optic gyroscopes are widely
available and weigh around one 1 kg and low-cost systems based on MEMS technology can weigh
less than 100 g and cost tens of dollars.

Which is why inertial navigation sys-
tems operate at a high sample rate and
o is small.
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Charles Stark (Doc) Draper (1901-1987) was an American scientist and engineer, often referred
to as “the father of inertial navigation.” Born in Windsor, Missouri, he studied at the University of
Missouri then Stanford where he earned a B.A. in psychology in 1922, then at MIT an S.B.in
electrochemical engineering and an S.M. and Sc.D. in physics in 1928 and 1938 respectively. He
started teaching while at MIT and became a full professor in aeronautical engineering in 1939. He
was the founder and director of the MIT Instrumentation Laboratory which made important
contributions to the theory and practice of inertial navigation to meet the needs of the cold war
and the space program.

Draper was named one of Time magazine’s Men of the Year in 1961 and inducted to the National
Inventors Hall of Fame in 1981. The Instrumentation lab was renamed Charles Stark Draper Labora-
tory (CSDL) in his honour. (Photo on the left: courtesy of The Charles Stark Draper Laboratory Inc.)

cs=c,
then the first column is made orthogonal to the last two
¢ =c, xcj
However the last two columns may not have been orthogonal so
c=c xe
Finally the columns are normalized to unit magnitude
" <

c;= _” i=1--3

I
|Cz'

In the Toolbox normalization is implemented by
>> T = trnorm(T);

and is quite similar to the problem of representing pose using two unit vectors dis-
cussed in Sect. 2.2.1.4.In an orientation estimation system using Eq. 3.13 the attitude R
Rotation matrices also become denor-  should be normalized after each integration step.™
malized from repeated compounding Alternatively we could use unit-quaternions and things, as is generally the case, are a

due to the accumulation of erors fiom ;47 simpler. The derivative of a quaternion, the quaternion equivalent of Eq. 3.4 is de-
finite precision arithmetic. fined
ined as

s 1, o
q= Eq(w)q (3.14)

which is implemented by the dot method
>> gd = g.dot (omega) ;
Integration of quaternion rates is achieved by
Gllt1) = 8, + §lk)
As with Eq. 3.7 the addition is not quite proper and the result will no longer be a unit

quaternion. Normalization is achieved by ensuring that the quaternion norm is unity,
a straightforward division of all elements by the quaternion norm
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or in the Toolbox
>> g = g.unit();

Quaternions are more commonly used in the rotation update equations for strapdown
inertial navigation systems than orthonormal rotation matrices. The results will of course
be the same but the computational cost for the quaternion version is significantly less.

3.3 Wrapping Up

In this chapter we have considered pose that varies as a function of time from two per-
spectives. The first perspective was to create a sequence of poses, a trajectory, that a robot
can follow. An important characteristic of a trajectory is that it is smooth - the position
and orientation varies smoothly with time. We start by discussing how to generate smooth
trajectories in one dimension and then extended that to the multi-dimensional case and
then to piecewise-linear trajectories that visit a number of intermediate points.

The second perspective was to examine the temporal derivative of an orthonormal
rotation matrix and how that relates to concepts from mechanics such as velocity and
angular velocity. This allows us to solve the inverse problem, given measurements from
sensors we are able to update the estimate of pose for a moving object - the principle
underlying inertial navigation. We introduced the infinitesimal motion J which is re-
lated to spatial velocity and which we will encounter again in Chap. 8.

Interpolation of rotation and integration of angular velocity was treated using both
orthonormal rotation matrices and quaternions. The results are equivalent but the
quaternion formulation is more elegant and computationally more efficient.

Further Reading

The earliest work on manipulator Cartesian trajectory generation was by Paul (1972,1979)
and Taylor (1979). The muti-segment trajectory is discussed by Paul (1979, 1981) and the
concept of segment transitions or blends is discussed by Lloyd and Hayward (1991). These
early papers, and others, are included in the compilation on Robot Motion (Brady et al.
1982). Polynomial and LSPB trajectories are described in detail by Spong et al. (2006) and
multi-segment trajectories are covered at length in Siciliano et al. (2008) and Craig (2004).

The relationship between orthonormal rotation matrices, the skew-symmetric
matrix and angular velocity is well described in Spong et al. (2006).

The principles of inertial navigation are covered in the book by Groves (2008) which
also covers GPS and other radio-based localization systems which are the subject of Part II.
The book Digital Apollo (Mindell 2008) is a very readable story of the development of the
inertial navigation system for the Apollo Moon landings. The paper by Corke et al. (2007)
describes the principles of inertial sensors and the functionally equivalent sensors lo-
cated in the inner ear of mammals that play a key role in maintaining balance.

Exercises

1. Fora tpoly trajectory from 0 to 1 in 50 steps explore the effects of different initial
and final velocities, both positive and negative. Under what circumstances does the
quintic polynomial overshoot and why?

2. For a 1spb trajectory from 0 to 1 in 50 steps explore the effects of specifying the
velocity for the constant velocity segment. What are the minimum and maximum
bounds possible?

3. For a trajectory from 0 to 1 and given a maximum possible velocity of 0.025 compare
how many time steps are required for each of the tpoly and 1spb trajectories?
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. Use tranimate to compare rotational interpolation using quaternions, Euler angles

and roll-pitch-yaw angles. Hint: use the quaternion interp method, and mtraj

with tr2eul and eul2tr

a) Repeat for the case choose where the final orientation is at a singularity. What
happens?

. Repeat for the case where the interpolation passes through a singularity. What hap-

pens?

. Develop a method to quantitatively compare the performance of the different ori-

entation interpolation methods. Hint: plot the locus followed by 2 on a unit sphere.

. For the mstraj example (page 47)

a) Repeat with different initial and final velocity.

b) Investigate the effect of increasing the acceleration time. Plot total time as a
function of acceleration time.

. Modify mstraj so that acceleration limits are taken into account when determin-

ing the segment time.

. Implement an inertial measurement system. First create an angular velocity signal

as a function of time, for example

>> t = [0:0.01:10]";
>> w = [0.1*sin(t) 0.2*sin(0.6*t) 0.3*sin(0.4*t)];

a) Estimate the rotation matrix at each time step, then animate it.

b) Repeat using quaternions.

c) Add a small amount of Gaussian noise w=w+ randn (size(w)) *0.001
and repeat. What changes?

d) Investigate performance for increasing amounts of noise.
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Fig. IL.1.

a Elsie the tortoise. Burden
Institute Bristol (1948). Now in
the collection of the Smithsonian
Institution but not on display
(photo: courtesy Reuben Hoggett
collection). b Shakey. SRI In-
ternational (1968). Now in the
Computer Museum in Mountain
View (photo: courtesy SRI
International)

Mobile Robots

In this part we discuss mobile robots, a class of robots that are able to move through
the environment. The figures show an assortment of mobile robots that can move over
the ground, over the water, through the air, or through the water. This highlights the
diversity of what is referred to as the robotic platform - the robot’s physical embodi-
ment and means of locomotion.

However these mobile robots are very similar in terms of what they do and how
they do it. One of the most important functions of a mobile robot is to move to some
place. That place might be specified in terms of some feature in the environment, for
instance move to the light, or in terms of some geometric coordinate or map reference.
In either case the robot will take some path to reach its destination and it faces chal-
lenges such as obstacles that might block its way or having an incomplete map, or no
map at all.

One strategy is to have very simple sensing of the world and to react to what is
sensed. For example Elsie the robotic tortoise built in the 1940s reacted to her environ-
ment and could seek out a light source without having any explicit plan or knowledge
of the position of the light. An alternative to the reactive approach was embodied in
the 1960s robot Shakey which was capable of 3D perception and created a map of its
environment and then reasoned about the map to plan a path to its destination.

These two approaches exemplify opposite ends of the spectrum for mobile robot
navigation. Reactive systems can be fast and simple since sensation is connected di-
rectly to action - there is no need for resources to hold and maintain a representation
of the world nor any capability to reason about that representation. In nature such
strategies are used by simple organisms such as insects. Systems that make maps and
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reason about them require more resources but are capable of performing more complex
tasks. In nature such strategies are used by more complex creatures such as mammals.

The first commercial applications of mobile robots came in the 1980s when auto-
mated guided vehicles (AGVs) were developed for transporting material around fac-
tories and these have since become a mature technology. These free-ranging mobile
wheeled vehicles typically use fixed infrastructure for guidance, for example, a painted
line on the floor, a buried cable that emits a radio-frequency signal, or wall-mounted
bar codes. The last decade has seen significant achievements in mobile robotics that
can operate without navigational infrastructure. We have seen rovers on Mars, the

Fig. I1.2.

Some mobile ground robots:

a Mars Exploration Rover, 2004
(image courtesy of NASA/JPL/
Cornell University). b Boss,
Tartan racing team’s autono-
mous car that won the Darpa
Urban Grand Challenge, 2007
(Carnegie-Mellon University).
¢ The Roomba robotic vacuum
cleaner, 2008 (photo: courtesy
iRobot Corporation). d An auto-
mated straddle carrier that
moves containers. Port of Bris-
bane, 2006 (photo: courtesy

of Port of Brisbane Pty Ltd)

Fig.Il.3.

Some mobile air and water robots:
a Yamaha RMAX helicopter with
3 m blade diameter. b Fixed-wing
robotic aircraft (photo of
ScanEagle courtesy of Insitu).

¢ DEPTHX: Deep Phreatic Ther-
mal Explorer, a 6-thruster under-
water robot. Stone Aerospace/
CMU (2007) (photo by David
Wettergreen, © Carnegie-Mellon
University). d Autonomous boat
(photo by Matthew Dunbabin)
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DARPA series of grand challenges for autonomous cars (Buehler et al. 2007,2010) and
even small low-cost robotic vacuum cleaners. Field robotic systems such as trucks in
mines, container transport vehicles in shipping ports, and self-driving tractors for
broad-acre agriculture are now commercially available. Mobile robots are not just lim-
ited to operations on the ground and recent years have seen significant progress with
unmanned aerial vehicles (UAVs), autonomous underwater vehicles (AUVs), and ro-
botic boats which are known as autonomous surface vehicles (ASVs).

The chapters in this part of the book cover the fundamentals of mobile robotics.
Chapter 4 discusses the motion and control of two exemplar robot platforms: wheeled
car-like vehicles that operate on a planar surface, and flying robots that move in
3-dimensional space - specifically quadrotor flying robots. Chapter 5 is concerned
with navigation. We will cover in some detail the reactive and plan-based approaches
to guiding a robot through an environment that contains obstacles. Most navigation
strategies require knowledge of the robot’s position and this is the topic of Chap. 6
which examines techniques such dead reckoning and the use of maps along with ob-
servations of landmarks. We also show how a robot can make a map, and even deter-
mine its location while simultaneously mapping an unknown region.



Chapter

Mobile Robot Vehicles

This chapter discusses how a robot platform moves, that is, how its pose
changes with time as a function of its control inputs. There are many differ-
ent types of robot platform as shown on pages 61-63 but in this chapter we
will consider only two which are important exemplars. The first is a wheeled
vehicle like a car which operates in a 2-dimensional world. It can be pro-
pelled forwards or backwards and its heading direction controlled by chang-
ing the angle of its steered wheels. The second platform is a quadrotor, a
flying vehicle, which is an example of a robot that moves in 3-dimensional
space. Quadrotors are becoming increasing popular as a robot platform
since they can be quite easily modelled and controlled.

However before we start to discuss these two robot platforms it will be
helpful to consider some general, but important, concepts regarding mobility.

4.1 Mobility

We have already touched on the diversity of mobile robots and their modes of locomo-
tion. In this section we will discuss mobility which is concerned with how a vehicle
moves in space.

We first consider the simple example of a train. The train moves along rails and its posi-
tion is described by its distance along the rail from some datum. The configuration of the
train can be completely described by a scalar parameter g which is called its generalized
coordinate. The set of all possible configurations is the configuration space, or C-space, de-
noted by € and g € C. In this case C C R. We also say that the train has one degree of free-
dom since q is a scalar. The train also has one actuator (motor) that propels it forwards or
backwards along the rail. With one motor and one degree of freedom the train is fully
actuated and can achieve any desired configuration, that is, any position along the rail.

Another important concept is task space which is the set of all possible poses ¢ of
the vehicle and & € 7. The task space depends on the application or task. If our task
was motion along the rail then T C R. If we cared only about the position of the train
in a plane then T C R2 If we considered a 3-dimensional world then T C SE(3), and its
height changes as it moves up and down hills and its orientation changes as it moves
around curves. Clearly for these last two cases the dimensions of the task space exceed
the dimensions of the configuration space and the train cannot attain an arbitrary
pose since it is constrained to move along fixed rails. In these cases we say that the
train moves along a manifold in the task space and there is a mapping from q — &.

Interestingly many vehicles share certain characteristics with trains - they are good
at moving forward but not so good at moving sideways. Cars, hovercrafts, ships and
aircraft all exhibit this characteristic and require complex manoeuvring in order to
move sideways. Nevertheless this is a very sensible design approach since it caters to
the motion we most commonly require of the vehicle. The less common motions such
as parking a car, docking a ship or landing an aircraft are more complex, but not im-
possible, and humans can learn this skill. The benefit of this type of design comes
from simplification and in particular reducing the number of actuators required.
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Next consider a hovercraft which has two propellors whose axes are parallel but not
collinear. The sum of their thrusts provide a forward force and the difference in thrusts
generates a yawing torque for steering. The hovercraft moves over a planar surface
and its configuration is entirely described by three generalized coordinates
q=(x,7, 0) € C and in this case € C R? x S. The configuration space has 3 dimen-
sions and the vehicle therefore has three degrees of freedom.

The hovercraft has only two actuators, one fewer than it has degrees of freedom,
and it is therefore an under-actuated system. This imposes limitations on the way in
which it can move. At any point in time we can control the forward (parallel to the
thrust vectors) acceleration and the rotational acceleration of the the hovercraft but
there is zero sideways (or lateral) acceleration since it does not generate any lateral
thrust. Nevertheless with some clever manoeuvring, like with a car, the hovercraft can
follow a path that will take it to a place to one side of where it started. The advantage of
under-actuation is the reduced number of actuators, in this case two instead of three.
The penalty is that the vehicle cannot move directly to an any point in its configura-
tion space, it must follow some path. If we added a third propellor to the hovercraft
with its axis normal to the first two then it would be possible to command an arbitrary
forward, sideways and rotational acceleration. The task space of the hovercraft is
T C SE(2) which is equivalent, in this case, to the configuration space.

A helicopter has four actuators. The main rotor generates a thrust vector whose
magnitude is controlled by the collective pitch, and the thrust vector’s direction is
controlled by the lateral and longitudinal cyclic pitch. The fourth actuator, the tail
rotor, provides a yawing moment. The helicopter’s configuration can be described by
six generalized coordinates ¢ = (x, y, z, 0, 191,, ¢9y) € C which is its position and orienta-
tion in 3-dimensional space, with orientation expressed in roll-pitch-yaw angles. The
configuration space € C R® x S? has six dimensions and therefore the vehicle has six
degrees of freedom. The helicopter is under-actuated and it has no means to rotationally
accelerate in the pitch and roll directions but cleverly these unactuated degrees of
freedom are not required for helicopter operation - the helicopter naturally maintains
stable equilibrium values for roll and pitch angle. Gravity acts like an additional actua-
tor and provides a constant downward force. This allows the helicopter to accelerate
sideways using the horizontal component of its thrust vector, while the vertical com-
ponent of thrust is counteracted by gravity - without gravity a helicopter could not fly
sideways. The task space of the helicopter is T C SE(3).

A fixed-wing aircraft moves forward very efficiently and also has four actuators”
(forward thrust, ailerons, elevator and rudder). The aircraft’s thrust provides accelera-
tion in the forward direction and the control surfaces exert various moments on the
aircraft: rudder (yaw torque),ailerons (roll torque), elevator (pitch torque). The aircraft’s
configuration space is the same as the helicopter and has six dimensions. The aircraft
is under-actuated and it has no way to accelerate in the lateral direction. The task
space of the aircraft is 7 C SE(3).

The DEPTHX underwater robot shown on page 62 also has a configuration space
C C R?x $? of six dimensions, but by contrast is fully actuated. Its six actuators can
exert an arbitrary force and torque on the vehicle, allowing it to accelerate in any di-
rection or about any axis. Its task space is T C SE(3).

Finally we come to the wheel - one of humanity’s greatest achievements. The wheel
was invented around 3000 BCE and the two wheeled cart was invented around 2000 BCE.
Today four wheeled vehicles are ubiquitous and the total automobile population of the
planet is approaching one billion.” The effectiveness of cars, and our familiarity with
them, makes them a natural choice for robot platforms that move across the ground.

The configuration of a car moving over a plane is described by its generalized coor-
dinates g = (x, y, ) € € and € C R? x S which has 3 dimensions. A car has only two
actuators, one to move forwards or backwards and one to change the heading direc-
tion. The car is therefore under-actuated.” As we have already remarked an under-
actuated vehicle cannot move directly to an any point in its configuration space, it

Some low-cost hobby aircraft have no
rudder and rely only on ailerons to bank
and turn the aircraft. Even cheaper
hobby aircraft have no elevator and rely
on engine speed to control height.

http://hypertextbook.com/facts/2001/
MarinaStasenko.shtml.

Unlike the aircraft and underwater ro-
bot the motion of a car is generally con-
sidered in terms of velocities rather
than forces and torques.
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Fig. 4.1. Omni-directional (or
Swedish) wheel. Note the circum-
ferential rollers which make mo-
tion in the direction of the wheel’s
axis almost frictionless. (Courtesy
Vex Robotics)

We can also consider this in control theo-
retic terms. Brockett's theorem (Brockett
1983) states that such systems are con-
trollable but they cannot be stabilized
to a desired state using a differentiable,
oreven continuous, pure state feedback
controller. A time varying or non-linear
control strategy is required.

Table 4.1.

Summary of parameters for
three different types of vehicle.
The +g notation indicates that
the gravity field can be consid-
ered as an extra actuator

must generally follow some nonlinear path. We know from our everyday experience
with cars that it is not possible to drive sideways, but with some practice we can learn
to follow a path that results in the vehicle being to one side of its initial position - this
is parallel parking. Neither can a car rotate on spot, but we can follow a path that
results in the vehicle being at the same position but rotated by 180° - a three-point
turn. The challenges this introduces for control and path planning will be discussed in
the rest of this part of the book. Despite this limitation the car is the simplest and most
effective means of moving in a planar world that we have yet found.

The standard wheel is highly directional and prefers to roll in the direction normal
to the axis of rotation. We might often wish for an ability to roll sideways but the stan-
dard wheel provides significant benefit when cornering - lateral friction between the
wheels and the road counteracts, for free, the centripetal acceleration which would
otherwise require an extra actuator to provide that force. More radical types of wheels
have been developed that can roll sideways. An omni-directional wheel or Swedish
wheel is shown in Fig. 4.1. It is similar to a normal wheel but has a number of passive
rollers around its circumference and their rotational axes lie in the plane of the wheel.
It is driven like an ordinary wheel but has very low friction in the lateral direction. A
spherical wheel is similar to the roller ball in an old-fashioned computer mouse but
driven by two actuators so that it can achieve achieve a velocity in any direction.

In robotics a car is often described as a non-holonomic vehicle. The term non-
holonomic comes from mathematics and means that the motion of the car is subject
to one or more non-holonomic constraints. A holonomic constraint is an equation
that can be written in terms of the configuration variables x, y and 6. A non-holonomic
constraint can only be written in terms of the derivatives of the configuration vari-
ables and cannot be integrated to a constraint in terms of configuration variables. Such
systems are therefore also known as non-integrable systems. A key characteristic of
these systems, as we have already discussed, is that they cannot move directly from one
configuration to another - they must perform a manoeuvre or sequence of motions*.

A skid-steered vehicle, such as a tank, can turn on the spot but to move sideways it
would have to stop, turn, proceed, stop then turn - this is a manoeuvre or time-vary-
ing control strategy which is the hallmark of a non-holonomic system. The tank has
two actuators, one for each track, and just like a car is under-actuated.

Mobility parameters for the vehicles that we have discussed are tabulated in Table 4.1.
The second column is the number of degrees of freedom of the vehicle or the dimen-
sion of its configuration space. The third column is the number of actuators and the
fourth column indicates whether or not the vehicle is fully actuated.

4.2 Car-like Mobile Robots

Wheeled cars are a very effective class of vehicle and the archetype for most ground
robots such as those shown on page 62. In this section we will create a model for a car-
like vehicle and develop controllers that can drive the car to a point, along a line, follow
an arbitrary path, and finally, drive to a specific pose.

Vehicle Degrees of freedom Number of actuators  Fully actuated?
Train 1 1 v
Hovercraft 3 2 X
Helicopter 6 449 X
Fixed wing aircraft 6 449 x
6-thruster AUV 6 6 v
Car 3 2 X
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A commonly used model for a four-wheeled car-like vehicle is the bicycle model”
shown in Fig. 4.2. The bicycle has a rear wheel fixed to the body and the plane of the
front wheel rotates about the vertical axis to steer the vehicle.

The pose of the vehicle is represented by the coordinate frame {V} shown in Fig. 4.2,
with its x-axis in the vehicle’s forward direction and its origin at the centre of the rear
axle. The configuration of the vehicle is represented by the generalized coordinates
q = (x,, 0) € Cwhere C C SE(2). The vehicle’s velocity” is by definition v in the vehicle’s
x-direction, and zero in the y-direction since the wheels cannot slip sideways. In the
vehicle frame {V} this is

i=v, 'y=0

The dashed lines show the direction along which the wheels cannot move, the lines
of no motion, and these intersect at a point known as the Instantaneous Centre of
Rotation (ICR). The reference point of the vehicle thus follows a circular path and its
angular velocity is

)=_ 4.1

R, (4.1)
and by simple geometry the turning radius is R, = L / tany where L is the length of
the vehicle or wheel base. As we would expect the turning circle increases with vehicle
length. The steering angle + is limited mechanically and its maximum value dictates
the minimum value of R;.

Fig. 4.2.

Bicycle model of a car. The car
is shown in light grey, and the
bicycle approximation is dark
grey. The vehicle’s coordinate
frame is shown in red, and the
world coordinate frame in blue.
The steering wheel angle is
and the velocity of the back
wheel, in the x-direction, is v. The
two wheel axes are extended as
dashed lines and intersect at the
Instantaneous Centre of Rotation
(ICR) and the distance from the
ICR to the back and front wheels
is R, and R, respectively

Often incorrectly called the Ackerman
model.

Other well known models include the
Reeds-Shepp model which has only
three speeds: forward, backward and
stopped,and the Dubbins car which has
only two speeds: forward and stopped.
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Paths that arcs with smoothly varying
radius.

Vehicle coordinate system. The coordinate system that we will use, and a common one for vehicles
of all sorts is that the x-axis is forward (longitudinal motion), the y-axis is to the left side (lateral
motion) which implies that the z-axis is upward. For aerospace and underwater applications the
z-axis is often downward and the x-axis is forward.

For a fixed steering wheel angle the car moves along a circular arc. For this reason
curves on roads are circular arcs or clothoids which makes life easier for the driver since
constant or smoothly varying steering wheel angle allow the car to follow the road. Note
that R, > R, which means the front wheel must follow a longer path and therefore rotate
more quickly than the back wheel. When a four-wheeled vehicle goes around a corner the
two steered wheels follow circular paths of different radius and therefore the angles of the
steered wheels 7, and 7, should be very slightly different. This is achieved by the com-
monly used Ackerman steering mechanism which results in lower wear and tear on the
tyres. The driven wheels must rotate at different speeds on corners which is why a differ-
ential gearbox is required between the motor and the driven wheels.

The velocity of the robot in the world frame is (v cos 6 vsin ) and combined with
Eq. 4.1 we write the equations of motion as

X = vcosb
Jy = vsind (4.2)
T
0 = —tan
I3 i

This model is referred to as a kinematic model since it describes the velocities of the vehi-
cle but not the forces or torques that cause the velocity. The rate of change of heading 6 is
referred to as turn rate, heading rate or yaw rate and can be measured by a gyroscope. It can
also be deduced from the angular velocity of the wheels on the left- and right-hand sides
of the vehicle which follow arcs of different radius and therefore rotate at different speeds.

In the world coordinate frame we can write an expression for velocity in the vehicle’s
y-direction

ycosf — xsinf =0

which is the non-holonomic constraint. This equation cannot be integrated to form a
relationship between x, y and 6.

Equation 4.2 captures some other important characteristics of a wheeled vehicle.
When v =0 then 0 =0, that is, it is not possible to change the vehicle’s orientation
when it is not moving. As we know from driving we must be moving in order to turn.
If the steering angle is 5 then the front wheel is orthogonal to the back wheel, the
vehicle cannot move forward and the model enters an undefined region.

Rudolph Ackerman (1764-1834) was a German inventor born at Schneeberg, in Saxony. For finan-
cial reasons he was unable to attend university and became a saddler like his father. For a time he
worked as a saddler and coach-builder and in 1795 established a print-shop and drawing-school in
London. He published a popular magazine “The Repository of Arts, Literature, Commerce, Manu-
factures, Fashion and Politics” that included an eclectic mix of articles on water pumps, gas-light-
ing, and lithographic presses, along with fashion plates and furniture designs. He manufactured
paper for landscape and miniature painters, patented a method for waterproofing cloth and paper
and built a factory in Chelsea to produce it. He is buried in Kensal Green Cemetery, London.

In 1818 Ackermann took out British patent 4212 on behalf of the German inventor George
Lankensperger for a steering mechanism which ensures that the steered wheels move on circles
with a common centre. The same scheme was proposed and tested by Erasmus Darwin (grandfa-
ther of Charles) in the 1760s. Subsequent refinement by the Frenchman Charles Jeantaud led to
the mechanism used in cars to this day which is known as Ackermann steering.
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Bicycle kinematic model for mobile robot
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Figure 4.3 shows a Simulink® implementation of the bicycle model. It implements
Eq. 4.2 and also includes a maximum velocity limit, a velocity rate limiter to model
finite acceleration and a limiter on the steering angle to model the finite range of the

steered wheel. The Simulink® system

>> sl _lanechange

Fig. 4.5. Simple lane changing
maneuver. a Vehicle response as a
function of time, b motion in the
xy-plane, the vehicle moves in the
positive x-direction

shown in Fig. 4.4 uses the Bicycle block in a system with a constant velocity de-
mand. The steering input is a positive then negative pulse on the steering angle and
the configuration is plotted against time in Fig. 4.5a. The result, in the xy-plane, is
shown in Fig. 4.5b and shows a simple lane-changing trajectory.
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The Toolbox function angdi £ £ com-
putes the difference between two angles
and returns a difference in the interval
[—, ). Also available in the Toolbox
Simulink® blockset roblocks.

4.2.1 Moving to a Point

Consider the problem of moving toward a goal point (x,y") in the plane. We will
control the robot’s velocity to be proportional to its distance from the goal

Vo= KV\/(x* —xP +(y —y)
and to steer toward the goal which is at the vehicle-relative angle in the world frame of

1y =)

X —X

0" = tan~

using a proportional controller
y=Ky0 ©6), K,>0

which turns the steering wheel toward the target. Note the use of the © operator
since 8", € S we require the angular difference to also lie within S. A Simulink®
model

>> gl _drivepoint

is shown in Fig. 4.6. We specify a goal coordinate

>> xg = [5 5];
2 2= ;
Xy
xg 2P Y Erp  sqrtu(1)A2+u(2)82) p 1 €
Goal Throttle XY
x »]
v |2_
- y >
3 atan2(u(2), u(1)) 1
gamma
Steering Ell theta theta |:|
o - |-
angdiff Bleycle "
theta
theta (2D
theta

Fig.4.6.s1_drivepoint, the
Simulink® model that drives the
vehicle to a point

To run the Simulink® model called model we first load it
>> model

and a new window is popped up that displays the model in block-diagram form. The simulation
can be started by typing control-T or by using Simulation+Start option from the toolbar on
the model’s window. The model can also be run directly from the MATLAB® command line

>> sim('model')

Many Toolbox models create additional figures to display robot animations or graphs.

Some models write data to the MATLAB® workspace for subsequent analysis. Some models
simply have unconnected output ports. All models in this chapter have the simulation data ex-
port option set to Format=Array, so the signals are concatenated, in port number order, to form
a row vector and these are stacked to form a matrix yout with one row per timestep. The corre-
sponding time values form a vector tout. These variables can be returned from the simulation

>> r = sim('model')

in the object r. Displaying r lists the variables that it contains and their value is obtained using
the £ind method, for example

>> t = r.find('tout') ;
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10 1 1 1 1

and an initial pose
>> x0 = [8 5 pi/2];
and then simulate the motion
>> r = sgim('sl_drivepoint');

The variable r is an object that contains the simulation results from which we extract
the configuration as a function of time

>> g = r.find('yout"') ;
The vehicle’s path in the plane is
>> plot(a(:,1), a(:,2));

which is shown in Fig. 4.7 for a number of starting poses. In each case the vehicle has
moved forward and turned onto a path toward the goal point. The final part of each
path is a straight line and the final orientation therefore depends on the starting point.

4.2.2 Following a Line

Another useful task for a mobile robot is to follow a line on the plane defined by
ax + by + ¢ = 0. This requires two controllers to adjust steering. One controller steers
the robot to minimize the robot’s normal distance from the line which according to
Eq.L1is

d= (a) b) C) ) (X, Vs 1)
\a* + v
The proportional controller

Qy = —Kdd, Kd >0

turns the robot toward the line. The second controller adjusts the heading angle, or
orientation, of the vehicle to be parallel to the line

0 = tanfli—a
b

Fig. 4.7.
Simulation results for
sl_drivepoint for different
initial poses. The goal is (5, 5)
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using the proportional controller
o, = K,(0" ©0), K, >0

The combined control law
v =—K;d+ K, ©0)

turns the steering wheel so as to drive the robot toward the line and move along it.
The Simulink® model

>> sl_driveline

See Appendix . is shown in Fig. 4.8. We specify the target line as a 3-vector (a, b, ¢)
> L = [1 -2 4];
and an initial pose
>> x0 = [8 5 pi/2];
and then simulate the motion
>> r = sim('sl_driveline');
The vehicle’s path for a number of different starting poses is shown in Fig. 4.9.
N[
: D)
xy
J — O]
2 f > : i
XY
Distance from line Constant 1 1
v 2
atan2(-L(1),L(2)) y :I
gamma
Slope of line = theta !
Bicycle

angdiff

I%g. 4.8. The Simulink® model
sl_driveline drives the ve-
hicle along a line. The line pa-
rameters (a, b, c) are set in the
workspace variable L

Fig. 4.9.
Simulation results from different
initial poses for the line (1, —2,4)
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423 Following a Path

Instead of a straight line we might wish to follow a path that is defined more generally
as some locus on the xy-plane. The path might come from a sequence of coordinates
generated by a motion planner, such as discussed in Sect. 5.2, or in real-time based on
the robot’s sensors.

A simple and effective algorithm for path following is pure pursuit in which the
goal (x" (v, y*<t>) moves along the path, in its simplest form at constant speed, and the
vehicle always heads toward the goal - think carrot and donkey.

D
xy 2Bt g sartu(A2+u2)2)-01 [ O]
F.] Throttle Velocit
Circle PID y XY
L X | 5
Goal PID controller v 4_
| atan2(u(2), u(1)) v y
2 5 gamma
Steering theta
Kh Bicycle pl ]
theta
i
Steer angle theta

Fig. 4.10. The Simulink® model
sl_pursuit drives the vehicle
to follow an arbitrary moving tar-
get using pure pursuit. In this ex-
ample the vehicle follows a point
moving around a unit circle with
a frequency of 0.1 Hz

2.0 T

1
Speed

Time (s)

Fig. 4.11. Simulation results from
pure pursuit. a Path of the robot
in the xy-plane. The black dashed
line is the circle to be tracked and
the blue line in the path followed
by the robot. b The speed of the
vehicle versus time
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This problem is very similar to the control problem we tackled in Sect. 4.2.1, mov-
ing to a point, except this time the point is moving. The robot maintains a distance d"
behind the pursuit point and we formulate an error

e:\/(x* —x) +(y* —y) —d

that we regulate to zero by controlling the robot’s velocity using a proportional-
integral (PI) controller

v =K, +Kl-fedt
The integral term is required to provide a finite velocity demand v" when the fol-

lowing error is zero. The second controller steers the robot toward the target which is
at the relative angle

* _
0 =tan =

and a simple proportional controller
a=K,(0 00, K,>0
turns the steering wheel so as to drive the robot toward the target.

The Simulink® model

>> sl_pursuit

shown in Fig. 4.10 includes a target that moves around a unit circle. It can be simu-
lated

>> r = sim('sl_pursuit')

and the results are shown in Fig. 4.11a. The robot starts at the origin but catches up
to, and follows, the moving goal. Figure 4.11b shows how the speed demand picks up
smoothly and converges to a steady state value at the desired following distance.

424 Moving to a Pose

The final control problem we discuss is driving to a specific pose (x', y', 8°). The con-
troller of Fig. 4.6 could drive the robot to a goal position but the final orientation
depended on the starting position.

In order to control the final orientation we first rewrite Eq. 4.2 in matrix form

X cos 0 Y
y|=sinf 0[ ]
0 0 1

and then transform the equations into polar coordinate form using the notation shown
in Fig. 4.12. We apply a change of variables

p = A2 +A§,
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\
(<

Fig. 4.12.
Polar coordinate notation for the
bicycle model vehicle moving
toward a goal pose: p is the
distance to the goal, J is the
angle of the goal vector with
respect to the world frame, and
« is the angle of the goal vector
with respect to the vehicle frame

which results in

—cosa 0
p .
al=| 2 1) itael-27]
p sinq
- 0
P

and assumes the goal {G} is in front of the vehicle. The linear control law

v=k,
v = ko + k08

drives the robot to a unique equilibrium” at (p, o, 3) = (0, 0, 0). The intuition behind  The control law introduces a disconti-
this controller is that the terms k0 and k,« drive the robot along a line toward {G} ”r:“ty at p= O which satisfies Brockett’s
while the term k3 rotates the line so that #— 0. The closed-loop system theorem.

P —k, cosa
@l = k,sina — ko — k33
15 —k,sina

is stable so long as

k,>0,k; <0,k, —k, >0
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I%g. 4.13. The Simulink® model
sl_drivepose drives the ve-
hicle to a pose. The initial and fi-
nal poses are set by the workspace
variable x0 and xf respectively

Fig. 4.14.

Simulation results from different
initial poses to the final pose
(5,5,% ). Note that in some cases
the robot has backed into the
final pose

The distance and bearing to the goal (p, v) could be measured by a camera or laser range
finder,and the angle (7 derived from «vand vehicle orientation £ as measured by a compass.
For the case where the goal is behind the robot, that is o ¢ (—% % |, we reverse the
vehicle by negating v and  in the control law. The velocity v always has a constant
sign which depends on the initial value of «.
So far we have described a regulator that drives the vehicle to the pose (0, 0, 0). To
move the robot to an arbitrary pose (x, y', §") we perform a change of coordinates

X=x—x,y=y—-y,0=0,3=0+6

The pose controller is implemented by the Simulink® model
>> sl_drivepose
shown in Fig. 4.13. We specify a goal pose
>> xg = [5 5 pi/2];
and an initial pose
>> x0 = [8 5 pi/2];
and then simulate the motion
>> r = sim('sl_drivepose');

As before, the simulation results are stored in r and can be plotted

>> y = r.find('yout');
>> plot(y(:,1), y(:,2));



78

Chapter 4 - Mobile Robot Vehicles

to show the vehicle’s path in the plane. The vehicle’s path for a number of starting
poses is shown in Fig. 4.14. The vehicle moves forwards or backward and takes a smooth
path to the goal pose.”

43 Flying Robots

In order to fly, all one must do is simply miss the ground.
Douglas Adams

Flying robots or unmanned aerial vehicles (UAV) are becoming increasingly common
and span a huge range of size and shape as shown in shown in Fig. 4.15. Applications
include military operations, surveillance, meteorological investigations and robotics
research. Fixed wing UAVs are similar in principle to passenger aircraft with wings to
provide lift, a propellor or jet to provide forward thrust and control surface for
manoeuvring. Rotorcraft UAVs have a variety of configurations that include conven-
tional helicopter design with a main and tail rotor, a coax with counter-rotating co-
axial rotors and quadrotors. Rotorcraft UAVs are used for inspection and research and
have the advantage of being able to take off vertically.

Flying robots differ from ground robots in some important ways. Firstly they have
6 degrees of freedom and their configuration g € SE(3). Secondly they are actuated
by forces, that is their motion model is expressed in terms of forces and torques rather
than velocities as was the case for the bicycle model - we use a dynamic rather than
a kinematic model. Underwater robots have many similarities to flying robots and
can be considered as vehicles that fly through water and there are underwater equiva-
lents to fixed wing aircraft and rotorcraft. The principle differences underwater are
an upward buoyancy force, drag forces that are much more significant than in air,
and added mass.

In this section we will create a model for a quadrotor flying vehicle such as shown
in Fig. 4.15d. Quadrotors are now widely available, both as commercial products and

The controller is based on the linear bi-
cycle model but the Simulink® model
Bicycle has hard non-linearities
including steering angle limits and ve-
locity rate limiting.

Fig. 4.15.

Flying robots. a Global Hawk
unmanned aerial vehicle (UAV)
(photo: courtesy of NASA),

b a micro air vehicle (MAV)
(photo: courtesy of AeroViron-
ment, Inc.), ca 1 gram co-axial
helicopter with 70 mm rotor
diameter (photo courtesy of
Petter Muren and Proxflyer AS),
d a quadrotor, also known as
an X4, which has four rotors and
a block of sensing and control
electronics are in the middle
(photo: courtesy of Inkyu Sa)
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Fig. 4.16.

Quadrotor notation showing the
four rotors, their thrust vectors
and directions of rotation. The
body-fixed frame {B} is attached
to the vehicle and has its origin
at the vehicle’s centre of mass.
Rotors 1 and 3 rotate counter-
clockwise (viewed from above)
while rotors 2 and 4 rotate
clockwise

Ta

d ']CYD wnt

as open-source projects. Compared to fixed wing aircraft they are highly manoeuvrable
and can be flown safely indoors which makes them well suited for laboratory or hob-
byist use. Compared to conventional helicopters, with the large main rotor and tail
rotor, the quadrotor is easier to fly, does not have the complex swash plate mechanism
and is easier to model and control.

The notation for the quadrotor model is shown in Fig. 4.16. The body-fixed coordi-
nate frame {B} has its z-axis downward following the aerospace convention. The
quadrotor has four rotors, labelled 1 to 4, mounted at the end of each cross arm. The
rotors are driven by electric motors powered by electronic speed controllers. Some
low-cost quadrotors use small motors and reduction gearing to achieve sufficient torque.
The rotor speed is w; and the thrust is an upward vector

T =bw?, i=12,34 (4.3)

in the vehicle’s negative z-direction, where b > 0 is the lift constant that depends on
the air density, the cube of the rotor blade radius, the number of blades, and the chord
length of the blade.

The translational dynamics of the vehicle in world coordinates is given by Newton’s
second law

0 0
mo=| 0 |—"Ry|0 (4.4)
mg T

where v is the velocity of the vehicle in the world frame, g is gravitational acceleration,
m is the total mass of the vehicle and T = XT; is the total upward thrust. The first term
is the force of gravity which acts downward in the world frame and the second term is
the total thrust in the vehicle frame rotated into the world coordinate frame.

Pairwise differences in rotor thrusts cause the vehicle to rotate. The torque about
the vehicle’s x-axis, the rolling torque, is

T, =dT, —dT,

where d is the distance from the motor to the centre of mass. We can write this in terms
of rotor speeds by substituting Eq. 4.3

7, = db(w} — f ) (4.5)
and similarly for the y-axis, the pitching torque is

T, = db(wf - w32) (4.6)
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The torque applied to each propellor by the motor is opposed by aerodynamic drag
Q - ki?

where k depends on the same factors as b. This torque exerts a reaction torque on the
airframe which acts to rotate the airframe about the propeller shaft in the opposite
direction to its rotation. The total reaction torque about the z-axis is

T,=Q-Q+Q&-Q

= k(wf R wf) (4.7)
where the different signs are due to the different rotation directions of the rotors. A yaw
torque can be created simply by appropriate coordinated control of all four rotor speeds.

The rotational acceleration of the airframe is given by Euler’s equation of motion

Jo=—-wxJw+T (4.8)
where J is the 3 x 3 inertia matrix of the vehicle, w is the angular velocity vector and
Ir=(7, 7, 7,)7 is the torque applied to the airframe according to Eq. 4.5 to 4.7.

The motion of the quadrotor is obtained by integrating the forward dynamics equa-
tions Eq. 4.4 and Eq. 4.8 where the forces and moments on the airframe

b b b b\t W

TY |0 —db 0 dblws| |wf

LJ*db 0 —db 0|2 AL (49)
k -k k -k wﬁ Wi

are functions of the rotor speeds. The matrix 4 is of full rank if b, k, d > 0 and can be
inverted

wy T
2
w: 1| 7.
2l=A71 7 (4.10)
T
ws y
W? z

to give the rotor speeds required to apply a specified thrust T and moment I"to the
airframe.

To control the vehicle we will employ a nested control structure which we illustrate
for pitch and x-translational motion. The innermost loop uses a proportional and de-
rivative controller” to compute the required pitching torque on the airframe

5:&@—@+&@—®

based on the error between desired and actual pitch angle.” The gains K, and K,
are determined by classical control design approaches based on an approximate dy-
namic model and then tuned to achieve good performance. The actual vehicle pitch
angle ¢, would be estimated by an inertial navigation system. The required rotor speeds
are then determined using Eq. 4.10.

Consider a coordinate frame {V} attached to the vehicle and with the same origin
as {B} but with its x- and y-axes parallel to the ground. To move the vehicle in the

Vx-direction we pitch the nose down which generates a force

0 Tsinﬁp
f= R},(Qp) 0= 0
T Tcosep

The rotational dynamics has a second-
order transfer function of © y(s) / Ty(S) =
1/(]52+ Bs) where Bis aerodynamic
damping which is generally quite small.
To regulate a second-order system re-
quires a proportional-derivative con-
troller.

The term @), is commonly ignored.
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The total thrust must be increased so
that the vertical thrust component still
balances gravity.

which has a component
Jx = Tsinf, = TG,

that accelerates the vehicle in the Vx-direction. We can control the velocity in this di-
rection with a proportional control law

£ i (5~ )

Combine these two equations we obtain the pitch angle
0, =K (Vv = v, (4.11)

required to achieve the desired forward velocity. The actual vehicle velocity Vv, would
be estimated by an inertial navigation system or GPS receiver. For a vehicle in vertical
equilibrium the total thrust equals the weight forcesom /T~1/g.

If the position of the vehicle in the xy-plane of the world frame is p € R? then the
desired velocity is given by the proportional control law

v =K,(p - p) (4.12)

based on the error between the desired and actual position. The desired velocity in
frame {V} is

v = "Ry(6,)v = R (6, v

which is a function of the yaw angle 6,

Vv
[ .
\%4
Vy

To reach a desired position we can compute the appropriate velocity and from that
the appropriate pitch angle which generates a force to move the vehicle. This indi-
rection is a consequence of the vehicle being underactuated — we have just four rotor
speeds to adjust but the vehicle’s configuration space is 6-dimensional. To move
forward the quadrotor airframe must first pitch down so that the thrust vector
has a horizontal component to accelerate it.* As it approaches its goal the airframe
must be rotated in the opposite direction, pitching up, so that the backward com-
ponent of thrust decelerates the forward motion. Finally the airframe rotates to the
horizontal with the thrust vector vertical. The cost of under-actuation is once again
a manoeuvre. The pitch angle cannot be arbitrarily set, it is a means to achieve trans-
lation control.

- ORg(ey)[:"]
Y

The rotational inertia of a body that moves in SE(3) is represented by the 3 x 3 symmetric matrix

]xx ]xy ]xz
=1y Ty I
]xz ]yz ]zz

The diagonal elements are the moments of inertia, and the off-diagonal elements are products of
inertia. Only six of these nine elements are unique: three moments and three products of inertia.
The products of inertia are zero if the object’s mass distribution is symmetrical with respect to
the coordinate frame.
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Figure 4.17 shows a Simulink® model of the quadrotor in a closed-loop control struc-
ture. The inputs to the quadrotor block are the speeds of the four rotors and from
Eq. 4.9 the torques and forces on the quadrotor are computed and it integrates Eq. 4.4,
Eq. 4.8 and Eq. 4.9 to give the position, velocity, orientation and orientation rate. The
output of this block is the state vector & = (x, ¥, 2, 6, 6, 6, %, , 2, 0, GP, Qy). As is com-
mon in aerospace applications we represent orientation and orientation rate in terms
of roll-pitch-yaw angles. The control part of the block diagram involves multiple nested
control loops that compute the required thrust and torques so that the vehicle moves
to the setpoint.

The vehicle’s position control loops, as just discussed, are shown in the top left of
the diagram. The innermost loop, shown in blue, controls the attitude of the vehicle
and its inputs are the actual and desired roll and pitch angles, as well as the roll and
pitch angular rates to provide damping. The outer loop, shown in orange, controls the
xy-position of the flyer by requesting changes in roll and pitch angle so as to provide a
component of thrust in the direction of desired xy-plane motion. In the diagram Eq. 4.11
and Eq. 4.12 have been combined into the form

0}: = Kl(vp: - Vpx - K2vvx>

The xy-position error is computed in the world frame and rotated by 0RTV(<9},) into
frame {V}. Note that according to the coordinate conventions shown in Fig. 4.16
Vx-direction motion requires a negative rotation about the y-axis (pitch angle) and
Vy-direction motion requires a positive rotation about the x-axis (roll angle) so the
gains have different signs for the roll and pitch loops.

Yaw is controlled by a proportional-derivative controller

T, = Kp(e; fey)+ Kd(é; - éy)

shown in black and 9; is ignored since it is typically small.

Fig. 4.17. The Simulink® model
sl_qguadrotor which is a
closed-loop simulation of the
quadrotor. The flyer takes off
and flies in a circle at constant al-
titude. The dynamics block imple-
ments Eq. 4.9,and the mixer block
implements its inverse while also
enforcing limits on rotor speed.
A Simulink® bus is used for the
12-element state vector X output
by the Quadrotor block
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The simulation loads the default quad-
rotor model before it starts, through
the PreLoadFcn callback set from
model’s properties File+Model Prop-
erties+Callbacks+PreLoadFcn.

Fig. 4.18.

One frame from the quadrotor
simulation. The marker on the
ground plane is a projection of
the vehicle’s centroid

Altitude is controlled by a proportional-derivative controller
T =K,(z —2)+ K;(2' —2) +

shown in red which which determines the average rotor speed. The additive term

wy = /% (4.13)

is the rotor speed necessary to generate a thrust equal to the weight of the vehicle.
This is an example of feedforward control - used here to counter the effect of gravity
which otherwise is a constant disturbance to the altitude control loop. The alterna-
tives to feedforward control would be to have very high gain for the altitude loop
which often leads to actuator saturation and instability, or a proportional-integral
(PI) controller which might require a long time for the integral term to increase to a
useful value and then lead to overshoot. We will revisit gravity compensation in Chap. 9
applied to arm-type robots.
The parameters of a specific quadrotor can be loaded

>> mdl_quadrotor

which creates a structure called quad in the workspace, and its elements are the vari-
ous dynamic properties of the quadrotor. The simulation can be run using the
Simulink® menu or from the MATLAB® command line

>> sim('sl_qguadrotor');

and it displays an animation in a separate window. The vehicles lifts off and flies in a
circle while spinning slowly about its own z-axis. A snapshot is shown in Fig. 4.18. The
simulation writes the results from each timestep into a matrix in the workspace

>> about (result)
result [double] : 419x17 (56984 bytes)

which has one row per timestep, and each row contains the time followed by the state
vector (elements 2-13) and the commanded rotor speeds w; (elements 14-17). To plot x
and y versus time is

>> plot(result(:,1), result(:,2:3));

08d--

z (height above ground)
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4.4 Wrapping Up

In this chapter we have discussed general concepts about mobility, configuration space
and task space. We created detailed models of two quite different robot platforms. We
first discussed the car-like vehicle which is an exemplar of many ground robots. We
developed a kinematic model which we used to develop a number of different control-
lers in order that the platform could perform useful tasks such as driving to a point,
following a path or driving to a pose. We then discussed a simple flying vehicle, the
quadrotor, and developed a dynamic model. We then implemented a number of nested
control loops that allowed the quadrotor to fly a circuit. The nested control approach
is described in more detail in Sect. 9.4.2.

The next chapters will discuss how to plan paths for robots through complex envi-
ronments that contain obstacles and then how to determine the location of a robot.

Further Reading

Comprehensive modelling of mobile ground robots is provided in the book by Siegwart
et al. (2011). In addition to the bicycle model covered here, it presents in depth discus-
sion of a variety of wheel configurations with different combinations of driven wheels,
steered wheels and passive casters. These topics are covered more succinctly in the
Handbook of Robotics (Siciliano and Khatib 2008, § 17). Siegwart et al. also provide
strong coverage of perception, localization and navigation which we will discuss in
the coming chapters.

Ackermann’s magazine can be found online at http://smithandgosling.wordpress.com/
2009/12/02/ackermanns-repository-of-arts and the carriage steering mechanism is
published in the March and April issues of 1818. King-Hele (2002) provides a com-
prehensive discussion about the prior work on steering geometry and Darwin’s ear-
lier invention.

Mobile ground robots are now a mature technology for transporting parts around
manufacturing plants. The research frontier is now for vehicles that operate auto-
nomously in outdoor environments (Siciliano and Khatib 2008, part F). Research into
the automation of passenger cars has been ongoing since the 1980s but as yet there is
no commercial offering - perhaps society is not yet ready for this technology or per-
haps the legal complexities that might arise in the case of accidents is overwhelming.

The Navlab project at Carnegie-Mellon University started in 1984 and a series of
autonomous vehicles, Navlabs, have been built and a large body of research has re-
sulted. All vehicles make strong use of computer vision for navigation. In 1995 the
supervised autonomous Navlab 5 made a 3 000-mile journey, dubbed “No Hands Across
America” (Pomerleau and Jochem 1995, 1996). The vehicle steered itself 98% of the
time largely by visual sensing of the white lines at the edge of the road.

In Europe, Ernst Dickmanns and his team at Bundeswehr Universitdt Miinchen
demonstrated autononomous control of vehicles. In 1988 the VaMoRs system,a 5 tonne
Mercedes-Benz van, could drive itself at speeds over 90 km h™! (Dickmanns and Graefe
1988b; Dickmanns and Zapp 1987; Dickmanns 2007). The European Prometheus
Project ran from 1987-1995 and in 1994 the robot vehicles VaMP and VITA-2 drove
more than 1000 km on a Paris multi-lane highway in standard heavy traffic at speeds
up to 130 km h™!. They demonstrated autonomous driving in free lanes, convoy driv-
ing, automatic tracking of other vehicles, and lane changes with autonomous passing
of other cars. In 1995 an autonomous S-Class Mercedes-Benz made a 1600 km trip
from Munich to Copenhagen and back. On the German Autobahn speeds exceeded
175 km h™! and the vehicle executed traffic manoeuvres such as overtaking. The mean
time between human interventions was 9 km and it drove up to 158 km without any
human intervention. The UK part of the project demonstrated autonomous driving
of an XJ6 Jaguar with vision (Matthews et al. 1995) and radar-based sensing for lane
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keeping and collision avoidance. More recently, in the USA a series of Grand Chal-
lenges were run for autonomous cars. The 2005 desert and 2007 urban challenges are
comprehensively described in compilations of papers from the various teams in
Buehler et al. (2007, 2010).

Flying robots and underwater are not yet discussed in standard robotics texts. The
Handbook of Robotics (Siciliano and Khatib 2008) provides summaries of the state of
the art of aerial and underwater robotics in chapters 41 and 43 respectively. The theory
of helicopters with an emphasis on robotics is provided by Mettler (2003) but the de-
finitive reference for helicopter dynamics is the very large book by Prouty (2002). The
recent book by Antonelli (2006), now in second edition, provides comprehensive cov-
erage of modelling and control of underwater robots.

Some of the earliest papers on quadrotor modelling and control are by Pounds,
Mahony and colleagues (Hamel et al. 2002; Pounds et al. 2004, 2006). The thesis by
Pounds (2007) presents comprehensive aerodynamic modelling of a quadrotor with a
particular focus on blade flapping, a phenomena well known in conventional helicop-
ters but mostly ignored for quadrotors. Quadrotors have been built at a number of
laboratories and some are available commercially for hobbyists or for researchers. The
Mikrokopter open-source project has designs for the airframe and propulsion system
as well as control software and can be found at http://www.mikrokopter.de/ucwiki/
en. The basic principle of the quadrotor is easily extended by adding more rotors and
vehicles with 6, 8 and 16 rotors have been developed and this provides increasing pay-
load capability and even redundancy to rotor failures.

Exercises

1. For a 4-wheel vehicle with L = 2 m and width between wheel centres of 1.5 m

a) compute the difference in wheel steer angle for Ackerman steering around curves
of radius 10, 50 and 100 m.

b) If the vehicle is moving at 80 km h™! compute the difference in back wheel rota-
tion rates for curves of radius 10, 50 and 100 m.

2. Write an expression for turn rate in terms of the angular rotation rate of the two
back wheels. Investigate the effect of errors in wheel radius and vehicle width.

3. Implement the © operator used in Sect. 4.2.1 and check against the code for angdi f £.

. Moving to a point (page 71) plot x, y and # against time.

5. Pure pursuit example (page 74)

a) Investigate what happens when the integral gain is zero. Now reduce the fre-
quency of circular motion to 0.01 revs and see what happens.

b) With integral set to zero, add a constant to the output of the controller. What
should the value of the constant be?

¢) Modify the pure pursuit example so the robot follows a slalom course.

d) Modify the pure pursuit example to follow a target moving back and forth along
a line.

6. Moving to a pose (page 75)

a) Repeat the example with a different initial orientation.

b) Implement a parallel parking manoeuvre. Is the resulting path practical?

7. Use the MATLAB® GUI interface to make a simple steering wheel and velocity con-
trol, use this to create a very simple driving simulator. Alternatively interface a gaming
steering wheel and peddle to MATLAB®.

8. Quadrotor (page 78)

a) Experiment with different control gains. What happens if you reduce the damp-
ing gains to zero?

b) Remove the gravity feedforward and experiment with high altitude-gain or a
PI controller.

c) Derive Eq. 4.13.

S
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d) When the vehicle has non-zero roll and pitch angles, the magnitude of the verti-
cal thrust is reduced and the vehicle will slowly descend. Add compensation to
the vertical thrust to correct this.

e) Simulate the quadrotor flying inverted, that is, its z-axis is pointing upwards.

f) Program a ballistic motion. Have the quadrotor take off at 45 deg to horizontal
then remove all thrust.

g) Program a smooth landing.

h) Program a barrel roll manoeuvre. Have the quadrotor fly horizontally in its
x-direction and then increase the roll angle from 0 to 2.

i) Program a flip manoeuvre. Have the quadrotor fly horizontally in its x-direction
and then increase the pitch angle from 0 to 2.

j) Add another four rotors.

k) Use the functionmstraj to create a trajectory through ten via points (X;, Y;, Z;, )
and modify the controller of Fig. 4.17 for smooth pursuit of this trajectory.

1) Use the MATLAB® GUI interface to make a simple joystick control, and use this
to create a very simple flying simulator. Alternatively interface a gaming joystick
to MATLAB®.
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Fig.5.1.

Time lapse photograph of a
Roomba robot cleaning a room
(photo by Chris Bartlett)

the process of directing a vehicle so as to reach the intended destination
IEEE Standard 172-1983

Robot navigation is the problem of guiding a robot towards a goal.
The human approach to navigation is to make maps and erect sign-
posts, and at first glance it seems obvious that robots should oper-
ate the same way. However many robotic tasks can be achieved with-
out any map at all, using an approach referred to as reactive naviga-
tion. For example heading towards a light, following a white line on
the ground, moving through a maze by following a wall, or vacu-
uming a room by following a random path. The robot is reacting
directly to its environment: the intensity of the light, the relative
position of the white line or contact with a wall. Grey Walter’s tor-
toise Elsie from page 61 demonstrated “life-like” behaviours - she
reacted to her environment and could seek out a light source. Today
more than 5 million Roomba vacuum cleaners are cleaning floors
without using any map of the rooms they work in. The robots work
by making random moves and sensing only that they have made
contact with an obstacle.

The more familiar human-style map-based navigation is used
by more sophisticated robots. This approach supports more com-
plex tasks but is itself more complex. It imposes a number of re-
quirements, not the least of which is a map of the environment. It
also requires that the robot’s position is always known. In the next
chapter we will discuss how robots can determine their position
and create maps. The remainder of this chapter discusses the reac-
tive and map-based approaches to robot navigation with a focus on
wheeled robots operating in a planar environment.
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Valentino Braitenberg (1926-) is an Italian- Austrian neuro-scientist and cyberneticist,and former
director at the Max Planck Institute for Biological Cybernetics in Tiibingen, Germany. His 1986
book “Vehicles: Experiments in Synthetic Psychology” (image on right is of the cover this book,
published by The MIT Press, ©MIT 1984) describes reactive goal-achieving vehicles, and such
systems are now commonly known as Braitenberg Vehicles.

A Braitenberg vehicle is an automaton or robot which combines sensors, actuators and their
direct interconnection to produce goal-oriented behaviors. Grey Walter’s tortoise predates the
use of this term but is nevertheless an example of such a vehicle.

These vehicles are described as conceptually as analog circuits, but more recently small robots
based on a digital realization of the same principles have been developed.

5.1 Reactive Navigation

Surprisingly complex tasks can be performed by a robot even if it has no map and no
real idea about where it is. As already mentioned robotic vacuum cleaners use only
random motion and information from contact sensors to perform a complex task as
shown in Fig. 5.1. Insects such as ants and bees gather food and return it to the nest
based on input from their senses, they have far too few neurons to create any kind of
mental map of the world and plan paths through it. Even single-celled organisms such
as flagellate protozoa exhibited goal seeking behaviours. In this case we need to revise
our earlier definition of a robot to

a goal oriented machine that can sense, ptan and act.

The manifestation of complex behaviours by simple organisms was of interest to
early researchers in cybernetics. Grey Walter’s robotic tortoise demonstrated that it
could moves toward a light source, a behaviour known as phototaxis.” This was an
important result in the then emerging scientific field of cybernetics.

5.1.1 Braitenberg Vehicles

A very simple class of goal achieving robots are known as Braitenberg vehicles and are
characterised by direct connection between sensors and motors. They have no explicit
internal representation of the environment in which they operates and nor do they
make explicit plans.”

Consider the problem of a robot moving in two dimensions that is seeking the
maxima of a scalar field - the field could be light intensity or the concentration of
some chemical.” The Simulink® model

>> gl_braitenberg

shown in Fig. 5.2 achieves this using a steering signal derived directly from the sensors.”

William Grey Walter (1910-1977) was a neurophysiologist and pioneering cyberneticist born in
Kansas City, Missouri and studied at King’s College, Cambridge. Unable to obtain a research fellow-
ship at Cambridge he worked on neurophysiological research in hospitals in London and from 1939
at the Burden Neurological Institute in Bristol. He developed electroencephalographic brain topog-
raphy which used multiple electrodes on the scalp and a triangulation algorithm to determine the
amplitude and location of brain activity.

Walter was influential in the then new field of cybernetics. He built robots to study how complex
reflex behavior could arise from neural interconnections. His tortoise Elsie (of the species Machina
Speculatrix) is shown, without its shell, on page 61. Built in 1948 Elsie was a three-wheeled robot ca-
pable of phototaxis that could also find its way to a recharging station. A second generation tortoise
(from 1951) is in the collection of the Smithsonian Institution. He published popular articles in “Scien-
tific American” (1950 and 1951) and a book “The Living Brain” (1953). He was badly injured in a car
accident in 1970 from which he never fully recovered. (Image courtesy Reuben Hoggett collection)

VEHICLES

Experiments in Synthetic Psychology

Valentino Braitenberg

More generally a taxis is the response
of an organism to a stimulus gradient.

This is a fine philosophical point, the plan
could be considered to be implicitin the
details of the connections between the
motors and sensors.

This is similar to the problem of mov-
ing to a point discussed in Sect. 4.2.1.

This is similar to Braitenberg’s Vehicle 4a.

'y
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Fig. 5.2. The Simulink® model
sl_braitenberg drives the
vehicle toward the maxima of a
provided scalar function. The ve-
hicle plus controller is an example
of a Braitenberg vehicle

We can make the measurements simul-
taneously using two spatially separated
sensors or from one sensor over time as
the robot moves.

Similar strategies are used by moths
whose two antennae are exquisitely
sensitive odor detectors that are used
to steer a male moth toward a phero-
mone emitting female.

Je

Gain

To ascend the gradient we need to estimate the gradient direction at the current
location and this requires at least two measurements of the field.* In this example we
use two sensors, bilateral sensing, with one on each side of the robot’s body. The sen-
sors are modelled by the green sensor blocks shown in Fig. 5.2 and are parameterized
by the position of the sensor with respect to the robot’s body, and the sensing function.
In this example the sensors are at +2 units in the vehicle’s lateral or y-direction.

The field to be sensed is a simple inverse square field defined by

1 function sensor = sensorfield(x, V)
2 xc = 60; yc = 90;
3 sensor = 200./((x-xc).”2 + (y-yc).”2 + 200);

which returns the sensor value s(x, y) € [0, 1] which is a function of the sensor’s posi-
tion in the plane. This particular function has a peak value at the point (60, 90).
The vehicle speed is

V=2—5s3—5

where s; and s; are the right and left sensor readings respectively. At the goal, where
sp=s; =1 the velocity becomes zero.
Steering angle is based on the difference between the sensor readings

v = k(sg —s1)

sowhen the field is equal in the left- and right-hand sensors the robot moves straight ahead.
We start the simulation from the Simulink® menu or the command line

>> sim('sl_braitenberg') ;

and the path of the robot is shown in Fig. 5.3. The starting pose can be changed through
the parameters of the Bicycle block. We see that the robot turns toward the goal and
slows down as it approaches, asymptotically achieving the goal position.

This particular sensor-action control law results in a specific robotic behaviour. We
could add additional logic to the robot to detect that it had arrived near the goal and
then switch to a stopping behaviour. An obstacle would block this robot since its only
behaviour is to steer toward the goal, but an additional behaviour could be added to
handle this case and drive around an obstacle. We could add another behaviour to
search randomly for the source if none was visible. Grey Walter’s tortoise had four
behaviours and switching was based on light level and a touch sensor.
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Multiple behaviours and the ability to switch between them leads to an approach
known as behaviour-based robotics. The subsumption architecture was proposed as a
means to formalize the interaction between different behaviours. Complex, some might
say intelligent looking,behaviours can be manifested by such systems. However as more
behaviours are added the complexity of the system grows rapidly and interactions
between behaviours become more complex to express and debug. Ultimately the pen-
alty of not using a map becomes too great.

5.1.2 Simple Automata

Another class of reactive robots are known as bugs - simple automata that perform
goal seeking in the presence of non-driveable areas or obstacles. There are a large
number of bug algorithms and they share the ability to sense when they are in proxim-
ity to an obstacle. In this respect they are similar to the Braitenberg class vehicle, but
the bug includes a state machine and other logic in between the sensor and the motors.
The automata have memory which our earlier Braitenberg vehicle lacked.” In this
section we will investigate a specific bug algorithm known as bug2.
We start by loading an obstacle field to challenge the robot

>> load mapl

which defines a 100 x 100 matrix variable map in the workspace. The elements are
zero or one representing free space or obstacle respectively and this is shown in Fig. 5.4.
Tools to generate such maps are discussed on page 92. This matrix is an example of an
occupancy grid which will be discussed further in the next section.

At this point we state some assumptions. Firstly, the robot operates in a grid world
and occupies one grid cell. Secondly, the robot does not have any non-holonomic con-
straints and can move to any neighbouring grid cell. Thirdly, it is able to determine its
position on the plane which is a non-trivial problem that will be discussed in detail in
Chap. 6. Finally, the robot can only sense its immediate locale and the goal. The robot
does not use the map - the map is used by the simulator to provide sensory inputs to
the robot.

We create an instance of the bug?2 class

>> bug = Bug2 (map) ;
and the goal is

>> bug.goal = [50; 35];

Fig. 5.3.

Path of the Braitenberg vehicle
moving toward (and past) the
maximum of a 2D scalar field
whose magnitude is shown
color coded

Braitenberg’s book describes a series of
increasingly complex vehicles, some of
which incorporate memory. However
the term Braitenberg vehicle has be-
come associated with the simplest ve-
hicles he described.
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Fig. 5.4.
The path taken by the bug2
algorithm is marked by green
dots. The goal is a blue diamond,
the black dashed line is the M-
line, the direct path from the
start to the goal. Obstacles are
indicated by red pixels

It could be argued that the M-line rep-
resents an explicit plan.Thus bug algo-
rithms occupy a position somewhere
between Braitenberg vehicles and
map-based planning systems in the
spectrum of approaches to navigation.

Beyond the trivial straight line case.
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The simulation is run using the path method
>> bug.path([20; 101);

where the argument is the initial position of the robot. The method displays an anima-
tion of the robot moving toward the goal and the path is shown as a series of green
dots in Fig. 5.4.

The strategy of the bug2 algorithm is quite simple. It moves along a straight line
towards its goal. If it encounters an obstacle it moves around the obstacle (always
counter-clockwise) until it encounters a point that lies along its original line that is
closer to the goal than where it first encountered the obstacle.

If an output argument is specified

>> p = bug.path([20; 101]);
it returns the path as a matrix p

>> about (p)
p [double] : 332x2 (5312 bytes)

which has one row per point, and comprises 332 points for this example. Invoking the
function without the starting position

>> p = bug.path();

will prompt for a starting point to be selected by clicking on the plot.

The bug?2 algorithms has taken a path that is clearly not optimal. It has wasted time
by continuing to follow the perimeter of the obstacle until it rejoined its original line.
It would also have been quicker in this case to go clockwise around the obstacle. Many
variants of the bug algorithm have been developed, but while they improve the perfor-
mance for one type of environment they can degrade performance in others. Funda-
mentally the robot is limited by not using a map. It cannot see the big picture and
therefore takes paths that are locally, rather than globally, optimal.

5.2 Map-Based Planning

The key to achieving the best path between points A and B, as we know from every-
day life, is to use a map. Typically best means the shortest distance but it may also
include some penalty term or cost related to traversability which is how easy the ter-
rain is to drive over - it might be quicker to travel further but over better roads. A
more sophisticated planner might also consider the kinematics and dynamics of the
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Making a map. An occupancy grid is a matrix that corresponds to a region of 2-dimensional
space. Elements containing zeros are free space where the robot can move, and those with ones
are obstacles where the robot cannot move. We can use many approaches to create a map. For
example we could create a matrix filled with zeros (representing all free space)

>> map = zeros (100, 100);
and use MATLAB® operations such as
>> map(40:50,20:80) = 1;

to create an obstacle but this is quite cumbersome. Instead we can use the Toolbox map editor
makemap to create more complex maps using a simple interactive editor

>> map = makemap (100)
makeworld:
left button, click and drag to create a rectangle
- draw polygon
- draw circle
- erase map
- undo last action
- leave editing mode

Q & O QT

which allows you to add rectangles, circles and polygons to an occupancy grid, in this example
the grid is 100 x 100.

Note that the occupancy grid is a matrix whose coordinates are conventionally expressed as
(row; column) and the row is the vertical dimension of a matrix. We use the Cartesian convention
of a horizontal x-coordinate first, followed by the y-coordinate therefore the matrix is always
indexed as v, x in the code.

vehicle and avoid paths that involve turns that are tighter than the vehicle can execute.
Recalling our earlier definition of a robot as a

goal oriented machine that can sense, plan and act,

this section concentrates on planning.

There are many ways to represent a map and the position of the vehicle within the
map. One approach is to represent the vehicle position as (x, y) € R? and the the
driveable regions or obstacles as polygons, each comprising lists of vertices or edges.
This is potentially a very compact format but determining potential collisions between
the robot and obstacles may involve testing against long lists of edges.

A simpler and very computer-friendly representation is the occupancy grid. As its
name implies the world is treated as a grid of cells and each cell is marked as occu-
pied or unoccupied. We use zero to indicate an unoccupied cell or free space where
the robot can drive. A value of one indicates an occupied or non-driveable cell. The
size of the cell depends on the application. The memory required to hold the occu-
pancy grid increases with the spatial area represented and inversely with the cell size.
However for modern computers this representation is very feasible. For example a
cell size 1 X 1 m requires” just 125 kbyte km2.

In the remainder of this section we use code examples to illustrate several differ-
ent planners and all are based on the occupancy grid representation. To create uni-
formity the planners are all implemented as classes derived from the Navigation
superclass which is briefly described on page 93. The bug2 class we used previously
was also an instance of this class so the remaining examples follow a familiar pattern.

Once again we state some assumptions. Firstly, the robot operates in a grid world
and occupies one grid cell. Secondly, the robot does not have any non-holonomic
constraints and can move to any neighbouring grid cell. Thirdly, it is able to deter-
mine its position on the plane. Fourthly, the robot is able to use the map to compute
the path it will take.

Considering a single bit to represent
each cell. The occupancy grid could be
compressed or could be kept on a disk
with only the local region in memory.
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Fig.5.5.

The distance transform path.
Obstacles are indicated by red
cells. The background grey
intensity represents the cell’s
distance from the goal in units
of cell size as indicated by the
scale on the right-hand side

The distance between two points
(x1, y1) and (x5, y2) where Ay=x — X
and Ay= y, — y1 can be Euclidean
VA% + Ajor CityBlock (also known as
Manhattan) distance |A,| + [A,].

Navigation superclass. The examples in this chapter are all based on classes derived from the
Navigation class which is designed for 2D grid-based navigation. Each example consists of essen-
tially the following pattern. Firstly we create an instance of an object derived from the Navigation
class by calling the class constructor.

>> nav = MyNavClass (world)

which is passed the occupancy grid. Then a plan to reach the goal is computed
>> nav.plan(goal)

The plan can be visualized by
>> nav.plot ()

and a path from an initial position to the goal is computed by

>> p = nav.path(start)
>> p = nav.path()

where p is the path, a sequence of points from start to goal, one row per point, and each row
comprises the x- and y-coordinate. If start is not specified, as in the second example, the user is
prompted to interactively click the start point. If no output argument is provided an animation of
the robot’s motion is displayed.

200

150

100

50

In all examples we use the following parameters

>> goal = [50; 307];

>> start = [20; 10];

>> load mapl
for the goal position, start position and world map respectively. The world map is
loaded into the workspace variable map. These parameters can be varied, and the oc-
cupancy grid changed using the tools described on page 92.

5.2.1 Distance Transform

Consider a matrix of zeros with just a single non-zero element representing the goal.
The distance transform of this matrix is another matrix, of the same size, but the
value of each element is its distance from the original non-zero pixel. For robot path
planning we use the default Euclidean distance. The distance transform is actually an
image processing technique and will be discussed further in Chap. 12.
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To use the distance transform for robot navigation we create a DXform object,
which is derived from the Navigation class

>> dx = DXform(map) ;

and create a plan to reach the specified goal
>> dx.plan(goal)

which can be visualized
>> dx.plot ()

as shown in Fig. 5.5. We see the obstacle regions in red overlaid on the distance map
whose grey level at any point indicates the distance from that point to the goal, taking into
account travel around obstacles.

The hard work has been done and finding a path from any point to the goal is now very
simple. Wherever the robot starts, it moves to the neighbouring cell that has the smallest dis-
tance to the goal. The process is repeated until the robot reaches a cell with a distance value of
zero which is the goal. For example to find a path to the goal from position start is

>> dx.path(start) ;

which displays an animation of the robot moving toward the goal. The path is indi-
cated by a series of green dots as shown in Fig. 5.5.

If the path method is called with an output argument the animation is skipped
and the path

>> p = dx.path(start);
is returned as a matrix, one row per point, which we can visualize
>> dx.plot (p)

The path comprises

>> numrows (p)
ans =
205
points which is shorter than the path found by bug2. Unlike bug2 this planner has
found the shorter clockwise path around the obstacle.

This navigation algorithm has exploited its global view of the world and has, through
exhaustive computation, found the shortest possible path. In contrast, bug2 without
the global view has just bumped its way through the world. The penalty for achieving
the optimal path is computational cost. The distance transform is iterative. Each itera-
tion has a cost of O(N?) and the number of iterations is at least O(N), where N is the
dimension of the map.

We can visualize the iterations of the distance transform by

>> dx.plan(goal, 0.1);

which shows the distance values propagating as a wavefront outward from the goal.
The wavefront moves upward, splits to the left and right, moves downward and the
two fronts collide at the bottom of the map along the line x = 32. The last argument
specifies a pause of 0.1 s between frames. Although the plan is expensive to create,
once it has been created it can be used to plan a path from any initial point to the goal.

We have converted a fairly complex planning problem into one that can now be
handled by a Braitenberg-class robot that makes local decisions based on the distance
to the goal. Effectively the robot is rolling downhill on the distance function which we
can plot as a 3D

>> dx.plot3d(p)

shown in Fig. 5.6 with the robot’s path overlaid.
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Fig. 5.6.

The distance transform as a

3D function, where height is
distance from the goal. Navigation
is simply a downhill run. Note
the discontinuity in the distance
transform where the split wave-
fronts met

D* is an extension of the A* algorithm
for finding minimum cost paths through
a graph, see Appendix J.
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For large occupancy grids this approach to planning will become impractical. The
roadmap methods that we discuss later in this chapter provide an effective means to
find paths in large maps at greatly reduced computational cost.

5.2.2 D*

A popular algorithm for robot path planning is called D*, and it has a number of fea-
tures that are useful for real-world applications.* D* generalizes the occupancy grid
to a cost map which represents the cost ¢ € R, ¢ > 0 of traversing each cell in the hori-
zontal or vertical direction. The cost of traversing the cell diagonally is cv/2. For cells
corresponding to obstacles ¢ = oo (Inf in MATLAB®).

D* finds the path which minimizes the total cost of travel. If we are interested in the
shortest time to reach the goal then cost is the time to drive across the cell and is
inversely related to traversability. If we are interested in minimizing damage to the
vehicle or maximizing passenger comfort then cost might be related to the roughness
of the terrain within the cell. The costs assigned to cells will depend on the character-
istics of the vehicle: a large 4-wheel drive vehicle may have a finite cost to cross a rough
area whereas for a small car that cost might be infinite.

The key feature of D* is that it supports incremental replanning. This is important
if, while we are moving, we discover that the world is different to our map. If we dis-
cover that a route has a higher than expected cost or is completely blocked we can
incrementally replan to find a better path. The incremental replanning has a lower
computational cost than completely replanning as would be required using the dis-
tance transform method just discussed.

To implement the D* planner using the Toolbox we use a similar pattern and first
create a D* navigation object

>> ds = Dstar (map) ;

The D* planner converts the passed occupancy grid map into a cost map which we can
retrieve

>> ¢ = ds.costmap();

where the elements of ¢ will be 1 or co representing free and occupied cells respectively.
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A plan for moving to the goal is generated by
>> ds.plan(goal) ;

which creates a very dense directed graph (see Appendix J). Every cell is a graph vertex
and has a cost, a distance to the goal, and a link to the neighbouring cell that is closest to
the goal. Each cell also has a state t € {NEW, OPEN, CLOSED}. Initially every cell is in the
NEW state, the cost of the goal cell is zero and its state is OPEN. We can consider the set of
all cells in the OPEN state as a wavefront propagating outward from the goal.” The cost of
reaching cells that are neighbours of an OPEN cell is computed and these cells in turn are
set to OPEN and the original cell is removed from the open list and becomes CLOSED. In
MATLAB® this initial planning phase is quite slow” and takes tens of seconds and

>> ds.niter

ans =

10558

iterations of the planning loop.

The path from an arbitrary starting point to the goal

>> ds.path(start) ;

is shown in Fig. 5.7. The robot has again taken the short path to the left of the obstacles
and is almost the same as that generated by the distance transform.

The real power of D* comes from being able to efficiently change the cost map
during the mission. This is actually quite a common requirement in robotics since real
sensors have a finite range and a robot discovers more of world as it proceeds. We
inform D* about changes using the modify_cost method, for example

>> for y=78:85

>> for x=12:45

>> ds.modify_cost([x,y], 2);
>> end

>> end

where we have raised the cost to 2 for a small rectangular region to simulate a patch of
terrain with lower traversability. This region is indicated by the white dashed rect-
angle in Fig. 5.8. The other driveable cells have a cost of 1. The plan is updated by
invoking the planning algorithm again

>> ds.plan() ;

but this time the number of iterations is only

>> ds.niter
ans =
3178
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The distance transform also evolves as
a wavefront outward from the goal.
However D* represents the frontier effi-
ciently as a list of cells whereas the dis-
tance transform computes the frontier
on a per-pixel basis at every iteration —
the frontier is implicitly where a cell with
infinite cost (the initial value of all cells)
is adjacent to a cell with finite cost.

D* is more efficient than the distance
transform but it executes more slowly
because it is implemented entirely in
MATLAB® code whereas the distance
transform is a MEX-file written in C.

Fig.5.7.

The D* planner path. Obstacles
are indicated by red cells and all
driveable cells have a cost of 1.
The background grey intensity
represents the cell’s distance from
the goal in units of cell size as
indicated by the scale on the
right-hand side
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Fig. 5.8.

Path from D* planner with modi-
fied map. The higher-cost region
is indicated by the white dashed
rectangle and has changed the
path compared to Fig. 5.7
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A graph s an abstract representation of a set of objects connected by links typically denoted G(V, E)
and depicted diagrammatically as shown to the left. The objects, V, are called vertices or nodes,and
the links, E, that connect some pairs of vertices are called edges or arcs. Edges can be directed (ar-
rows) or undirected as in this case. Edges can have an associated weight or cost associated with
moving from one of its vertices to the other. A sequence of edges from one vertex to another is a
path. Graphs can be used to represent transport or communications networks and even social rela-
tionships, and the branch of mathematics is graph theory. Minimum cost path between two nodes
in the graph can be computed using well known algorithms such as Dijstrka’s method or A*.
The navigation classes use a simple MATLAB® graph class called PGraph, see Appendix J.

which is 30% of that required to create the original plan. The new path for the robot
>> ds.path(start) ;

is shown in Fig. 5.8. The cost change is relatively small but we notice that the increased
cost of driving within this region is indicated by a subtle brightening of those cells - in
a cost sense these cells are now further from the goal. Compared to Fig. 5.7 the robot’s
path has moved to the right in order to minimize the distance it travels through the
high-cost region. D* allows updates to the map to be made at any time while the robot
is moving. After replanning the robot simply moves to the adjacent cell with the lowest
cost which ensures continuity of motion even if the plan has changed.

5.23 Voronoi Roadmap Method

In planning terminology the creation of a plan is referred to as the planning phase.
The query phase uses the result of the planning phase to find a path from A to B. The
two previous planning algorithms, distance transform and D¥*, require a significant
amount of computation for the planning phase, but the query phase is very cheap.
However the plan depends on the goal. If the goal changes the expensive planning
phase must be re-executed. Even though D* allows the path to be recomputed as the
costmap changes it does not support a changing goal.

The disparity in planning and query costs has led to the development of roadmap
methods where the query can include both the start and goal positions. The planning
phase provides analysis that supports changing starting points and changing goals. A
good analogy is making a journey by train. We first find a local path to the nearest
train station, travel through the train network, get off at the station closest to our goal,
and then take a local path to the goal. The train network is invariant and planning a
path through the train network is straightforward. Planning paths to and from the
entry and exit stations respectively is also straightforward since they are, ideally, short
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paths. The robot navigation problem then becomes one of building a network of ob-
stacle free paths through the environment which serve the function of the train net-
work. In the literature such a network is referred to as a roadmap. The roadmap need
only be computed once and can then be used like the train network to get us from any
start location to any goal location.

We will illustrate the principles by creating a roadmap from the occupancy grid’s
free space using some image processing techniques. The essential steps in creating the
roadmap are shown in Fig. 5.9. The first step is to find the free space in the map which

is simply the complement of the occupied space
>> free = 1 - map;

and is a matrix with non-zero elements where the robot is free to move. The boundary
is also an obstacle so we mark the outermost cells as being not free

>> free(l,:) = 0;
>> free(:,1) = 0;

free(100,:) = 0;
free(:,100) = 0;

and this map is shown in Fig. 5.9a where free space is depicted as white.
The topological skeleton of the free space is computed by a morphological image

processing algorithm known as thinning applied to the free space of Fig. 5.9a
>> skeleton = ithin(free);

and the result is shown in Fig. 5.9b. We see that the obstacles have grown and the free
space, the white cells, have become a thin network of connected white cells which are

50 60 70 80 90 100
u (pixels)

50 60 70 80 90 100
u (pixels)

Fig. 5.9. Steps in the creation of a
Voronoi roadmap. a Free space is
indicated by white cells, b the skel-
eton of the free space is a network
of adjacent cells no more than one
cell thick, c the skeleton with the
obstacles overlaid in red and road-
map junction points indicated in
blue. d the distance transform of
the obstacles, pixel values corre-
spond to distance to the nearest
obstacle
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The junctions in the roadmap are indi-
cated by blue circles. The junctions, or
triple points, are identified using the
morphological image processing func-
tion triplepoint.

To replicate the following result be sure
toinitialize the random number genera-
torfirstusing randinit. Seep. 101.

The Voronoi tessellation of a set of planar points, known as sites, is a set of Voronoi cells as shown
to the left. Each cell corresponds to a site and consists of all points that are closer to its site than to
any other site. The edges of the cells are the points that are equidistant to the two nearest sites. A
generalized Voronoi diagram comprises cells defined by measuring distances to objects rather
than points. In MATLAB® we can generate a Voronoi diagram by

>> sites = rand(10,2)

>> voronoi (sites(:,1), sites(:,2))

Georgy Voronoi (1868-1908) was a Russian mathematician, born in what is now Ukraine. He
studied at Saint Petersburg University and was a student of Andrey Markov. One of his students
Boris Delaunay defined the eponymous triangulation which has dual properties with the Voronoi
diagram.

equidistant from the boundaries of the original obstacles. Image processing functions,
and morphological operations in particular, will be explained more fully in Chap. 12.

Figure 5.9c shows the free space network overlaid on the original map. We have
created a network of paths that span the space and which can be used for obstacle-free
travel around the map.¥ These paths are the edges of a generalized Voronoi diagram.
We could obtain a similar result by computing the distance transform of the obstacles,
Fig. 5.9a, and this is shown in Fig. 5.9d. The value of each pixel is the distance to the
nearest obstacle and the ridge lines correspond to the skeleton of Fig. 5.9b. Thinning
or skeletonization, like the distance transform, is a computationally expensive itera-
tive algorithm but it illustrates well the principles of finding paths through free space.
In the next section we will examine a cheaper alternative.

5.2.4 Probabilistic Roadmap Method

The high computational cost of the distance transform and skeletonization methods
makes them infeasible for large maps and has led to the development of probabilistic
methods. These methods sparsely sample the world map and the most well known of
these methods is the probabilistic roadmap or PRM method.

To use the Toolbox PRM planner for our problem we first create a PRM object

>> prm = PRM(map)
and then create the plan
>> prm.plan()*

Note that in this case we do not pass goal as an argument to the planner since the
plan is independent of the goal. Creating the path is a two phase process: planning,
and query. The planning phase finds N random points, 100 by default, that lie in free
space. Each point is connected to its nearest neighbours by a straight line path that
does not cross any obstacles, so as to create a network, or graph, with a minimal num-
ber of disjoint components and no cycles. The advantage of PRM is that relatively few
points need to be tested to ascertain that the points and the paths between them are
obstacle free. The resulting network is stored within the PRM object and a summary
can be displayed

>> prm
prm =
PRM: 100x100
graph size: 100
dist thresh: 30.000000
100 vertices
712 edges
3 components
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which indicates the number of edges and connected components in the graph. The
graph can be visualized

>> prm.visualize()

as shown in Fig. 5.10a. The dots represent the randomly selected points and the lines
are obstacle-free paths between the points. Only paths less than 30 cells long are se-
lected which is the distance threshold parameter of the PRM class. Each edge of the
graph has an associated cost which is the distance between its two nodes. The color of
the node indicates which component it belongs to and each component is assigned a
unique color. We see two nodes on the left-hand side that are disconnected from the
bulk of the roadmap.

The query phase is to find a path from the start point to the goal. This is simply a
matter of moving to the closest node in the roadmap, following the roadmap, and
getting off at the node closest to the goal and

>> prm.path(start, goal)

shows an animation of the robot moving through the graph and the path followed is
shown in Fig. 5.11. Note that this time we provide the start and the goal position to the
query phase. The next node on the roadmap is indicated in yellow and a line of green
dots shows the robot’s path. Travel along the roadmap involves moving toward the
neighbouring node which has the lowest cost, that is, closest to the goal. We repeat the
process until we arrive at the node in the graph closest to the goal, and from there we
move directly to the goal.

An advantage of this planner is that once the roadmap is created by the planning
phase we can change the goal and starting points very cheaply, only the query phase
needs to be repeated.

However the path is not optimal and the distance travelled

>> p = prm.path(start, goal);

>> numcols (p)

ans =

299
is greater than the optimal value found by the distance transform but less than that
found by bug2.

There are some important tradeoffs in achieving this computational efficiency.
Firstly, the underlying random sampling of the free space means that a different graph
is created every time the planner is run, resulting in different paths and path lengths.
For example rerunning the planner

>> prm.plan() ;

Fig. 5.10. Probablistic roadmap
(PRM) planner and the random
graphs produced in the planning
phase. a Almost fully connected
graph, apart from two nodes on
the left-hand edge, b graph with
a large disconnected component
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Fig.5.11.

Probablistic roadmap (PRM)
planner showing the path taken
by the robot, shown as green
dots. The nodes of the roadmap
that are visited are highlighted
in yellow
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Random numbers. The MATLAB® random number generator (used for rand and randn) gen-
erates a very long sequence of numbers that are an excellent approximation to a random se-
quence. The generator maintains an internal state which is effectively the position within the
sequence. After startup MATLAB® always generates the following random number sequence

>> rand
ans =
0.8147
>> rand
ans =
0.9058
>> rand
ans =
0.1270

Many algorithms discussed in this book make use of random numbers and this means that the
results can never be repeated. Before all such examples in this book is an invisible call to randinit
which resets the random number generator to a known state

>> randinit

>> rand

ans =
0.8147

>> rand

ans =
0.9058

and we see that the random sequence has been restarted.

A real robot is not a point. We have assumed that the robot is a point, occupying a single cell in
the occupancy grid. Some of the resulting paths which hug the sides of obstacles are impractical
for a robot larger than a single cell. Rather than change the planning algorithms which are pow-
erful and work very well we transform the obstacles. The Minkowski sum is used to inflate the
obstacles to accomodate the worst-case pose of the robot in close proximity. The obstacles are
replaced by virtual obstacles which are union of the obstacle and the robot in all its possible
poses and just touching the boundary. The robot’s various poses can be conservatively modelled
as a circle that contains the robot.

If we consider the occupancy grid as an image then obstacle inflation can be achieved using
the image processing operation known as dilation (discussed further in Sect. 12.5). To inflate the
obstacles with a circle of radius 3 cells the Toolbox command would be

>> prm = PRM(map, 'inflate', 3);
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produces the graph shown in Fig. 5.10b which has nodes at different locations and has
a different number of edges.

Secondly, the planner can fail by creating a network consisting of disjoint compo-
nents. The graph in Fig. 5.10a shows some disjoint components on the left-hand side,
while the graph in Fig. 5.10b has a large disconnected component. If the start and goal
positions are not connected by the roadmap, that is, they are close to different compo-
nents the path method will report an error. The only solution is to rerun the planner.

Thirdly, long narrow gaps between obstacles are unlikely to be exploited since the
probability of randomly choosing points that lie along such gaps is very low. In this
example the planner has taken the longer counter-clockwise path around the obstacle
unlike the optimal distance transform planner which was able to exploit the narrow
vertical path on the left-hand side.

5.2.5 RRT

The next, and final, planner that we introduce is able to take into account the motion
model of the vehicle, relaxing the assumption that the robot is capable of omni-direc-
tional motion.

Figure 5.12 shows a family of paths that the bicycle model of Eq. 4.2 would follow for
discrete values of velocity, forward and backward, and steering wheel angle over a fixed
time interval. This demonstrates clearly the subset of all possible configurations that a
non-holonomic vehicle can reach from a given initial configuration. In this discrete ex-
ample, from the initial pose we have computed 22 poses that the vehicle could achieve.
From each of these we could compute another 22 poses that the vehicle could reach after
two periods, and so on. After just a few periods we would have a very large number of
possible poses.

For any desired goal pose we could find the closest precomputed pose, and working
backward toward the starting pose we could determine the sequence of steering angles
and velocities needed to move from initial to the goal pose. This has some similarities
to the roadmap methods discussed previously, but the limiting factor is the combinatoric
explosion in the number of possible poses.

15

0.5F

Fig.5.12.

A set of possible paths that the
bicycle model robot could follow
from an initial configuration of
(0,0,0). For v=*1, ac[-1,1]
over a 2 s period. Red lines
correspond to v < 0
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The distance measure must account for
a difference in position and orientation
and requires appropriate weighting of
these quantities. From a consideration
of units this is not quite proper since we
are adding metres and radians.

Uniformly randomly distributed be-
tween the steering angle limits.

Fig.5.13.

An RRT computed for the bicycle
model with a velocity of +-1 m 57,
steering angle limits of 1.2 rad,
integration period of 1s,and
initial configuration of (0, 0, 0).
Each node is indicated by a
green circle in the 3-dimensional
space of vehicle poses (x, y, §)

The particular planner that we discuss is the Rapidly-exploring Random Tree or
RRT. Like PRM it is a probabilistic algorithm and the main steps are as follows. A
graph of robot configurations is maintained and each node is a configuration ¢ € SE(2)
which is represented by a 3-vector  ~ (x, y, #). The first node in the graph is some
initial configuration of the robot. A random configuration ¢,,,4 is chosen, and the
node with the closest configuration &,.,, is found - this point is near in terms of a cost
function that includes distance and orientation. A control is computed that moves
the robot from &, ., toward &, 4 over a fixed period of time. The point that it reaches
is &, and this is added to the graph.

We create an RRT roadmap for an obstacle free environment by following our fa-
miliar programming pattern. We create an RRT object

>> rrt = RRT()

which includes a default bicycle kinematic model, velocity and steering angle limits.
We create a plan and visualize the results

>> rrt.plan() ;
>> rrt.plot();

which are shown in Fig. 5.13. We see how the paths have a good coverage of the con-
figuration space, not just in the x- and y-directions but also in orientation, which is
why the algorithm is known as rapidly exploring.

An important part of the RRT algorithm is computing the control input that moves
the robot from an existing point in the graph to &, 4. From Sect. 4.2 we understand
the difficulty of driving a non-holonomic vehicle to a specified pose. Rather than the
complex non-linear controller of Sect. 4.2.4 we will use something simpler that fits
with the randomized sampling strategy used in this class of planner. The controller
randomly chooses whether to drive forwards or backwards and the steering angle,*
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simulates motion of the bicycle model for a fixed period of time, and computes the
closest distance to &,,, 4. This is repeated multiple times and the control input with the
best performance is chosen. The point on its path that was closest to &4 is chosen
as &,.,r and becomes a new node in the graph.

Handling obstacles with the RRT is quite straightforward. The point &, 4 is dis-
carded if it lies within an obstacle, and the point ¢, will not be added to the graph if
the path from & ,, toward &, 4 intersects an obstacle. The result is a set of paths, a
roadmap, that is collision free and driveable with this non-holonomic vehicle.

We will illustrate this with the challenging problem of moving a non-holonomic
vehicle sideways. Specifically we want to find a path to move the robot 2 m in the
lateral direction with its final heading angle the same as its initial heading angle

>> p = rrt.path([0 0 0], [0 2 0]);
The result is a continuous path

>> about (p)
p [double] : 30x3 (720 bytes)

which we can plot
>> rrt.path([0 0 0], [0 2 0]);

and the result is shown in Fig. 5.14. This is a smooth path” that is feasible for the non-
holonomic vehicle. The robot has an initial heading angle of 0 which means it is facing
in the positive x-direction, so here it has driven backwards to the desired pose. Note
also that the motion does not quite finish at the desired pose but at the node in the
tree closest to the desired pose. This could be remedied by computing a denser tree,
this one had 500 nodes, some adjustment of the steering command on the last seg-
ment of the motion, or using a local motion planner to move from the end of this
path to the goal pose.

5.3 Wrapping Up

Robot navigation is the problem of guiding a robot towards a goal and we have covered a
spectrum of approaches. The simplest was the purely reactive Braitenberg-type vehicle.
Then we added limited memory to create state machine based automata such as bug2
which can deal with obstacles, however the paths that it find are far from optimal.

A number of different map-based planning algorithms were then introduced. The
distance transform is a computationally intense approach that finds an optimal path
to the goal. D* also finds a optimal path, but accounts for traversibility of individual

Fig. 5.14. The path computed by
RRT that translates the non-holo-

nomic vehicle sideways. Nodes in
the RRT are shown as circles, for-
ward motion is shown in blue, re-
verse motion in red. a Path in the
xy-plane; b path in (x, y, 6) space

Although the steering angle is not con-
tinuous.
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cells rather than considering them as either free space or obstacle. D* also supports
computationally cheap incremental replanning for small changes in the map. PRM
reduces the computational burden by probabilistic sampling but at the expense of less
optimal paths. In particular it may not discover narrow routes between areas of free
space. Another sampling method is RRT which uses a kinematic model of the vehicle
to create paths which are feasible to drive, and can readily account for the orientation
of the vehicle as well as its position. All the map-based approaches require a map and
knowledge of the robot’s location, and these are both topics that we will cover in the
next chapter.

Further Reading

The defining book in cybernetics was written by Wiener in 1948 and updated in 1965
(Wiener 1965). Grey Walter published a number of popular articles (1950, 1951) and a
book (1953) based on his theories and experiments with robotic tortoises.

The definitive reference for Braitenberg vehicles is Braitenberg’s own book (1986)
which is a whimsical, almost poetic, set of thought experiments. Vehicles of increasing
complexity (fourteen vehicle families in all) are developed, some including non-
linearities, memory and logic to which he attributes anthropomorphic characteristics
such as love, fear, agression and egotism. The second part of the book outlines the
factual basis of these machines in the neural structure of animals. The bugl and bug2
algorithms were described by Lumelsky and Stepanov (1986). More recently eleven
variations of Bug algorithm were implemented and compared for a number of differ-
ent environments (Ng and Brdunl 2007).

Early behaviour-based robots included the Johns Hopkins Beast, built in the 1960s,
and Genghis (Brooks 1989) built in 1989. Behaviour-based robotics are covered in the
book by Arkin (1999) and the Robotics Handbook (Siciliano and Khatib 2008, § 38).
Matari¢’s Robotics Primer (Matari¢ 2007) and associated comprehensive web-based
resources is also an excellent introduction to reactive control, behaviour based control
and robot navigation. A rich collection of archival material about early cybernetic
machines, including Gray-Walter’s tortoise and the Johns Hopkins Beast can be found
at the Cybernetic Zoo http://cyberneticzoo.com.

The distance transform is well described by Borgefors (1986) and its early applica-
tion to robotic navigation was explored by Jarvis and Byrne (1988). The D* algorithm
is an extension of the classic A* algorithm for graphs (Nilsson 1971). It was proposed
by Stentz (1994) and later extensions include Field D* (Ferguson and Stentz 2006) and
D* lite (Koenig and Likhachev 2002). D* was used by many vehicles in the DARPA
challenges (Buehler et al. 2007, 2010).

The ideas behind PRM started to emerge in the mid 1990s and it was first described
by Kavraki et al. (1996). Geraerts and Overmars (2004) compare the efficacy of a num-
ber of subsequent variations that have been proposed to the basic PRM algorithm.
Approaches to planning that incorporate the vehicles dynamics include state-space
sampling (Howard et al. 2008), and the RRT which is described in LaValle (1998, 2006)
as well as http://msl.cs.uiuc.edu/rrt.

Two recent books provide almost encyclopedic coverage of planning for robots.
The book on robot motion by Choset et al. (2005) covers geometric and probabilistic
approaches to planning as well as the application to robots with dynamics and non-
holonomic constraints. The book on robot planning by LaValle (2006) covers motion
planning, planning under uncertainty, sensor-based planning, reinforcement learning,
nonlinear systems, trajectory planning and nonholonomic planning. The powerful plan-
ning techniques discussed in these books can be applied beyond robotics to very high
order systems such as complex mechanisms or even the shape of molecules. More
succinct coverage is provided by Siegwart et al. (2011), the Robotics Handbook (Siciliano
and Khatib 2008, § 35), and also in Spong et al. (2006) and Siciliano et al. (2008).
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Exercises

1.

Braitenberg vehicles (page 88)

a) Experiment with different starting configurations and control gains.

b) Modify the signs on the steering signal to make the vehicle light-phobic.

c) Modify the sensorfield function so that the peak moves with time.

d) The vehicle approaches the maxima asymptotically. Add a stopping rule so that
the vehicle stops when the when either sensor detects a value greater than 0.95.

e) Create a scalar field with two peaks. Can you create a starting pose where the
robot gets confused?

. Bug algorithms (page 90)

a) Using the function makemap create a new map to challenge bug2. Try different
starting points. Is it possible to trap bug2?

b) Create an obstacle map that contains a maze. Can bug2 solve the maze?

c) Implement other bug algorithms such as bugl and tangent bug. Do they perform
better or worse?

. At 1 m cell size how much memory is required to represent the surface of the Earth?

How much memory is required to represent just the land area of Earth? What cell
size is needed in order for a map of your country to fit in 1 Gbyte of memory?

. Distance transform (page 93). A real robot has finite dimensions and a common

technique for use with the point-robot planning methods is to grow the obstacles
by half the radius of the robot. Use the Toolbox function imorph (see page 317) to
dilate the obstacles by 4 grid cells.

. For the D* planner (page 95) increase the cost of the rough terrain and observe

what happens. Add a region of very low-cost terrain (less than one) near the robot’s
path and observe what happens.

. PRM planner (page 99)

a) Run the PRM planner 100 times and gather statistics on the resulting path length.

b) Vary the value of the distance threshold parameter and observe the effect.

c) Implement a non-grid based version of PRM. The robot is represented by
an arbitrary polygon as are the obstacles. You will need functions to deter-
mine if a polygon intersects or is contained by another polygon (see the Toolbox
Polygon class). Test the algorithm on the piano movers problem.

. RRT planner (page 102)

a) Find a path to implement a 3-point turn.

b) Define an obstacle field and repeat the planning.

c) Experiment with RRT parameters such as the number of points, the vehicle steer-
ing angle limits, and the path integration time.

d) The current RRT chooses the steering angle as a uniform distribution between
the steering angle limits. People tend to drive more gently, what happens if you
choose a Gaussian distribution for the steering angle?

e) Additional information in the node of each graph holds the control input that
was computed to reach the node. Plot the steering angle and velocity sequence
required to move from start to goal pose.

f) Add alocal planner to move from initial pose to the closest vertex, and from the
final vertex to the goal pose.

g) Determine a path through the graph that minimizes the number of reversals of
direction.

h) Add a more sophisticated collision detector where the vehicle is a finite sized
rectangle and the world has polygonal obstacles. You will need functions to de-
termine if a polygon intersects or is contained by another polygon (see the
Toolbox Polygon class).
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Localization

in order to get somewhere we need to know where we are

In our discussion of map-based navigation we assumed that the robot had a
means of knowing its position. In this chapter we discuss some of the common
techniques used to estimate the location of a robot in the world - a process
known as localization.

Today GPS makes outdoor localization so easy that we often take this capa-
bility for granted. Unfortunately GPS is a far from perfect sensor since it relies
on very weak radio signals received from distant orbiting satellites. This means
that GPS cannot work where there is no line of sight radio reception, for in-
stance indoors, underwater, underground, in urban canyons or in deep mining
pits. GPS signals are also extremely weak and can be easily jammed and this is
not acceptable for some applications.

GPS has only been in use since 1995 yet human-kind has been navigating
the planet and localizing for many thousands of years. In this chapter we will
introduce the classical navigation principles such as dead reckoning and the
use of landmarks on which modern robotic navigation is founded.

Dead reckoning is the estimation of location based on estimated speed, di-
rection and time of travel with respect to a previous estimate. Figure 6.1 shows
how a ship’s position is updated on a chart. Given the average compass heading
over the previous hour and a distance travelled the position at 3 p.M. can be
found using elementary geometry from the position at 2 p.m. However the mea-
surements on which the update is based are subject to both systematic and
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Fig. 6.1. 6\]\"
Location estimation by dead q . 7.. 5‘0
reckoning. The ship’s position /’
at 3 p.M. is based on its position
at 2 P.M., the estimated distance = /2“ nAe
travelled since, and the average
compass heading

Measuring speed at sea. A ship’s log is an instrument that provides an estimate of the distance
travelled. The oldest method of determining the speed of a ship at sea was the Dutchman’s log - a
floating object was thrown into the water at the ship’s bow and the time for it to pass the stern was
measured using an hourglass. Later came the chip log, a flat quarter-circle of wood with a lead
weight on the circular side causing it to float upright and resist towing. It was tossed overboard
and a line with knots at 50 foot intervals was payed out. A special hourglass, called a log glass, ran
for 30 s, and each knot on the line over that interval corresponds to approximately 1 nmi h™! or
1 knot. A nautical mile (nmi) is now defined as 1.852 km.
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random error. Modern instruments are quite precise but 500 years ago clocks, com-
passes and speed measurement were primitive. The recursive nature of the process,
each estimate is based on the previous one, means that errors will accumulate over
time and for sea voyages of many-months this approach was quite inadequate.

The Phoenicians were navigating at sea more than 4 000 years ago and they did not
even have a compass - that was developed 2 000 years later in China. The Phoenicians
navigated with crude dead reckoning but whereever possible they used additional
information to correct their position estimate - sightings of islands and headlands,
primitive maps and observations of the Sun and the Pole Star.

A landmark is a visible feature in the environment whose location is known with
respect to some coordinate frame. Figure 6.2 shows schematically a map and a num-
ber of lighthouse landmarks. We first of all use a compass to align the north axis of our
map with the direction of the north pole. The direction of a single landmark con-
strains our position to lie along a line on the map. Sighting a second landmark places
our position on another constraint line, and our position must be at their intersection
- a process known as resectioning.” For example lighthouse A constrains us to lie
along the blue line. Lighthouse B constrains us to lie along the red line and the inter-
section is our true position p.

Celestial navigation. The position of celestial bodies in the sky is a predictable function of the
time and the observer’s latitude and longitude. This information can be tabulated and is known
as ephemeris (meaning daily) and such data has been published annually in Britain since 1767 as
the “The Nautical Almanac” by HM Nautical Almanac Office. The elevation of a celestial body
with respect to the horizon can be measured using a sextant, a handheld optical instrument.

Time and longitude are coupled, the star field one hour later is the same as the star field 15° to
the east. However the northern Pole Star, Polaris or the North Star, is very close to the celestial
pole and its elevation angle is independent of longitude and time, allowing lattitude to be deter-
mined very conveniently from a single sextant measurememt.

Solving the longitude problem was the greatest scientific challenge to European governments
in the eighteenth century since it was a significant impediment to global navigation and mari-
time supremacy - the British Longitude Act of 1714 created a prize of £20000. This spurred the
development of nautical chronometers, clocks that could maintain high accuracy onboard ships.
More than fifty years later a suitable chronometer was developed by John Harrison, a copy of
which was used by Captain James Cook on his second voyage of 1772-1775. After a three year
journey the error in estimated longitude was just 13 km. With accurate knowledge of time, the
elevation angle of stars could be used to estimate latitude and longitude. This technological ad-
vance enabled global exploration and trade.

Fig. 6.2.

Location estimation using a map.
Lines of sight from two light-
houses, A and C, and their cor-
responding locations on the map
provide an estimate p of our
location. However if we mistake
lighthouse C for B then we
obtain an incorrect estimate q

Resectioning is the estimation of posi-
tion by measuring the bearing angles
to known landmarks. Triangulation is
the estimation of position by measur-
ing the bearing angles to the unknown
point from each of the landmarks.

Harrison’s H1 chronometer (1735),
© National Maritime Museum,
Greenwich, London
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Radio-based localization. One of the earliest systems was LORAN,
based on the British World War II GEE system. LORAN transmit-
ters around the world emit synchronized radio pulses and a re-
ceiver measures the difference in arrival time between pulses from
a pair of radio transmitters. Knowing the identity of two transmit-
ters and the time difference (TD) constrains the receiver to lie along
a hyperbolic curve shown on navigation charts as TD lines. Using a
second pair of transmitters (which may include one of the first pair)
gives another hyperbolic constraint curve, and the receiver must
lie at the intersection of the two curves.

The Global Positioning System (GPS) was proposed in 1973 but
did not become fully operational until 1995.It currently comprises
around 30 active satellites orbiting the earth in six planes at a dis-
tance of 20200 km. A GPS receiver works by measuring the time
of travel of radio signals from four or more satellites whose or-
bital position is encoded in the GPS signal. With four known points
in space and four measured time delays it is possible to compute
the (x, y, z) position of the receiver and the time. If the GPS sig-
nals are received after reflecting off some surface the distance trav-

elled is longer and this will introduce an error in the position es-
timate. This effect is known as multi-pathing and is common in
large-scale industrial facilities.

Variations in the propagation speed of radio waves through
the atmosphere is the main cause of error in the position esti-
mate. However these errors vary slowly with time and are approxi-
mately constant over large areas. This allows the error to be mea-
sured at a reference station and transmitted to compatible nearby
receivers which can offset the error - this is known as Differential
GPS (DGPS). Many countries have coastal radio networks that
broadcast this correction information, and for aircraft it is broad-
cast by another satellite network called the Wide Area Augmenta-
tion System (WAAS). RTK GPS achieves much higher precision
in time measurement by using phase information from the car-
rier signal. The original GPS system deliberately added error, eu-
phemistically termed selective availability, to reduce its utility to
military opponents but this feature was disabled in May 2000.
Other satellite navigation systems include the Russian GLONASS,
the European Galileo, and the Chinese Beidou.

Itis just as bad is to see C but think it
is B on the map.

Magellan’s 1519 expedition started
with 237 men and 5 ships but most, in-
cluding Magellan, were lost along the
way. Only 18 men and 1 ship returned.

A wheeled robot can estimate distance
travelled by measuring wheel rotation,
but an aerial or underwater robot can-
not do this. Wheel rotation is imperfect
due to variation and uncertainty in
wheel radius, slippage and the effects
of turning. Computer vision can be used
to create a visual odometry system
based on observations of the world
moving past the robot.

However this process is critically reliant on correctly associating the observed land-
mark with the feature on the map. If we mistake one lighthouse for another, for ex-
ample we see B but think it is C on the map,* then the red dashed line leads to a sig-
nificant error in estimated position - we would believe we were at q instead of p. This
belief would lead us to overestimate our distance from the coastline. If we decided to
sail toward the coast we would run aground on rocks and be surprised since they
were not where we expected them to be. This is unfortunately a very common error
and countless ships have foundered because of this fundamental data association
error. This is why lighthouses flash! In the eighteenth century technological advances
enabled lighthouses to emit unique flashing patterns so that the identity of the par-
ticular lighthouse could be reliably determined and associated with a point on a navi-
gation chart.

Of course for the earliest mariners there were no maps, or lighthouses or even com-
passes. They had to create maps as they navigated by incrementally adding new non-
manmade features to their maps just beyond the boundaries of what was already known.
It is perhaps not surprising that so many early explorers came to grief and that maps
were tightly kept state secrets.

Robots operating today in environments without GPS face exactly the same prob-
lems as ancient navigators and, perhaps surprisingly, borrow heavily from naviga-
tional strategies that are centuries old. A robot’s estimate of distance travelled will be
imperfect and it may have no map, or perhaps an imperfect or incomplete map.
Additional information from observation of features is critical to minimizing a robot’s
localization error but the possibility of data association error remains.

We can define the localization problem more formally where x is the true, but un-
known, position of the robot and & is our best estimate of that position. We also wish
to know the uncertainty of the estimate which we can consider in statistical terms as
the standard deviation associated with the position estimate &.

It is useful to describe the robot’s position in terms of a probability density func-
tion (PDF) over all possible positions of the robot. Some example PDFs are shown in
Fig. 6.3 where the magnitude of the function is the relative likelihood of the vehicle
being at that position. Commonly a Gaussian function is used which can be described
succinctly in terms of its mean and standard deviation. The robot is most likely to be
at the location of the peak (the mean) and increasingly less likely to be at positions
further away from the peak. Figure 6.3a shows a peak with a small standard deviation
which indicates that the vehicle’s position is very well known. There is an almost zero
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probability that the vehicle is at the point indicated by the *-marker. In contrast the
peak in Fig. 6.3b has a large standard deviation which means that we are less certain
about the location of the vehicle. There is a reasonable probability that the vehicle is at
the point indicated by the x-marker. Using a PDF also allows for multiple hypotheses
about the robot’s position. For example the PDF of Fig. 6.3c describes a robot that is
quite certain that it is at one of four places. This is more useful than it seems at face
value. Consider an indoor robot that has observed a vending machine and there are
four such machines marked on the map. In the absence of any other information the
robot must be equally likely to be in the vicinity of any of the four vending machines.
We will revisit this approach in Sect. 6.5.

Determining the PDF based on knowledge of how the vehicle moves and its obser-
vations of the world is a problem in estimation which we can usefully define as:

the process of inferring the value of some quantity of interest, x, by processing data
that is in some way dependent on x.

For example a ship’s navigator or a surveyor estimates location by measuring the
bearing angles to known landmarks or celestial objects, and a GPS receiver estimates
latitude and longitude by observing the time delay from moving satellites whose loca-
tion is known.

For our robot localization problem the true and estimated state are vector quanti-
ties so uncertainty will be represented as a covariance matrix, see Appendix F. The
diagonal elements represent uncertainty of the corresponding states, and the off-
diagonal elements represent correlations between states.

Fig. 6.3. Notions of vehicle position
and uncertainty in the xy-plane,
where the vertical axis is the rela-
tive likelihood of the vehicle being
at that position. Contour lines are
displayed on the lower plane. a The
vehicle has low position uncer-
tainty, o= 1;b the vehicle has much
higher position uncertainty, o= 20;
c the vehicle has multiple hypoth-
eses for its position, each =1
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Measuring the difference in angular ve-
locity of aleft- and right-hand side wheel.

When turning, the outside wheel trav-
els faster than the inside wheel, and this
can be accounted for by measuring the
speed of both wheels.

6.1 Dead Reckoning

Dead reckoning is the estimation of a robot’s location based on its estimated speed,
direction and time of travel with respect to a previous estimate.

6.1.1 Modeling the Vehicle

The first step in estimating the robot’s position is to write a function, f(-), that describes
how the vehicle’s configuration changes from one time step to the next. A vehicle model
such as Eq. 4.2 describes the evolution of the robot’s configuration as a function of its
control inputs, however for real robots we rarely have access to these control inputs. Most
robotic platforms have proprietary motion control systems that accept motion commands
from the user (speed and direction) and report odometry information.

An odometer is a sensor that measures distance travelled, typically by measuring
the angular rotation of the wheels. The direction of travel can be measured using an
electronic compass, or the change in heading can be measured using a gyroscope or
differential odometry. These sensors are imperfect due to systematic errors such an
incorrect wheel radius or gyroscope bias, and random errors such as slip between
wheels and the ground, or the effect of turning.* We consider odometry to comprise
both distance and heading information.

Instead of using Eq. 4.2 directly we will write a discrete-time model for the evolu-
tion of configuration based on odometry where d(k) = (¢, d;) is the distance travelled
and change in heading over the preceding interval, and k is the time step. The initial
pose is represented in SE(2) as

cosf(k) —sinf(k) x(k)
&(k) ~ |sinf(k) cosB(k)  y(k)
0 0 1

We assume that motion over the time interval is small so the order of applying the
displacements is not significant. We choose to move forward in the vehicle x-direction
by ¢, and then rotate by 6, giving the new configuration

cosf(k) —sinf(k) x(k)|[1 0 6,) cosdy —sindy O
E(k+1) ~|sinf(k) cosb(k) yk)[|0 1 O | sind, cosd, O
0 0 1 )il0 0 1 0 0 1
cos(0(k) + &y) —sin(0(k) +6y) x(k) + 6;c080 (k)
~|sin(0(k) +8y) cos(6(k)+8y)  y(k)+ 8sinb(k)
0 0 1
or as a 3-vector
x(k) + 6,4 (kycos(0(k) + &)
E(k+1) ~ | (k) + 6,4 (k)sin (k) + &) (6.1)
Ok) + &

which gives the new configuration in terms of the previous configuration and the
odometry.

However this assumes that odometry is perfect, which is not realistic. To model
the error in odometry we add continuous random variables v; and v, to §; and ¢,
respectively. The robot’s configuration at the next time step, including the odometry
error, is
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x(k) + (84 (k) + v4)cos((k) + &5 + v4)
E(kr1) = | y(k) + (84 (k) + v4)sin(6(k) + 65 + v4) (6.2)
O(k) + 8y + vy

which is the required function f{(-)
x(k+1) = f(2(k), 8(k), v(k)) (6.3)

where k is the time step, (k) is the odometry measurement and v(k) the random mea-
surement noise over the preceding interval.” In this case the odometry noise is in-
In the absence of any information to the contrary we model the odometry noise as ~ $/de the process model and is referred
. . . to as process noise.
v = (v vy ~ N(0, V), a zero-mean Gaussian processes with variance

03 0]

V:
0 o

This matrix, the covariance matrix, is diagonal which means that the errors in dis-
tance and heading are independent.” Choosing a value for V is not always easy but we  In reality this is unlikely to be the case
can conduct experiments or make some reasonable engineering assumptions. In the ~ since odometry distance errors tend to
. ° . . be worse when change of headingis high.
examples which follow we choose 0;=2 cm and g,= 0.5° per sample interval which
leads to a covariance matrix of

>> V = diag([0.02, 0.5*pi/180].72);

The Toolbox Vehicle class simulates the bicycle model of Eq. 4.2 and the odometric
configuration update Eq. 6.2. To use it we create a Vehicle object
>> veh = Vehicle (V)
Vehicle object
L=1, maxspeed=5, alphalim=0.5, T=0.100000, V=(0.0004,0.00121847), nhist=0
x=0, y=0, theta=0
which shows the default parameters such as the vehicle’s length, speed, steering limit
and the sample interval which defaults to 0.1 s. The object provides a method to simu-
late one time step

>> odo = veh.step(l, 0.3)
odo =

0.1002 0.0322
>> odo = veh.step(l, 0.3)
odo =

0.0991 0.0311

where we have specified a speed of 1 ms™ and a steering angle of 0.3 rad. The func-
tion updates the robot’s true configuration and returns a noise corrupted odometer
reading. With a sample interval of 0.1 s the robot reports that is moving approximately
0.1 m each interval and changing its heading by approximately 0.03 rad. The robot’s
true (but hidden) configuration can be seen by displaying the object

>> veh

veh =

Vehicle object
L=1, maxspeed=5, alphalim=0.5, T=0.100000, V=(0.0004,0.00121847), nhist=2
x=0.199955, y=0.00299955, theta=0.06

We want to run the simulation over a long time period but we also want to keep the
vehicle within a defined spatial region. The RandomPath class is a driver that steers
the robot to randomly selected waypoints within a specified region. We create an in-
stance of the driver object and connect it to the robot
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The number of history records is indi-
cated by nhist= in the displayed
value of the object.Thehist property
is an array of structures that hold the
vehicle state at each time step.

A truncated Taylor series.

A New Approach to Linear Filtering
and Prediction Problems’

R.E. KALMAN

Introduction

>> veh.add_driver ( RandomPath(10) )

where the argument to the RandomPath constructor specifies a working region that
spans £10 m in the x- and y-directions. We can display an animation of the robot with
its driver by

>> veh.run()

which repeatedly calls step and maintains a history of the true state of the vehicle
over the course of the simulation within the Vehicle object.* The RandomPath
and Vehicle classes have many parameters and methods which are described in the
online documentation.

6.1.2 Estimating Pose

The problem we face, just like the ship’s navigator, is how to best estimate our new pose
given the previous pose and noisy odometry. The mathematical tool that we will use is
the Kalman filter which is described more completely in Appendix H. This filter provides
the optimal estimate of the system state, position in this case, assuming that the noise is
zero-mean and Gaussian. In this application the state of the Kalman filter is the estimated
configuration of the robot. The filter is a recursive algorithm that updates, at each time
step, the optimal estimate of the unknown true configuration and the uncertainty associ-
ated with that estimate based on the previous estimate and noisy measurement data. That
is, it provides the best estimate of where we are and how certain we are about that.

The Kalman filter is formulated for linear systems but our model of the vehicle’s
motion Eq. 6.3 is non-linear. We create a local linear approximation or linearization™
of the function (k) by

&(k+1) = &(k) + F, (@ (k) — &(k)) + F,v(k)

with respect to the current state estimate &(k). The terms F, and F, are Jacobians which
are vector versions of derivatives which are sometimes written as 9 f / 0z and 9 f / Ov
respectively. This approach to estimation of a non-linear system is known as the ex-
tended Kalman filter or EKF. Jacobians are reviewed in Appendix G.

The Jacobians are obtained by differentiating Eq. 6.2 and evaluating them for v =0
giving

9 1 0 —6,(k —sin(6(k) + &)
F = o - 0 1  &;(kcos(B(k)+6) (6.4)
9zly— g o 1

Rudolf Kdlmdn (1930-) is a mathematical system theorist born in Budapest. He obtained his bach-
elors and masters degrees in electrical engineering from MIT, and PhD in 1957 from Columbia
University. He worked as a Research Mathematician at the Research Institute for Advanced Study, in
Baltimore, from 1958-1964 where he developed his ideas on estimation. These were met with some
skepticism amongst his peers and he chose a mechanical (rather than electrical) engineering jour-
nal for his paper A new approach to linear filtering and prediction problems because “When you fear
stepping on hallowed ground with entrenched interests, it is best to go sideways”. He has received
many awards including the IEEE Medal of Honor, the Kyoto Prize and the Charles Stark Draper Prize.

Stanley F. Schmidt is a research scientist who worked at NASA Ames Research Center and
was an early advocate of the Kalman filter. He developed the first implementation as well as the
non-linear version now known as the extended Kalman filter. This lead to its incorporation in
the Apollo navigation computer for trajectory estimation. (Extract from Kélmdn’s famous paper
(1960) on the left reprinted with permission of ASME)



114

Chapter 6 - Localization

cos(O(k) + &) —6,(k)sin(6(k) + &)
+6

F, = of =|sin(0(k) +65) 84 (K)cos(A(k) + &) (6.5)
Ivlog 0 1

The Vehicle object provides methods Fx and Fv to compute these Jacobians, for
example

>> veh.Fx( [0,0,0], [0.5, 0.1] )
ans =
1.0000 0 -0.0499
0 1.0000 0.4975
0 0 1.0000

where the first argument is the state about which the Jacobian is computed and the
second is the odometry.
Now we can write the EKF prediction equations™

&(k+1k) = F(&(K), 5(k), 0) (6.6)
P(k+1k) = F (k)P (kK)F, (k)" + F, (k)VF, (k)" (6.7)

that describe how the state and covariance evolve with time. The term & (k+1k) is read
as the estimate of = (%, 7, 0) at the time k + 1 based on information up to, and in-
cluding, time k. P € R**? is a covariance matrix representing uncertainty in the esti-
mated vehicle configuration. The second term in Eq. 6.7 is positive definite which means
that P, the position uncertainty, can never decrease. V is our estimate of the covari-
ance of the odometry noise which in reality we do not know.

To simulate the vehicle and the EKF using the Toolbox we define the initial covariance
to be quite small since, we assume, we have a good idea of where we are to begin with

>> PO = diag([0.005, 0.005, 0.001].72);
and we pass this to the constructor for an EKF object
>> ekf = EKF(veh, V, P0);
Runing the filter for 1000 time steps
>> ekf.run(1000) ;

drives the robot as before, along a random path. At each time step the filter updates the
state estimate using various methods provided by the Vehicle object.

Error ellipses. If the position of the robot (ignoring orientation) is considered as a PDF such as
shown in Fig. 6.3 then a horizontal cross-section will be an ellipse. The 2-dimensional Gaussian
probability density function is

plx, y) = —%(w—ux)TP 1(az:—ux)}

1
———————ex
@mdet @) " {
where £, € R? is the mean of  and P € R**? is the covariance matrix. The 1o boundary is de-
fined by the points  such that

@ — ) P N — ) =1

It is useful to plot such an ellipse, as shown in Fig. 6.4, to represent the positional uncertainty.
A large ellipse corresponds to a wider PDF peak and less certainty about position.

A handy scalar measure of total uncertainty is the area of the ellipse wr,r, where the radii
r;=+/); and ), are the eigenvalues of P. Since det(P) =IL); the ellipse area — the scalar uncer-
tainty - is proportional to v/det (P). See also Appendices E and F.

The Kalman filter, Appendix H, has two
steps: prediction based on the model
and update based on sensor data. In
this dead-reckoning case we use only
the prediction equation.
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Stored within the Vehicle object.

Stored within the EKF object.

The elements of P have different units:
m? and rad.The uncertainty is therefore
a mixture of spatial and angular uncer-
tainty with an implicit weighting. Typi-
cally x, y > mso positional uncertainty
dominates.

Fig. 6.4.

Deadreckoning using the EKF.
The true path of the robot,
blue, and the path estimated
from odometry in red. The robot
starts at the origin, uncertainty
ellipses are indicated in green

We can plot the true path taken by the vehicle™
>> veh.plot_xv ()
and the filter’s estimate of the path*

>> hold on
>> ekf.plot_xy('r")

These are shown in Fig. 6.4 and we see some divergence between the true and esti-
mated robot path.
The covariance at the 700™ time step is

>> P700 = ekf.history(700).P

P700 =
0.4674 0.0120 -0.0295
0.0120 0.7394 0.0501
-0.0295 0.0501 0.0267

The diagonal elements are the estimated variance associated with the states, that is 02, ayz
and o7 respectively. The standard deviation of the PDF associate with the x-coordinate is
>> sqrt(P700(1,1))

ans =

0.6837
There is a 95% chance that the robot’s x-coordinate is within the =20 bound or +1.37 m
in this case. We can consider uncertainty for y and @ similarly.

The off-diagonal terms are correlation coefficients and indicate that the uncertainties
between the corresponding variables are related. For example the value P, ; = P; , = 0.0501
indicates that the uncertainties in x and @ are related as we would expect - changes in
heading angle will affect the x-position. Conversely new information about ¢ can be
used to correct # as well as x. The uncertainty in position is described by the top-left
2 x 2 covariance submatrix of P. This can be interpreted as an ellipse defining a confi-

dence bound on position. We can overlay such ellipses on the plot by
>> ekf.plot_ellipse([], 'g'")

as shown in Fig. 6.4. These correspond to the 1o confidence bound. The vehicle started at
the origin and as it progresses we see that the ellipses become larger as the estimated uncer-
tainty increases. The ellipses only show x- and y-position but uncertainty in ¢ also grows.

The total uncertainty, ¥ position and heading, is given by v/det (P) and is plotted as
a function of time

>> ekf.plot_P();

as shown in Fig. 6.5. We observe that it never decreases.
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Note that we have used the odometry covariance matrix V twice. The first us-
age, in the Vehicle constructor, is the covariance V of the Gaussian noise that
is actually added to the true odometry to simulate odometry error in Eq.6.3.1n a
real application this noise process would be hidden inside the robot and we would
not know its parameters. The second usage, in the EXKF constructor, is  which is
our best estimate of the odometry covariance and is used in the filter's state
covariance update equation Eq. 6.7. The relative values of V and V control the
rate of uncertainty growth as shown in Fig. 6.5.1f V > Vthen P will be larger than it
should be and the filter is pessimistic. If V < V then P will be smaller than it should
be and the filter will be overconfident of its estimate.That is, the actual uncertainty
is greater than the estimated uncertainty. In practice some experimentation is re-
quired to determine the appropriate value for the estimated covariance.

6.2 Using a Map

We have seen how uncertainty in position grows without bound using dead-reckoning alone.

The solution, as the Phoenicians worked out 4 000 years ago, is to bring in new information

from observations of known features in the world. In the examples that follow we will use

a map that contains N fixed but randomly located landmarks whose position is known.
The Toolbox supports a Map object

>> map = Map (20, 10)

that in this case contains N = 20 features uniformly randomly spread over a region
spanning £10 m in the x- and y-directions and this can be displayed by

>> map.plot ()

The robot is equipped with a sensor that provides observations of the features with
respect to the robot as described by

z = h(z,, z;, w) (6.8)
where x, the vehicle state, x; is the known location of the observed feature in the
world frame and w is a random variable that models errors in the sensor.

To make this tangible we will consider a common type of sensor that measures the
range and bearing angle to a landmark in the environment, for instance a radar or a

scanning-laser rangefinder such as shown in Fig. 6.6. The sensor is mounted onboard
the robot so the observation of the i feature is x;=(x; ;) is

Fig. 6.5.

Overall uncertainty is given by
V/det (P) which shows monotoni-
cally increasing uncertainty
(blue). The effect of changing
the magnitude of V is to change
the rate of uncertainty growth.
Curves are shown for V= aV'
where a=1/2,1,2

Fig. 6.6. A scanning laser range
finder. The sensor has a rotating
assembly that emits pulses of
infra-red laser light and measures
the time taken for the reflection
to return. This sensor has a maxi-
mum range of 30 m and an angu-
lar range of 270 deg. Angular reso-
lution is 0.25 deg and the sensor
makes 40 scans per second (Cour-
tesy of Hokuyo Automatic Co.Ltd.)
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[talso indicates that covariance is inde-
pendent of range but in reality covari-
ance may increase with range since the
strength of the return signal, laser or
radar,drops rapidly(1/d4) with distance
(d) to the target.

A subclass of Sensor.

Ifthe interval propertyissetto N
then the method returns a reading on
every N call. A non-measurement is
indicated by i having a value of NaN.

See Appendix H.

JOi =37 + (6 —x,7

(6.9)
tan_l(yi - yv)/(xi - xv) - av

==

+[u)

where z = (r, #)T and r is the range, (3 the bearing angle, and the measurement noise is

2
0
rloNow), w=|T
Wg 0 o5

The diagonal covariance matrix indicates that range and bearing errors are independent.
For this example we set the sensor uncertainty to be ¢,= 0.1 m and 0;= 1° giving a
sensor covariance matrix

>> W = diag([0.1, 1*pi/1801.°2);

In the Toolbox we model this type of sensor with a RangeBearingSensor object™
>> sensor = RangeBearingSensor (veh, map, W)

which is connected to the vehicle and the map, and the sensor covariance matrix W is
specified. The reading method provides the range and bearing to a randomly se-
lected map feature along with the identity of the map feature it has sensed
>> [z,1] =
z =
31.9681
1.6189

sensor.reading ()

18

The identity is an integer i € [1, 20] since the map was created with 20 features. We
have avoided the data association problem by assuming that we know the identity of
the sensed feature. The position of feature 18 can be looked up in the map
>> map.feature(18)
-8.0574
6.4692
Using Eq. 6.9 the robot can estimate the range and bearing angle to the feature based
on its own estimated position and the known position of the feature from the map.
Any difference between the observation and the estimated observation indicates an
error in the robot’s position estimate - it isn’t where it thought it was. This difference

v(k+1) = 2 (k+1) — h(:i'(k +1/k), Xfs 0)

is key to the operation of the Kalman filter.“ It is called the innovation since it repre-
sents new information. The Kalman filter uses the innovation to correct the state esti-
mate and update the uncertainty estimate P().

As we did previously on page 113 we linearize the observation Eq. 6.8 and write

2(k) = h+ H, (20 — &(0) + H,w(k) (6.10)
where the Jacobians are obtained by differentiating Eq. 6.9 yielding
_xiixv<k> _yiiyv<k> 0
H, =" = r r (6.11)
5 oz, |, _, AL Yi— )k 1 ’
- r r
oh 1 0
g =9 _ 6.12
R 612
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The RangeBearingSensor object above includes methods h to implement Eq. 6.9
and H_x and H_w to compute these Jacobians respectively.

Now we use the innovation to update the predicted state computed earlier using
Eq. 6.6 and Eq. 6.7

& (k+1k+1) = & (k+1k) + K (k+1)v(k+1) (6.13)

P(kt1jk+1) = Plk+1j)F, ()T — K (k+1) H, (k1) P (k-+1)k) (6.14)
which are the Kalman filter update equations. These take the predicted values for the
next time step denoted k + 1|k and apply information from time step k + 1 to com-
pute values denoted k + 1|k + 1. The innovation has been added to the estimated state
after multiplying by the Kalman gain matrix K which is defined as

S(k+1) = H, (k1) P (k1) H, (k+1)" + H,, (k+1)W (k+1)H,, (k)" (6.15)

K(k+1) = P{k+1jk) H, (k+1)" S(k+1)"" (6.16)
where W is the estimated covariance of the sensor noise. Note that the second term in
Eq. 6.14 is subtracted from the covariance and this provides a means for covariance to
decrease which was not possible for the dead-reckoning case of Eq. 6.7.

We now have all the piece to build an estimator that uses odometry and observa-
tions of map features. The Toolbox implementation is

>> map = Map(20);

>> veh = Vehicle(V);

>> veh.add_driver ( RandomPath (map.dim) );

>> sensor = RangeBearingSensor (veh, map, W) ;

>> ekf = EKF(veh, V, PO, sensor, W, map);

The Map constructor has a default map dimension of £10 m which is accessed by its
dim property.
Running the simulation for 1000 time steps

>> ekf.run(1000) ;

shows an animation of the robot moving and observations being made to the land-
marks. We plot the saved results

>> map.plot ()

>> veh.plot_xy();

>> ekf.plot_xy('r');

>> ekf.plot_ellipse([],

Fig.6.7.

EKF localization showing the
true path of the robot (blue)
and the path estimated from
odometry and landmarks (red).
The robot starts at the origin
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Reverend Thomas Bayes (1702-1761) was a non-conformist Presbyterian minister. He studied
logic and theology at the University of Edinburgh and lived and worked in Tunbridge-Wells in
Kent. There, through his association with the 2"d Earl Stanhope he became interested in math-
ematics and was elected to the Royal Society in 1742. After his death his friend Richard Price
edited and published his work in 1763 as An Essay towards solving a Problem in the Doctrine of
Chances which contains a statement of a special case of Bayes’ theorem. Bayes is buried in Bunhill
Fields Cemetery in London.

Bayes’ theorem shows the relation between a conditional probability and its inverse: the prob-
ability of a hypothesis given observed evidence and the probability of that evidence given the hy-
pothesis. Consider the hypothesis that the robot is at location X and it makes a sensor observation S
of a known landmark. The posterior probability that the robot is at X given the observation S is

P(X[S) = P(S|X)P(X)

P(S)
where P(X) is the prior probability that the robot is at X (not accounting for any sensory informa-
tion), P(S|X) is the likelihood of the sensor observation S given that the robot is at X, and P(S) is the
prior probability of the observation S. The Kalman filter, and the Monte-Carlo estimator we dis-
cuss later in this chapter, are essentially two different approaches to solving this inverse problem.
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Fig. 6.8. a Closeup of the robot’s
trueand estimated path; b the cova-
riance magnitude as a function of
time. Overall uncertainty is given
by det(P) and shows that uncer-
tainty is not increasing with time

Time (s)

which are shown in Fig. 6.7. We are hard pressed to see the error ellipses since they are
now so small.

Figure 6.8a shows a zoomed view of the robot’s actual and estimated path. We can
see a small error ellipse and we can also see a jag in the estimated path. The vehicle
state evolves smoothly with time according to the bicycle model of Eq. 4.2 but new
information from a sensor reading updates the state and can sometimes cause notice-
able changes, jumping the state estimate either forwards, backwards or sideways.
Figure 6.8b shows that the uncertainty is no longer growing monotonically, new infor-
mation is reducing the uncertainty through Eq. 6.14.

As discussed earlier for V we also use W twice. The first usage, in the constructor
for the RangeBearingSensor object, is the covariance W of the Gaussian
noise that is actually added to the computed range and bearing to simulate
sensor error as in Eq. 6.9.The second usage, W is our best estimate of the sensor
covariance which is used by the Kalman filter Eq. 6.15.

This EKF framework allows data from many and varied sensors to update the state
which is why the estimation problem is also referred to as sensor fusion. For example
heading angle from a compass, yaw rate from a gyroscope, target bearing angle from a
camera, position from GPS could all be used to update the state. For each sensor we



120

Chapter 6 - Localization

need only to provide the observation function h(-), the Jacobians H, and H,, and some
estimate of the sensor output covariance W. The function h(-) can be non-linear and
even non-invertible - the EKF will do the rest.

In this example, and in the next two sections, we assume that the sensor provides
information about the position of the target with respect to the robot and also the iden-
tity of the target. In practice most landmarks are anonymous,” that is, we do not know
their identity and hence do not know their true location in the world. We therefore need
to solve the correspondence or target association problem - given the map and the obser-
vation, determine which feature is the most likely to have been seen. Errors in this step can
lead rapidly to failure of the estimator - the system sees target i but thinks it is target j.
The state vector is updated incorrectly making it more likely to incorrectly associate tar-
gets and a downward spiral ensues. The covariance may not necessarily increase greatly
and this is a dangerous thing - a confident but wrong robot. In indoor robotic problems
the sensor may detect spurious targets such as people moving in the environment and the
people will also obscure real landmarks.

An alternative is a multi-hypothesis estimator, such as the particle filter that we will
discuss in Sect. 6.5, which can model the possibility of observing landmark A or land-
mark B, and future observations will reinforce one hypothesis and weaken the others.
The extended Kalman filter uses a Gaussian probability model, with just one peak,
which limits it to holding only a single hypothesis about location.

6.3 Creating a Map

So far we have taken the existence of the map for granted, an understandable mindset
given that maps today are common and available for free via the internet. Nevertheless
somebody, or something, has to create maps. Our next example considers the problem of
arobot moving in an environment with landmarks and creating a map of their locations.
As before we have a range and bearing sensor mounted on the robot which mea-
sures, imperfectly, the position of features with respect to the robot. There are a total
of N features in the environment and as for the previous example we assume that the
sensor can determine the identity of each observed feature. However for this case we
assume that the robot knows its own location perfectly - it has ideal localization. This
is unrealistic but this scenario is an important stepping stone to the next section.”
Since the vehicle pose is known perfectly we do not need to estimate it, but we do
need to estimate the coordinates of the landmarks. For this problem the state vector
comprises the estimated coordinates of the M landmarks that have been observed so far

. T
& = (X5 Y1> X Yoot Xap> V)

and has 2M elements. The corresponding estimated covariance P will be a 2M x 2M
matrix. The state vector has a variable length since we do not know in advance how
many landmarks exist in the environment. Initially M = 0 and is incremented every
time a previously unseen feature is observed.

The prediction equation is straightforward in this case since the features do not move

& (k+1k) = & (k) (6.17)

P(k+1k) = P(kk) (6.18)

We introduce the function g(-) which is the inver